Engineering Fluid Mechanics
Lecture X



Chapter 5
Dimensional analysis



Review-Dimensions and Units

A dimension is the measure by which a physical
variable is expressed quantitatively.

A unit is a particular way of attaching a number
to the quantitative dimension.

For example, length is a dimension associated
to variables, such as, distance, displacement,
width, and height.

The unit of length can be m, cm, or mm.



Review-Dimensions and Units

 Primary dimensions

— In fluid mechanics there are only four primary
dimensions from which all other dimensions can
be derived: mass (M), length (L), time (T) and
temperature (0).

Primary dimension SI unit BG unit Conversion factor
Mass (M| Kilogram (kg) Slug | slug = 14.5939 kg
Length {L}) Meter (m) Foot (ft) | ft = 03048 m
Time {T} Second (s) Second (s) ls=1s

Temperature [8) Kelvin (K) Rankine ("R | K= 18R



Review-Dimensions and Units

e Secondary dimensions

— Dimension of velocity and acceleration are {LT}
and {LT}, respectively.

— Question: what is the dimension of force?

Secondary dimension 51 unit B unit Conversion factor
Area (L% m" fi’ I m™ = 10.764 fi°
Volume {1} m® fi? 1 m* = 35.315 fit}
Velocity [LT " m's fifs I fifs = 03048 m's
Acceleration [LT %] m/'s” fifs” 1 fi/s® = 0.3048 m/s”
Pressure or stress

IML™'T %) Pa = N/m® Ibf/ft* 1 Ibf/fi* = 47.88 Pa
Angular velocity [T ' 5 5 ! 1s'=1s"
Energy, heat, work

{ML*T %) J=N-m ft - Ibf 1 ft - Ibf = 1.3558 ]
Power [ML*T *} W =1Jis ft - Ibf/s 1 fi-Ibfls = 1.3558 W
Density {ML ™) kg/m® slugs/fi’ 1 slug/ft* = 515.4 kg/m’
Viscosity (ML 'T ') kg/(m - 5) shugs/(ft - 5) 1 slug/(ft - s) = 47.88 kg/(m - 5)
Specific heat (LT %071} m*/(s” - K) ft*/(s* - °R) 1 m?i(s* - K) = 5.980 ft*/(s* - °R)




Review-Dimensions and Units

 Dimensionally homogeneous condition

— All theoretical equations in mechanics (and in other
physical sciences) are dimensionally homogeneous; i.e.,
each term in the equation has the same dimension.

— An example is the equation from physics for a body
falling with negligible air resistance:

L s
S:SO+‘/()t+§gt

— Each term in this relation has dimensions of length {L}.
The factor 1/2, is a pure (dimensionless) number.
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5.1 Introduction

e The dimensional analysis
 Dimensional analysis is a method for reducing the
number of variables which affect a given physical

phenomenon into dimensionless parameters.

e |f a phenomenon depends upon n dimensional

variables, dimensional analysis will reduce the problem

to only kK dimensionless variables.



5.1 Introduction

e The dimensional analysis

* One benefit of the dimensional analysis is enormous

savings in time and money.

e Suppose one knew that the force F on a particular body
immersed in a stream of fluid depended only on the body
length L, stream velocity V, fluid density p, and fluid

viscosity u, that is,

F = f(L7V7IO7ILL>



5.1 Introduction

e The dimensional analysis

 Generally speaking, it takes about 10 experimental points

to define a curve.

e To find the effect of body length, we have to run the

experiment for 10 lengths L.

e For each L we need 10 values of V, 10 values of p, and 10

values of u, making a grand total of 10* experiments.

What a great cost! Could we reduce it?



5.1 Introduction

 The dimensional analysis

 However, with dimensional analysis, we can immediately reduce

the above equation to the equivalent form

F
VI

pVL
!

— 9

C, = g(Re)

 The function g is different mathematically from the original

function f, but it contains all the same information.

 Nothingis lost in a dimensional analysis. And think of the savings:
We can establish g by running the experiment for only 10 values

of the single variable called the Reynolds number.



5.2 The Pl theorem

e The Pl theorem

e The scheme given in 1914 by Buckingham for reducing a
number of dimensional variables into a smaller number of

dimensionless groups is now called the Buckingham pi

theorem.

 The name pi comes from the mathematical notation 1,
meaning a product of variables. The dimensionless groups

found from the theorem are power products denoted by N,
[,, M, etc.



5.2 The Pl theorem

e The Pl theorem

e The first part of the pi theorem explains what reduction in
variables to expect:

e |f a physical process satisfies the dimensionally
homogeneous condition and involves n dimensional
variables, it can be reduced to a relation between only k
dimensionless variables or M’s. The reduction j=n-k =( the
maximum number of variables which do not form a pi
among themselves) and is always < (the number of
dimensions describing the variables).



5.2 The Pl theorem

e The Pl theorem

 The second part of the theorem shows how to find the pis

one at a time:

 Find the reduction j, then select j scaling variables which do
not form a pi among themselves. Each desired pi group will
be a power product of these j variables plus one additional
variable which is assigned any convenient non-zero

exponent. Each pi group thus found is independent.



