» 2.1 General Considerations

» 2.2 Effects of Nonlinearity

» 2.3 Noise

» 2.4 Sensitivity and Dynamic Range

» 2.5 Passive Impedance Transformation

» 2.6 Scattering Parameters

» 2.7 Analysis of Nonlinear Dynamic Systems
» 2.8 Volterra Series

1
Behzad Razavi, RF Microelectronics. Prepared by Bo Wen, UCLA



Nonlinearity

RN S || SE—

Noise
Harmonic Distortion
Compression v" Noise Spectrum
Intermodulation v"  Device Noise

Dynamic Nonlinear v Noise in Circuits
Systems

Chapter 2 Basic Concepts in RF Design

N

Impedance
Transformation

Series-Parallel
Conversion
Matching Networks
S-Parameter



fﬂ
j) sl
S
P

r2
V. Y out I.J 3
giy

Aplis = l{Jlog H“ Psiylapm = 101log( 1 mW)

Voltage only holds when the input and

Avls = 20log-os 2 @ > This relationship between Powerand
output impedance are equal

J""Lr'ildB = lﬁlﬂg

fi’u
— 20 l(}g 1 oul

7

— 511' |(IB-.

An amplifier senses a sinusoidal signal and delivers a power of 0 dBm to a load
resistance of 50 Q. Determine the peak-to-peak voltage swing across the load.

Solution: A MW
SRy
where R;=50Q thus, *m} = 632 mV
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A GSM receiver senses a narrowband (modulated) signal having a level of -100
dBm. If the front-end amplifier provides a voltage gain of 15 dB, calculate the
peak-to-peak voltage swing at the output of the amplifier.

Solution:

Since the amplifier output voltage swing is of interest, we first convert the received signal
level to voltage. From the previous example, we note that -100 dBm is 100 dB below 632
mV,,. Also, 100 dB for voltage quantities is equivalent to 10°. Thus, -100 dBm is equivalent

to 6.32 uV,,. This input level is amplified by 15 dB (= 5.62), resulting in an output swing of
35.5 uV,,,.
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LNA /\/ 1332 mV LNA /\j 1 632 mV
X X
—D; ~I|%-M1 %M"

> dBm can be used at interfaces that do not necessarily entail power transfer

» We mentally attach an ideal voltage buffer to node X and drive a 50-Q load. We
- then say that the signal at node X has a level of 0 dBm, tacitly meaning that if
this signal were applied to a 50-Q load, then it would deliver 1 mW.
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> Asystem is linear if its output can be expressed as a linear combination
. (superposition) of responses to individualinputs.

ni(t) = flaei(t)]
yo(t) = flaa(t)]

ayi(t) + bya(t) = flaxi(t) + baa(t)]

>Asystem|st|me|nvar|ant|fat|mesh|ft|n|tsmputresultsmthesametlme

If y(t) = f[x()]

then y(t-1) = f[x(t-1)]
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time variance plays a critical role and must not be confused with nonlinearity:

vin1(t) = Ajcoswit Vin2(t) = Ay cOSswot

° Vout

ol

ojo °Vout
¥
Vin2 5 R4

O

Nonlinear Linear
Time Variant Time Variant
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Plot the output waveform of the circuit above if v;,, = A, cos w,fand v;,, = A,
cos(1.25w;,t).

Vout \

As shown above, v, tracks v;,, if v;,; > 0 and is pulled down to zero by R, if v;,; < 0. That is,
Vot is equal to the product of v;,, and a square wave toggling between 0 and 1.

Solution:
P w \ N\ [\,
YA A
Vin1 y : U Ur
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> Alinear system can generate frequency components that do not exist in the
~ inputsignal when system is time variant
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#t) =oxll), <: { linear J

y(t) = o+ ara(t) + {1-21'2(3) + {1-3;1*3('!-) + ... <:{ nonlinear

> The input/output characteristic of amemoryless nonlinear system can be
~approximated with a polynomial

~

J

Voo
Rp
Vot = Vpp —Iphp Vout
1w

= 1:[_)5' - Eﬁn(f_’torf( L;IL - FEFHF)E}{D Vil'lo_l M‘l

> In this idealized case, the circuit displays only second-order nonlinearity
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For square-law MOS transistors operating in saturation, the characteristic above
H'

can be expressed as l
"'uuf = ﬂn(

L

Factoring 4/ / (u,C,,W/L) out of the
square root and assuming
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y(t) = h(t) * 2(t) y(t) = h(t,7)*x(1)

Llnear Time-invariant Linear Time-variant

> The output of'ct “dynamlc” ;ystem depends on the past values of |ts
~ input/output

y(t)

a1 A coswt + ap A% cos® wt + a3 A® cos® wi

ay A® az A3

(1 4+ cos2wt) + 1

A2 2 A3 i f“iS
ﬂzzl -+ (G-J_AJF 3{12 )cosm"Jr ::1221 cos 2wt + 34 cos 3wt.

1r 1r 1r 1r

a1 A coswt + (3 coswt + cos 3wt)

[

DC ] [Fundamental} Second Third
Harmonic Harmonic

>Evenorderharmomcsresultfromaw|thevenj
> nth harmonic grows in proportlon to A"
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An analog multiplier “mixes” its two inputs below, ideally producing y(t) =
kx,(t)x,(t), where k is a constant. Assume x,(t) = A, cos w,f and x,(t) = A, cos w.t.
(a) If the mixer is ideal, determine the output frequency components.

(b) If the input port sensing x,(t) suffers from third-order nonlinearity, determine
the output frequency components.

Solution:

@ y(t) =

_|_

x4(t) y(t)
k( Ay coswit)( Ap coswyt)
kA 1 ;’lg kA 1 Az

> cos(wy + w2 )t + > cos(w) — way )t. X,(t)
as A3
E(Ajcoswit) | A2 coswyt + 1 2 cos wot
kA A kA A kaz A A3
é - cos(wy + w2 )t + 21 - cos(wy) —w2)t + 381 2 cos(w) + 3wy )t
feava A :'13
ﬂ381 - cos(wy — 3wz ).
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The transmitter in a 900-MHz GSM cellphone delivers 1 W of power to the antenna.
Explain the effect of the harmonics of this signal.

Solution:

The second harmonic falls within another GSM cellphone band around 1800 MHz and must
be sufficiently small to negligibly impact the other users in that band. The third, fourth, and
fifth harmonics do not coincide with any popular bands but must still remain below a certain
level imposed by regulatory organizations in each country. The sixth harmonic falls in the 5-
GHz band used in wireless local area networks (WLANSs), e.g., in laptops. Figure below
summarizes these results.

GSM1800 WLAN
Band Band

. ] -

0.9 1.8 2.7 3.6 4.5 5.4 f (GHz)
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> Most RF circuit of interest are compressive, we focus on this type.
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20logA out _+ _
e 1dB 20log

3
| 42
ap + EHSJ%”’HB

= 201log|a| — 1 dB.

an|

Ain1dB = \ﬁ)-145
-

AinidB  20logAin

> Output falls below its ideal value by 1 dB at the 1-dB compression point

> Peak value instead of peak-to-peak value
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Frequency Modulation

AVAVIITAVAVES e

(a)
Amplitude Modulation

Vv -1

il

QUL
UL

> FMsignal carries no information in its amplitude and hence tolerates

compression.

If

» AM contains information in its amplitude, hence distorted by compression
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Interferer

Desired Signal + Interferer

Desired ) )
-+— Gain Reduction

Signal

A 2

~Y

3
y(f] = (C‘t’l -{- —C‘l'gﬂ% s —G'gﬂg) Ajcoswit +---.

3
4 2

3 2
For A, << A, y(t) = a; + E{l’gﬂz Ajcoswit + - -

> Desensitization: the receiver gain is reduced by the large excursions produced
by the interferer even though the desired signal itself is small.
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A 900-MHz GSM transmitter delivers a power of 1 W to the antenna. By how much
must the second harmonic of the signal be suppressed (filtered) so that it does
not desensitize a 1.8-GHz receiver having P45 = -25 dBm? Assume the receiver is

1 m away and the 1.8-GHz signal is attenuated by 10 dB as it propagates across
this distance.

Solution:

The output power at 900 MHz is equal to +30 dBm. With an attenuation of 10 dB, the second
harmonic must not exceed -15 dBm at the transmitter antenna so that it is below P,z of the
receiver. Thus, the second harmonic must remain at least 45 dB below the fundamental at

the TX output. In practice, this interference must be another several dB lower to ensure the
RX does not compress.

900-MHz 1.8-GHz
GSM TX RX
PA )) ) LNA
-
0.9 1.8
(GHz)
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Wy Oy ®

Suppose that the interferer is an amplitude-modulated signal

A2(1 + mcosw,,t) cos wst
Thus

I3 . m®  m?
y(t) = |ag + 503"12 1+ > -t 5 cos 2wt + 2mcosw,,t | | Ay coswit + - --

> Desired signal at output suffers from amplitude modulaton
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Suppose an interferer contains phase modulation but not amplitude modulation.
Does cross modulation occur in this case?

Solution:
Expressing the input as: x(t) = Ajcoswit+ Ay cos(wat+ o)
where the second term represents the interferer (A, is constant but ¢ varies with time)
y(t) = ayi[Ajcoswit + Apcos(wat + )] + az[A; coswit + Ay cos(wpt + ¢)]°
+ as3[Ajcoswit + Aj cos(wyt + gﬁ)]g.

We now note that (1) the second-order term yields components at w; == w, but not at w,; (2)
the third-order term expansion gives 3a;A, cos w;t A,? cos?(w,i+®), which results in a
component at w,. Thus,

2

The desired signal at w, does not experience cross modulation
Chapter 2 Basic Concepts in RF Design 21
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So far we have considered the case of:

> Single Signal ) Harmonic distortion |
“gand Band

14 .

09 18 27 36 45 54 f(GHz)

> Signal + one large interferer —){ Desensitization |

Interferer

Desired
Signal

f
» Signal + two large interferers :{>‘ Intermodulation |

LNA
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assume x(t) = Ajcoswit + Az coswat

Thus

y(t) = a( Ay coswit + Ay coswyt ) + az( Ay coswit + Ay coswst yE4 as( Ay coswit + Ay coswst )3

Intermodulation products:

a A2 w24

w = 2wtws: 303";1 L cos(2wy + wp)t + 3n3411 12 coS(2wi — wy )t
Al 33 A A

w = 2-‘.::2 T 3{13;11 12 COS(Z*’E + wi)t + {1341! . CDS(Zw‘g — wq )t

Fundamental components:

3 3 3 3
w = wp, w2 . (01;’11 -+ ‘4—*{1'3;'1% + 503;’11;{1%) coswit + ((‘1‘1:’12 -+ Ifl'g;’-i% -+ Eﬂ'gﬂzfﬁ) COS wal

T T i 0— ZK z} 23 — ‘? .cf; “i‘l l},_ Ll
3 g g 3 S &
23
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| Interferer |

| desired | Yi
Y

W Wy Oy ()

LNA

2w — wy = Wy

> Areceived small desired signal along with two large interferers

» Intermodulation product falls onto the desired channel, corrupts signal.
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Suppose four Bluetooth users operate in a room as shown in figure below. User 4
is in the receive mode and attempts to sense a weak signal transmitted by User 1
at 2.410 GHz. At the same time, Users 2 and 3 transmit at 2.420 GHz and 2.430 GHz,
respectively. Explain what happens.

Solution:
User 2

TX2

User 3
TX3

User 4
User 1 RXa
X 241 242 243 [ (GHz)

Since the frequencies transmitted by Users 1, 2, and 3 happen to be equally spaced, the
intermodulation in the LNA of Ry, corrupts the desired signal at 2.410 GHz.
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(a)
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ﬂll [ﬂz m [l]a] {Uz m | [ﬂ1 mz I

m1 {!]2 ()]
2'[1)»1- [ﬂz 2{02-{1:!1 2(!]'1‘[!:]2 2[1]2-(01

» In intermodulation Analyses:

| (a) approximate the interferers with tones

(b) calculate the level of intermodulation products at the output

(c) mentally convert the intermodulation tones back to modulated components

so as to see the corruption.
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A Bluetooth receiver employs a low-noise amplifier having a gain of 10 and an
input impedance of 50 Q. The LNA senses a desired signal level of -80 dBm at
2.410 GHz and two interferers of equal levels at 2.420 GHz and 2.430 GHz. For
simplicity, assume the LNA drives a 50-Q load.

(a) Determine the value of a; that yields a P, 5 of -30 dBm.

(b) If each interferer is 10 dB below P, 5, determine the corruption experienced by
the desired signal at the LNA output.

Solution:

(a) From previous equation, a; = 14.500 V-2

(b) Each interferer has a level of -40 dBm (= 6.32 m V,;), we determine the amplitude of the
IM product at 2.410 GHz as:

SngJ%ﬂg
4

= 0.343mV, = —-59.3 dBm.
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System
Frequency Response

L

ey
ey

m1 2{1}1
2(1)1‘ {1]2 zmz- m1

Two-Tone Test Harmonic Test

> Two-Tone Test can be applied to systems with arbitrarily narrow bandwidths

~.