5.2 The Pl theorem

e The Pl theorem

* To be specific, suppose that the process involves five
variables
v, = f(vQ,v3,v4,v5)
e Suppose that there are three dimensions {MLT} and we

search around and find that indeed j=3. Then k=5-3=2 and

we expect, from the theorem, two and only two pi groups.



5.2 The Pl theorem

e The Pl theorem

* Pick out three convenient variables which do not form a pi,

and suppose these turn out to be v,, v;, and v,.

e Then the two pi groups are formed by power products of

these three plus one additional variable, either v, or v.:

b 0 700
I = vglvglvilvl — M°L’T

1

b 0 700
I = v;%;vf% — M°L’T

2

 Question: how to determine the power coefficients?



5.2 The Pl theorem

e The Pl theorem

e Typically, six steps are involved:
e 1. List and count the n variables involved in the problem.
e 2. List the dimensions of each variable according to {MLTO}.

e 3. Findj. Initially guess j equal to the number of different dimensions
present. If no luck, reduce j by 1 and look again.

4. Select j parameters which do not form a pi product.

5. Add one additional variable to j repeating variables, and form a
power product. Algebraically find the exponents which make the
product dimensionless.

6. Write the final dimensionless function, and check your work to
make sure all pi groups are dimensionless.



5.2 The Pl theorem

e Example 1l

 The fluid force F on a particular body immersed in a stream
of fluid depended only on the body length L, stream
velocity U, fluid density p, and fluid viscosity L.

* Find the dimensionless parameters of the problem

according to the pi theorem.



5.2 The Pl theorem

e Solution

1.Write the function and count variables:

F=f(LU, p,u)

there are five variables (n =5)

2. List dimensions of each variable.

f | v | e |

(MLT %) | (L} | (LT~} | (ML) | (ML™'T™1)




5.2 The Pl theorem

3.Find j. No variable contains the dimension ©, and so j is
less than or equal to 3 (MLT). We inspect the list and see
that L, U, and p cannot form a pi group because only p
contains mass and only U contains time. Therefore j does
equal 3,and n-j=5-3=2=k. The pi theorem
guarantees for this problem that there will be exactly two
independent dimensionless groups.

Select repeating j variables. The group L, U, p we
found in will do fine.

S N A R

{MLT )} (L} | (LT ') | (ML) | (ML™'T™)



5.2 The Pl theorem
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5.2 The Pl theorem

4. Combine L, U, p with one additional variable, in
sequence, to find the two pi products.

First add force to find I1,. You may select any exponent
on this additional term as you please, to place it in the
numerator (47 ) or denominator (475}) to any
power. Since F is the output, or dependent, variable,
we select it to appear to the first power in the
numerator:

I1, = L“U"p°F = (L)*(LT™"H?’(ML™)( MLT™?) = M°L°T°



5.2 The Pl theorem
[1, = L“U"p°F = (L)* LT~ H ML) ( MLT™?) = M°L°T°

\

a+b—3¢c+1=10

= Cr Ans.



5.2 The Pl theorem

Finally, add viscosity to L, U, and p to find I1,. Select any
power you like for viscosity. By hindsight and custom,
we select the power -1 to place it in the denominator:

]_—_[2 — LHUhPL‘“ -1 _ LEI(LT— 1 )h(ML—3)t_'{ML— 1 T~ l}— 1 _ M}L{.}TI

$

_ UL
L, = L'U'p' i 1 _ P _

L

The theorem guarantees that the functional relationship
must be of the equivalent form

F__ (pUL
pUZLE g u

Re Ans.




5.2 The Pl theorem

F__ (pUL
pUL> 8 "
C, = g(Re)
It Re, =Re, then Cg, = Cp,

F, _ Pp Vo \2/ L, \2
F, pm(vm) (Lm)



5.2 The Pl theorem

e Example 2

Assume that the tip deflection 6 of a cantilever beam is a
function of the tip load P, beam length [, area moment of
inertia /, and material modulus of elasticity £; that is, 6=

f(P. L, |, E). Rewrite this function in dimensionless form.



5.2 The Pl theorem

e Solution

List dimensions of each variable.
s | r | o | 1 |

(L} | {(MLT?) | (L} | {r* | (ML 'T %}

L I E
MO 1 0 0 1)

1

0

—
[HRN
[HEY

4 -1 » j=2

0 -2,




5.2 The Pl theorem

e Solution
With j = 2, we select | and £ as two variables which
cannot form a pi group and then add other variables
to form the three desired pis:

I1, = L°E°T' = (L)*ML T~ >>* = M°L°T°
1, = L“E°P' = (L*(ML™'T~5°(MLT~*) = M°L°T’
[1; = LE°8' = (LML 'T~5”(L) = M°L°T°

TIREE A, (HEfSEA] DL ‘

5 P 1
— = Ans.
L f(EL2’ L4)




Homework

 Problems P5.23, P5.25, P5.26,P5.47 in Chapter 5 of the
book.
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