Relative IM = 20 log (%?—312) dBc <3 [Meam;gifsu;?\:‘elx WhenJ
']
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Output | ‘ﬂ'IAHPiil =

Amplitude
20log(cq1A)
a1

AQIP3 f---nnndreemeeee - 4 2l

Arrps = 3la
/ 5 3,43 a3
- 20l0g(3034°)

Arrps 4

/ A.IIPE ;n AuB 0.435
(log scale) ~ 9.6dB.

Aolr3 -sm

-
Ain Ain
(log scale)

> IP3is not a directly measureable quantity, but a point obtained by
~ extrapolation

(log scale)
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A low-noise amplifier senses a -80-dBm signal at 2.410 GHz and two -20-dBm
interferers at 2.420 GHz and 2.430 GHz. What IIP; is required if the IM products

must remain 20 dB below the signal? For simplicity, assume 50-Q interfaces at the
input and output.

Solution:

At the LNA output:

20 ng |ﬂ1_z'l$;g| — 20dB = 20 ng %ﬂ'gﬂ?ﬂ_f
30
|ﬂ'1"1-3?1-.-’£l'| = ‘?“’3*’1?”,;
Thus [IP; = E “
3 a3
= 3.65V,
= +415.2dBm
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AP =20 l(}g if — 20 lﬂg ;"l;_fu m— 2( 20 ]Gg ;’hﬂ}g — 20 lﬂg ;"'l;“_l )..
A Fundamental AP
20 l{}g .f’-l”pg — T + 20 log ffi.;_.n_l

3(20l0gA jjp3 = 20109A jn1) T T ‘?jj.F
i I
! o

0y 0y |

20,~0y  20,- 0,

: 2 E AP
"Aint Aups A: P} ™ &
(log scale)
» Fora given input level (well below P,.g), the IIP; can be calculated by halving
~ the difference between the output fundamental and IM levels and adding the
result to the input level, where all values are expressed as logarithmic

_Quantities.
Chapter 2 Basic Concepts in RF Design
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yi(t) = oqa(t) + agr’(t) + asa®(1)
yot) = Bu(t) + Bayf(t) + Byi(t)
vo(t) = Ailana(t) + aza®(t) + aza®(t)] 4 Bolara(t) + aza(t) + aza®(t))°
+  Alarx(t) + aa®(t) + aza>(1)]°.

Considering only the first- and third-order terms, we have:

ya(t) = a1 pr(t) + (aspr + 201028, + aifB3)a(t) + - -

Thus,
us : B 4 (1'1_;’))1
TN 3 |ass + 201020, + afBs |
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Two differential pairs are cascaded. Is it possible to select the denominator of
equation above such that IP; goes to infinity?

Solution:

With no asymmetries in the cascade, a, = 8, = 0. Thus, we seek the condition a;8, + a,38; =0,
or equivalently,

3 B3 2
aq I3

Since both stages are compressive, a;/a, <0 and B85/, < 0. It is therefore impossible to
achieve an arbitrarily high IP5.
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1P, 4 liP; ,

x () » y, (t) » ,(t)

I § a3 + 2a1a232 + ai s
;fl%fjg 4 f‘l]d]
3las  2a3/3 5_1-%;33
4o T % t 4
. 1 3{1‘2}32 ﬂ;%

2 - 7
Afpsg 231 Afpss

> To “refer” the IP; of the second stage to the input of the cascade, we must

divide it by a,. Thus, the higher the gain of the first stage, the more

__nonlinearity is contributed by the second stage. |
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Let us assume ;) =Acos w,t + Acos w,t and identify the IM products in a cascade:

liP5 4 P, ,
x (t) > v, (t) l\ ¥, (8)
A 44 I/ Uy [51.&
©; 0y, & , 010 i s O 0% i
3 3
2034 ‘? {3 5 03p1A % l}
- [l i
= (1) a0
2w~y  2m,— 0y 20—y 20, 0y
3
3B3laqA 1‘? ‘?
e m
1A 2{’31‘“’2 2m2—m1
ﬂ'.zﬂz% ........ L 0L BIAZ} Q
g - () -
Wy— 0y My My 20, =y  205,— 0,
oA
j’ ?%azﬂzmm‘m %DHH:![-}*:?_1"‘-::';,1 ‘i"
{ (1) = (0
0y G 5 20—y 205~
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Adding the amplitudes of the IM products, we have

y2(1) = a1 A(coswit + coswyt)

3a351  3ad3;  3ajazs:
( (l; [+ (1‘{11 3 4 (11(212 2) .*'iS[C’DwaH —Zw‘g}f-i-COSwa‘z—L-L-‘l]f]‘|‘"'

. Addinphasess worstease seenarie
> Heavily attenuated in narrow-band circuits

For more stages: .
]. ]. Yy

A2 T A2
Arps A7p3.2
1 1 af o B?
12 e 12 + 12 12'
<1rp3 “Aip3 “1ip32 “2ip3.3

A2
..i.IJ.'J3

> Thus, if each stage in a cascade has a gain greater than unity, the nonlinearity
' of the latter stages becomes increasingly more critical because the IP3 of each

stage is equivalently scaled down by the total gain preceding that stage.
B o g



A low-noise amplifier having an input IP; of -10 dBm and a gain of 20 dB is
followed by a mixer with an input IP; of +4 dBm. Which stage limits the IP; of the
cascade more?

Solution:

With a, = 20 dB, we note that

Arpzn = —10dBm
AIPS2  _ _16dBm
] N

Since the scaled IP; of the second stage is lower than the IP; of the first stage, we say the
second stage limits the overall IP; more.
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1P 4 | (02? o Py, P ;ﬁz

2&]1- 0]2 2([)2- {1)1 A ?

—F £
- m4 | 5
I[!J1 (1]2 (1) 1 2

2(1}1' {1}2 2[02' [ﬂ1

> Examine the relative IM magnitudes at the output of each stage to findout

which stage limits the linearity more
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JMﬂ—‘ﬂ%hﬁ+ﬂ‘ﬂ

> ' AM/PM Conversion arises in systems both dynamlc and nonlinear

Cr = (14 aV,u)Co

R1
l‘f"""% © Vout
+ -
Vin r V

V1+ RECH(1)w3

If R,C,()w, << 1 rad Vour(t) = Vicosfwit — Ri(1+ aV,, )Cow]
Assume that (1 4+ aVout)Co ~ (1 4+ aVi coswit)Cy.
obtaining Vout(t) &= Vicos(wit — RiCow1 — aR1Cow Vi coswit)

i) i)

[ Phase shift of J[Higherharmonic}

fundamental, Const.
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Vi t First order voltage dependence:

:"_D C:' 1 = (1 ~+ a."‘;’{f-f. )C!U

Ci(t) = Crug + Z a, cos(nwit) + Z by, sin(nwit)

n=1 n=1

> No AM/PM conversion because of the first-order dependence of C;on V,,,
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Suppose C, in above RC section is expressed as C, = Cy(1 + a,V,,: + a,V,,72).
Study the AM/PM conversion in this case if V,,(f) = V, cos wt.

Figure below plots C,(t) for small and large input swings, revealing that C,,, indeed depends

on the amplitude.

Vour(t) = Vicoslwit — RiCowi(1 + a1Vicoswit + ft-glf'lz cos® wit)]

a R1Cowq Vlz

~ Vicos(wit — R1Cowq — — -

\ ‘,
Ca\rgE
N U Cavg1
\r- -

l"'Ft:rut t

Chapter 2 Basic Concepts in RF Design

2

The phase shift of the fundamental now contains an
input-dependent term, -(a,R,C,w,V,2)/2. This figure
also suggests that AM/PM conversion does not
occur if the capacitor voltage dependence is odd-
symmetric.
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-+ e
g R
UB VN W @[nghertemperature}

> The average current remains equal to VB/R but the mstantaneous current )
- displays random values

n(t)

n Itl H

-Ijn — ].].m '1_' (l{

> ‘Tmust be Iong enough to accornmodate several cycles of the lowest
~ frequency.



Band-Pass

Filter Power

Average
. Meter g
Microphone 1Hz Power

D——

_—.‘_
o
Band-Pass x(t) 5

Filters

10kHz f

1 Hz 10 kHz
-

I~

> To measure signal’s frequency content at 10 kHz, we need to filter outthe

remainder of the spectrum and measure the average power of the 10-kHz
__component.
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. Two-Sided | | OneSided |
s (nh

e |

> Total area under S,(f) represents the average power carried by x(t)
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A resistor of value R, generates a noise voltage whose one-sided PSD is given by
*S\‘L'(f) - 4!{1111{1

where k=1.38 X 1023 J/IK denotes the Boltzmann constant and T the absolute
temperature. Such a flat PSD is called “white” because, like white light, it contains
all frequencies with equal power levels.

(a) What is the total average power carried by the noise voltage?

(b) What is the dimension of S (f)?

(c) Calculate the noise voltage for a 50-Q resistor in 1 Hz at room temperature.

(a) The area under S, (f) appears to be infinite, an implausible result because the resistor
noise arises from the finite ambient heat. In reality, S, (f) begins to fall at f> 1 THz, exhibiting
a finite total energy, i.e., thermal noise is not quite white.

(b) The dimension of S (f) is voltage squared per unit bandwidth (V2/Hz)
(c) For a 50-Q resistor at T= 300 K

VZ=8.28x 107" V?/Hz

V2 =10.91nV/VHz
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VoV

_:-*L_.

Sy(f) = Se(HIH()I

Define PSD to allow many of the frequency-domain operations used with

deterministic signals to be applied to random signals as well.

R4

4kT
+ A
4KTR, Ry D =R,

Noise can be modeled by a series voltage source or a parallel current source

Polarity of the sources is unimportant but must be kept same throughout the

calculatlons
T



Sketch the PSD of the noise voltage measured across the parallel RLC tank
depicted in figure below.

sy(f) )\

4KTR ===

e 0
; l +
RiZ Ly lc1 Va(t) %T@ RiZ Ly c; Valt)
1

[ | -

Modeling the noise of R, by a current source and noting that the transfer function V,/,, is, in
fact, equal to the impedance of the tank, Z;, we write

by [ T —

=1

-
f

179 ey 2
I/n? — [Tzal |ZT|

At f,, L, and C, resonate, reducing the circuit to only R,. Thus, the output noise at f,
is simply equal to 4kTR,. At lower or higher frequencies, the impedance of the tank falls and
so does the output noise.
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Suppose R,isheldatT=0K

-------------------------------

‘/r-.zf
P' - U
2 Rz
, ( R, )2 1 . . . e o
- V2 _ This quantity reaches a maximum if R, = R, :
"\Ri1+ R/ Ry Pro,max = kT
R Ky
= A4kT . 1r
(R + Ry)?

[ Available noise power J
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> If the real part of the impedance seen between two terminals of a passive

(reciprocal) network is equal to Re{Z,,.}, then the PSD of the thermal noise
seen between these terminals is given by 4kTRe{Z, }

vy
Vy éi er:  4KTR,

i ant

Ve, . =38kTR. ¢

> An example of transmitting antenna, with radiation resistance R,,q
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[
M,

o]

4kT Vg,

T4 = 4T 44,

V2=4kT~/gn

> Thermal noise of MOS tran5|stors operatlng in the saturatlon reglon is
' approximated by a current source tied between the source and drain terminals,
or can be modeled by a voltage source in series withgate. =~~~ ===~

Chapter 2 Basic Concepts in RF Design
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W
Re = —HRo

sk o 7
3 Gm

Channel

T T
|

—
A

Yy

—

AAA
Yry

AAA
LAAJ

AAA
Y
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Drain

; | '
Gate | B — k
Source
e W -
(a)
D
. - i - 4TRg o
G1 G2 Gn G
.o _w,,_ll_: 3 >
: I L
S

RG1+ Rsz'F Y RGI‘I= RG

> Atvery high frequencies thermal noise
| current flowing through the channel
couples to the gate capacitively
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— A |
Vi Flicker Noise
(log scale)
1
P Corner

Thermal Noise

fc

o
f

K

1

V2

WLCo fo
N

Je

" T WLC,, f
i

grzn - 4!“"11?9%

g??l

~ WLC,, 4T~

Can the flicker noise be modeled by a current source?

Yes, a MOSFET having a small-signal voltage source of magnitude V; in series with its gate
is equivalent to a device with a current source of value g,,V; tied between drain and source.

Thus, K 1
— 2 \
I 12 — g T l‘{'; L C-f . ?
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v

—O—k

[+

=> o
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Bipolar transistors contain physical resistances in their base, emitter, and collector regions,
all of which generate thermal noise. Moreover, they also suffer from “shot noise” associated
with the transport of carriers across the base-emitter junction.

IF, = 2qlp=2q— Vb _

b

~
0o
I

2{([('-'1

4m = LZ/U‘T/Q) |

S— T e
12 =dAkT
7,C 2

> Inlow-noise circuits, the base resistance thermal noise and the collector

current shot noise become dominant. For this reason, wide transistors biased
_ athighcurrent levels are employed.
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Model A V.2 Model B

Noisy g — | Noiseless
Circuit Circuit

> Voltage source: short the input port of models A and B and equate their output
~ noise voltage

» Current source: leave the input ports open and equate the output noise voltage
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Calculate the input-referred noise of the common-gate stage depicted in figure
below (left). Assume /; is ideal and neglect the noise of R,.

Solution:

2 2

Vuut o vn'] o Vnz
B
o I_'Vh n o Ij fn o Ij
M1 M1 3 M-‘ —

=~
=
ll—ij

i

(1|
[ |

:
"

2

- V2 _ 77,2 V2, = T2p2
Via=15-16 i “nzz =175
'[;'2 . B Ir:-. o) I_zr%
n,in 2 2 T e
(1 + Im ro) In.‘in. = 2 .2 RZ
4;{?11? g‘??ilo 1
Gm : — 4;1;{?
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Explain why the output noise of a circuit depends on the output impedance of the
preceding stage.

Solution:

Modeling the noise of the circuit by input-referred sources, we observe that some of noise
current flows through Z,, generating a noise voltage at the input that depends on |Z,|. Thus,
the output noise, V, .., also depends on |Z,].
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> Depends on not only the noise of the circuit under consideration but the SNR
’ provided by the preceding stage

> If the input signal contains no noise, NF=o
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|ﬂ|2‘m, |72

VislaftA2 + V2

:Srl\'r }?HL = NF — 1

|2V WTRs — VZ]aPA?
1 Viislol®A? + V2

2 12
‘5'1\.'301”. — mlnl
Vis|a|2A2 + V2

Ve la|2A2

V2 ]

a = Ze'n/( Z‘E-ra . i HS)

LNA : ;
VGHI i vin E

> NF must be specified with respect to a source impedance-typically 50 @

» Reduce the right hand side to a simpler form'

1 ‘ r,out

Chapter 2 Basic Concepts in RF Design - 4L TR n /1%

Noiseless
Circuit




[ Calculation of NF J

§V

> Divide total output noise > Calculate the output noise
‘ by the gain from V;,to V,,, due to the amplifier, divide it .
and normalize the result to by the gain, normalize itto
the noise of R, ~ 4KTR, and add 1 to the

> Valld even |f no actual power is transferred So Iong as the derlvatlons
' incorporate noise and signal voltages, no inconsistency arises in the presence
of impedance mismatches or even infinite input impedances.
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Compute the noise figure of a shunt resistor R, with respect to a source
impedance Rg

Solution:
, T — - Viout

p '1' E E 0 l‘ierI.I:'l _O+ °
|III"in : :
- E Rp ' RS Rp

Setting V;, to zero:

If:riou.i = 41&'11(}{5”]{}3) IJLU N RP + Rs

(Rs+ Rp)* 1

NE R: 4kTRs

AT (Rs||Rp)

R
= 14 —.
+RP
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Determine the noise figure of the common-source stage shown in below (left) with
respect to a source impedance Rs. Neglect the capacitances and flicker noise of
M, and assume /[, is ideal.

Solution:
Voo Voo
/ 1 / 1

Vout V,.ER
—t
Vinel[5, M4 ) o 0

AT gmr5 + 4T Rs(gmro)? 1

NF = :
(gm ir?O)z 4T R s
5

= + 1.
g.rnRS
This result implies that the NF falls as R rises. Does this mean that, even though the
amplifier remains unchanged, the overall system noise performance improves as Rg

increases?!
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Chapter 2 Basic

NF o

' out Ha'ﬁ.l Rin-z

— = — ‘_f.'i " 2 r.'i "
1"£n. JH-in.l -+ HH IH-.inZ - Houil :
I__zz - I_:g + L_rz R?ﬁ? 42
nyout — Pl rl (Rfrtz 4 }?{au.i] )2" vé
Z ]
= T i
= 1k 1"2—:..21 1

( R:'n,l )2 2 . 4‘!31135
Rt + Rgd ™

| 22
Tt
+ 2 2

( R ) 12 ( Rina ) 2
: ot 71 | £ 1y2
R+ Rs Rin2 + Rount

4T R
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1;!32 1 1\'F2 o 1

NF, =1+ = NF;,; = NF
. Hia? __,-i22 k1 Rﬂ“—” ot L Rill -‘12 R"’
(REraE -+ H::-mll }2 : (Rffn,l . 5 I{‘!]z = RGH“
| R? 1
1)' ut.av — 1}2 il ‘12 b e
%= "(Rs+ Rin)2 "' 4Roun

‘2
P -_— i
T AR

This quantity is in fact the “available power gain” of the first stage, defined as the “available
power” at its output, P, ., (the power that it would deliver to a matched load) divided by the
available source power, Ps,, (the power that the source would deliver to a matched load).

NF> —
NF,,=NF + £
;'1;11
—_— - NF; —1 NF,, —1
NE,;=1+(NF—1)+ ——— 4... 4 - , .
*"'1;”] .-"1311 i -"fifjfm-l]

Called “Friis’ equation”, this result suggests that the noise contributed by each stage
decreases as the total gain preceding that stage increases, implying that the first few stages
in a cascade are the most critical.
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Determine the NF of the cascade of common-source stages shown in figure below.
Neglect the transistor capacitances and flicker noise.

Solution: Vo
Rin1 = ]B-E-H,Z — X I4 I
|i|'\:r:nrut
. I Rs
yroqe¥a 1 . Uy 1 - my —m,
A2 AKTRs = A% A2, 4kTRs VinO) T =
where =

V4 = 4kTygmirsy, V.5 = 4kTygmars,. Avt = gmirol, and Ayz = gmaroz

-~ o~
NF=14+—T_4 ’
Im1lts Q'r,z;;_] rg}ly-mZRS
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Determine the noise figure of the circuit shown below. Neglect transistor
capacitances, flicker noise, channel-length modulation , and body effect.

Solution: = Rp:1  Rpz

V2 = 4kT~g, RS, + 4kT Rp

4k~ qmlﬁz + AT Ry 1

;YI':{M = 1

91 R ART Rs

4:{.'11‘}' RL}E
Jm?2 ﬂ;lz"l“ fgj_)}_?

2
) + 4ET Ry

)2 " 4kTRs

-1
ﬂmZ

2 2
— 92D 65
925+ Rpi ?

2 2
Chapter 2 Basic Con 91 By (




Thevenin

Equivalent

RS | Rout :

° i —MW—

Loss !+ ;

+ y : :

Vin ) Circuit "“| R Vout §_<:>VT“E“
o |__|: | ¢ :

T Ri R

The power loss is calculated as:

L= Pin/Pou.{

L — 1”21 Rmu‘.
| T.ﬁ'-{-r ﬁ)r"‘
A:F — 4!1 TH,L,[,;
= il

Chapter 2 Basic Concepts in RF Design

RY

= 4kT R,

r;!, ut;!

(Fp +

I'llri"hf v R L
I'F.r'n, }?L + Roui

‘r{m;.! )2

Ag =

V.o 1

H£

Tr*ft 4!“{}?“
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The receiver shown below incorporates a front-end band-pass filter (BPF) to
suppress some of the interferers that may desensitize the LNA. If the filter has a
loss of L and the LNA a noise figure of NF, 4, calculate the overall noise figure.

Solution:

Denoting the noise figure of the filter by NF;,,

we write Friis’ equation as > Vout
. - NFina—1
NFiy = Nlypp+ 7o
= L+ (NIgna—1)L
= L-NFpna,

where NF,\, is calculated with respect to the output resistance of the filter. For example, if L
=1.5 dB and NF;,, =2 dB, then NF,,;= 3.5 dB.
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> The sensitivity is defined as the minimum signal level that a receiver can
~ detect with “acceptable quality.”

NF =

ASTINTR[‘JH"{'
Piig/ Prs
15'.1\; RG'U-t

IJ-F*"E} = Prs+ NF - SN Ry
I).st':;?ﬂot = I}H.‘:'r' - NF . JSFJ’\"HMN - B
-[)Sf?lldBﬂl — I:JH-Slthﬂl,/ff:’ + i'\""rlmla’;’B + ,-5';\-"'}{??15.”'(;3 < 10 103 B
Pier, = —174 dBm/HZ + NF + 10 lﬂ'g B+ SNR,,;»
\ )
|

[ Noise Floor J
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A GSM receiver requires a minimum SNR of 12 dB and has a channel bandwidth
of 200 kHz. A wireless LAN receiver, on the other hand, specifies a minimum SNR
of 23 dB and has a channel bandwidth of 20 MHz. Compare the sensitivities of
these two systems if both have an NF of 7 dB.

Solution:

For the GSM receiver, P, = -102 dBm, whereas for the wireless LAN system, P, =-71 dBm.
Does this mean that the latter is inferior? No, the latter employs a much wider bandwidth
and a more efficient modulation to accommodate a data rate of 54 Mb/s. The GSM system
handles a data rate of only 270 kb/s. In other words, specifying the sensitivity of a receiver
without the data rate is not meaningful.
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Performance

A Limited by
log Compression
scale
[ DR | | or
Sensitivity Performance

Limited by
Receiver E Noise
Integrated Noise | oo

f

Maximum tolerable desired signal
power divided by the minimum
tolerable desired signal power

Chapter 2 Basic Concepts in RF Design

log A

scale

| SFDR |

Sensitivity —__|

vy

Receiver
Integrated Noise —

Lower end equal to sensitivity.

Higher end defined as maximum
input level in a two-tone test for
which the third-order IM products
do not exceed the integrated noise
of the receiver
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Refer output IM magnitudes to input:
Po-u.f — PI,H,ou.f

Prips = Py, + >

PH"‘Lfﬂ— — Pfﬂf,ou.t — (; -P-.En = Lout — G
P, — Prain

Prips = Py, +

2
g 3P¢'?1 — PIM'JH
. 5 .,
o b Piasin
Py = 11p3 + IM i |
3
5 _ 2Ppyp3+(=174dBm + N/ + 10log B)

3

'qFDR — Pi'n,,n'm-;r — (_174 dBm ‘i‘ J\TF ‘|" ].0 IDgB + -Sri\;Rm.iﬁ_)
2(Prips + 174dBm — NF — 101log B)

= 3 - SN Rm (e
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The upper end of the dynamic range is limited by intermodulation in the presence
of two interferers or desensitization in the presence of one interferer. Compare
these two cases and determine which one is more restrictive.

Solution:

7
P]—{IB > I?i-n.mur
<
Since P’1—ig = Pryjp3 — 9.6 dB

Brrpg— 0.6 dB% 2Prip3 + (—174 dBr3n+ NF + 10log B)

Ijjhng — 28.8 dB; —174 dBm-]— NF + 1UIDgB Q
<
[ Noise floor 1

])l—ch > Pin.,*.rna.:r
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> Quality Factor, Q, indicates how close to ideal an energy-storing device is.
R

R C P R L Rp
o W? |} o—+_M|~_*—o O—W"S—%B\—o Wﬁ_n
L

I
c

Chapter 2 Basic Concepts in RF Design 73



Rp
Rs Cs
o—A, I— ’_> o + W +—o
RsCgs + 1 B Rp
Cgs  RpCps+1

RpCsjw =1— RpCpRsCsw® + (RpCp + RsCs)jw.

=

RpCp+ RsCs — RpCs =
1
BP= FOmE T
HP — (QS =+ 1)
2
o Q%
C'p 2 1 1( ‘

Chapter 2 Basic Concepts in RF Design

RPCPRSCSL:JZ =

1
0 —>| =9,
Qs > 1
Rp =~ Q%Rs
Cpr ~ Cs.
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> Series-to-Parallel Conversion: will retain the value of the capacitor but raises
~ the resistance by a factor of Q.2

> Parallel-to-Series Conversion: will reduce the resistance by a factor of Q2
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vy

. Ri(1 - LiCw?) + jLiw o0 | 00—
Z-:'n(j"-*-?] = - Y 1 |-> c, =R, I-.- =
l_i_jRL(Ilw* Z. o T ZF. ©
Thus Ry, ) i
' RelZ; = (@) (b)
{Zin} 1 + R: Céuw?
1408 <::|[ R, transformed
down by a factor
Rz Ch
L, = 1+ R2C22 : [Setting imaginary]
) -Ri c, part to zero
14 Q%
1
If QZ > 1 Re{Z;, ~
1
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Design the matching network of figure above so as to transform R, =50 Q to 25 Q
at a center frequency of 5 GHz.

Solution:
7 - ]. L"| L"! C1
e N o — i oD
F— 1 |->- C4 %RL I—» Rs
L Crw? Zin © T Zin ©

Assuming Qg2 >> 1, we have C; = 0:90 pF and L, = 1.13 nH, respectively. Unfortunately,
however, Qp = 1.41, indicating the Qp2 >> 1 approximation cannot be used. We thus obtain C,
= 0:637 pF and L, =0:796 nH.
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Viewing C, and C, as one capacitor, C,,

1
By =
tot RS(C?E'Q“"‘;)E

Cy
=S
1+

For low Q values

ﬁ)q ~ [RL Clu.-’ S
ChC5

C’.fq —

Ch+ Cy

)ZRL@{ RL boosted ]

JwCh(1 + jw R Ch)

X
¥ in —

L+ R(C1+ Cp)jw

h:‘fc,ri.' ==
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1
Re{Y:,}
1 (:'1)2
Ry (14—
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Determine how the circuit shown below transforms R, .

Solution:

L4
O (m O l
|—>- .l.c1 =R, r» .1.01 L1 =Rp
Z'in @ Zin ¢

We postulate that conversion of the L,-R, branch to a parallel section produces a higher
resistance. If Q¢? = (L,w/R,)? >> 1, then the equivalent parallel resistance is

Rp = Q%Rp
L%wzi
Ity

The parallel equivalent inductance is approximately equal to L, and is cancelled by C,
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P Re{Zjn} > R

"r;u.i — \/ RL . ]Gu'ﬂ . -RC { Zi‘:ﬂf }
Vin Re{Z;,} Ts Ry

a network transforming R, to a lower value “amplifies” the voltage and attenuates

the current by the above factor.
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A closer look at the L-sections (a) and (c) suggests that one can be obtained from
the other by swapping the input and output ports. Is it possible to generalize this

observation?

Rg
Solution: Rs o
Wy Lossless g Wy 2
+ i v, J+
V. Passive R, Vout —1m R, Vout
Ll |—b Network . = ﬁ . -‘-l g =
= L ! - '
= OR_ - Rg
L

Yes, it is. Consider the arrangement shown above (left), where the passive network
transforms R, by a factor of a. Assuming the input port exhibits no imaginary component,
we equate the power delivered to the network to the power delivered to the load:

( ) al !f.L )2 1 1_'{}2{{{ V. =
1.{.” . — out —
all; + Rs alty iy, [>

If the input and output ports of such a network are swapped, the resistance transformation
ratio is simply inverted.
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1

Rs )
Wy . © Vout
+
] Rin -

Vi

i

/R?;.n — 'n-z‘f;-z /RL

T

R, = Ry /n®
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We define the loss as the power provided by the input divided by that delivered to R,

P:'-n- ==

£y

Loss

2

1T

Rs + R

(1 Riui )2 1
w2 H‘- - H.ml Rinl

P

Fr
B
R

I'T:JZM
Rpl||RyL
Vi, Rp+ Ry

R;,  Rp

14
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Lossy Matching Circuit P

.............................. S

Vnut

=
r
=
S
o
IEU

:l I':i“‘in1 ' -
Ry,
1 .
+ I
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Rs | L1 ;

M ; /m

+ B e e mm e
I""'in é_ E>

= Incident
Wave

> S-Parameter: Use power quantities instead of voltage or current

» The difference between the incident power (the power that would be delivered
to a matched load) and the reflected power represents the power delivered to
_thecircuit.

I+

Vin C

Rs
_w' + + ; ~ r-|- & .r+
Vi = | Two-Port|] <+ V2 %R 1 — ’b“‘;l +'512L2
L

+p1‘ Network v;___

o
N‘l*
|

Sz 1 ‘l—l_ -+ .5'22 ‘/z—l_ ;
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Rs ——
. AT v;' — | Two-Port e :911.is the ratio of the r_eflected and
in () - | Network RL:  incident waves at the input port
- V etwor ) J
L ~ Wwhen the reflection from R, is zero.
Vo=0 > Represents the accuracy of the
Vi ~ input matching
511 — |+ =
% 1-!- vV, =0
—W - V+ Wy
- L:‘:WET - ? 4) Vx > Sjyis the ratio of the reflected wave
Gl V2> ~atthe input port to the incident

B e wave into the output port when the

V= . -
=4 V- ~ inputis matched
P W > Characterizes the reverse isolation
12 — "-|- 1-’rl+ =)
B
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> Sy is the ratio of the wave incident

Rs
._.Wt' 1: |
v (>+ V;'—r- Two-Port | r on the load to that goi_ng to the _
n) - V.; Network |y L input when the reflection from R, is
; . zero
V;; 0 > Represents the gain of the circuit
Voo |
Doy = 2 o
F'l+ Vs =
Two-Port| <+ V2 Bl > Sp,is the ratio of reflected and
Network | > N~/ X% incident waves at the output when
~ the reflection from R; is zero
Vi=0 > Represents the accuracy of the
Voo ~ outputmatching

- 9
S22 = —7|y+ -9
"'2 1
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77— S“Vl+ A 512‘/?;

a—

e 521 Vl+ - Szg V;

]
I

> S-parameters generally have frequency-dependent complex values

> We often express S-parameters in units of dB
‘S[?Tlﬂ- ldB — 20 log |J-S'-m,n |

> The condition V,*=0 does not mean output port of the circuit must be
- conjugate-matched to R,.

Chapter 2 Basic Concepts in RF Design
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In modern RF design, S,; is the most commonly-used S parameter as it quantifies the
accuracy of impedance matching at the input of receivers.

Rs
Wy

V+—l--
Vin <>+ ! - Receiver
- -V, |'>
|
zin
Zin L:;'n
I
: Zén 4 h)‘w 2
Z‘ffn; - 1{".- V.
Z(Zén + RH’) o

‘r]_ Z-E.ﬂ. = Rb

Vit Zw+Rs

> Called the “input reflection coefficient” and denoted by G, this quantity can
also be considered to be S, if we remove the condition V,* =
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Determine the S-parameters of the common-gate stage shown in figure below
(left). Neglect channel-length modulation and body effect.

Voo

Drawing the circuit as shown above (middle), where Cy = Cgs + Csg and Cy = C;p + Cpg, We
write Z;, = (1/g.)l(Cxs)and Zin — Rs

b” - Zin + J'?H
]l - Gm h’,u; — (_T;{S
1 + G HH + (-T_-T S

For S;,, we recognize that above arrangement yields no coupling from the output to the
input if channel-length modulation is neglected. Thus, S,, = 0.
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Determine the S-parameters of the common-gate stage shown in figure below
(left). Neglect channel-length modulation and body effect.

For S,,, we note that Z,,; = Rp||(Cy s)"'and hence

Zmn.i = R.‘:r'

th.f- + R"r

B Re— Rp+ RsRpClys
Rs+ Rp+ RsRpCys

5722

Lastly, S,, is obtained according to the configuration of figure above (right). Since V,/Vin =
(V2/Vx)(Vx/Vin), Vo /Vx = gmlRolIRs|I(Cy s)], and Vy/V;, = Z;,/(Z;, + Rs), we obtain

Vo ( 1 ) 1
-  — Um ff If‘ -
i:i'-ﬁ g D|| %||('}-S ]. + g',r” Il}'_-; + I?‘_-;( '_:\r-_q
Gy = (h’ 1Rs||— ) 1
221 = &fm D S (.}_S I . H‘-. s R}_-‘.;('__‘-;S'
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Input: x(t) = Ajcoswit + As coswyt.

Output: y(t) = Z a, cos(nwit +0,) + Z b, cos(nwot + 6,) @ harmO“ics]

n=1 n=1

oo o0 B
+ Z Z Crmn CUS(”“‘Tlf + mwpt + C_{)-n,,m)' <:|IM prOdUCt%

M=—00 M=—00

> If the differential equation governing the system is known, we can simply
5 substitute for y(t) from this expression, equate the like terms, and compute a,,
b,, ¢ and the phase shifts.

R4
Vin o—MW—9——o0 Vit C1 = Co(1 + aV,u)

d Lfguf
1

_#E.I Rlﬁfg( 1 -+ fﬂ'i‘:u.i )

-+ "{:.--u.f. = LG.
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Li‘rui ( { }

ay cos(wit + &1) 4 by cos(wal + d2) + €1 cos[(wy + w2)t + ¢3] + ¢z cOS[(wi — w2 )t + B4]
4+ cgcos[(2w) + w2)t + @5] + ¢4 cos[(w + 2w2)t + 6] + 5 cos[( 2wy — w2 )l + &1]
+ 5 COS[(w) — 2w2 ) + o],

RiCo(1+ aV,.,) ! LL}_“'E
dt

AT

> ‘We must now substitute for Vou,(t) and V,,,(t) in the above equatlon convert
- products of sinusoids to sums, bring all of the terms to one side of the

equation, group them according to their frequencies, and equate the
coefficient of each sinusoid to zero.

» This type of analysis is called “harmonic balance” because it predicts the
output frequencies and attempts to balance the two sides of the circuit’s
_differential equation

-+ L"c;u.e’. — L'Jin,
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Vi (t) = Voexp(jwit)

For a linear, time-invariant system, the output is given by -
Vout (1) = H(wy) Vo exp(jwit)
C1 = Co, then
Ry CoH (wr)(jwr)Voexp(jwit) + H(wi)Voexp(jwit) = Voexp(jwit).
1
H(w) = .
(@1) R Cojw + 1

Chapter 2 Basic Concepts in RF Design 93



Vin(t) = Voexp(jwit) + Voexp(jwat)

: ; . 5 . Linear responses
Vourt (1) = H(wy) Vo expl(ywit) + H (w2) Vo exp(jwat) <:[ P 1

[Nonlinear response%
s
Vot (1) = Hy(wr)Voexp(ywnt) + Hy(wz)Voexp(ywat) + Hg(w’},w’zﬂ"hz explj(wy +w)t] + - -.

Vou(t) = Hy(wy)Voexp(jwit) + Hi(wz)Voexp(jwat) + Ha(wy,wi )V exp(2jwit)
+ Hy(wz,w2) Vi exp(2jwat) + Hy(wy,w2)Vy explj(wi + w2)l]
+  Hy(wp, —w2) Vi explj(wr —w2)t] + - - . (
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Determine H,(w,,w,) for the RC circuit with nonlinear capacitor previoius shown

Solution:

R1
We apply the input: |’ (7) = Vjexp(jwit) + Vpexp(jwatl) Vino Wy ° Vout

C4

Vow(t) = Hi(wi)Voexp(jwit) + Hi(w2)Voexp(jwat) + Ha(wi,w2)ViE expli(wi + w2)t].

L

R\ Col1 + aHy(w)Voe' ' + aH (w2)Voe! 2 + aHy(wy,wa) Vel “itw2)]
X [_{II(W‘I )jwi 1.'0,__,..5'-»?“ + Hy(w2)jws 1_-'0(..5'-»’23 + Hp(wy,w2)j(wy + wo )1Jh2f,f{w|+wz}i:|
+  Hi(w))e’*' + Hy(wp)e!?t + IIZ[L‘JI,JZ}‘*'[]zf'f{wl'-"wz“

= Voe''' + Ve,
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Determine H,(w,,w,) for the RC circuit with nonlinear capacitor previoius shown

R1
Vi n vuut

C
Consider the terms containing w+w,: 1

R\ColaH (wy ) Hi(w2)jwrVEe! @1T92)t L o H 1 (wo) Hi(wy)juwaVife! (W1Tw2)t
+ Ha(wy,w2)p(w) + wg]lf'hzﬁ*‘;(“”l'f"“’zlf] n4 HZ(H-?I-,LJZ)I‘E}ZEJ(M'}'WEH =)

L

_aliCojlwr + we) (1) Hi(w2)

H' () [ £ = -
2\w1,2) RiCojlwr +wz)+ 1

Ha(wy,wp) = —aR1Coj(wy 4+ w2)Hy(wr)Hi(w2)Hi(w) 4+ w2).
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If an input Vexp(jw,f) is applied to the RC circuit with nonlinear capacitor,
determine the amplitude of the second harmonic at the output.

R
Solution: Vino W: ° Vout
Hy(wy,wp) = —aR1Cog(wy + w2)Hy(wr)Hi(w2)Hi(w) 4 w2).
C4

As mentioned earlier, the component at 2w, is obtained as H,(w,, w,)V,? exp[j(w, + w)t]
Thus, the amplitude is equal to

1A201] = |aR1Co(2w1)H2(w1)H1(2w1)|VE
2|a| R Cown Vi
(RACEE + 1) JAR} 3} + 1

|=’1uul+u.:2| _ | Hy(wy,w2) | Since|ﬂl[h¢2)| = l-”rl[_“;Z]l
At it (w1, —w) —
(w1 + w2)Hi(wz)Hi(w) + w2) | Actioz, (Wi +“’*’2]\/Rl('ﬂ{”“1 =gt

- |(w‘1 — w2 )Hi(—w2) i (w) — w2) Ait-un’ w1 — w2)|y/RECE(w) + w2)? + 1
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Vin Q lN! o I"I|:r\::|,1t

Vin(t) = Voexp(ywit) + - - + Voexp(ywnt)

Voui( Zﬂl wi ) Vo exp(jwrt) + Z Zﬂz Wiy Twi ) Vg explj(wm £ wi )]
k=] m=1 k=1

—l_ 7 T / H3 u"”" :l:wm'! iwk)‘fi]s exp[j(""’*ﬂ :l: Wi :|: {-*"ﬂ')f] _I‘ e

n=1m=1 k=1
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Determine the third Volterra kernel for the same circuit discussed above.

. R1
SOIUtIO’_T. ) _ ) _ ) _ Vino M ° Vout
assume |7, (1) = Vpexp(jwit) + Voexp(jwat) + Voexp(jwst)
Introduce the short hands Cy
Hy(1 23) = H3(wi,wz,w3)Vy expli(w) + wz + w3)i] =

Vout(t) = Hyy+ Hygy+ Hyzy+ Hy 2y + Ho 3y + Hap 3y + Hy 1)+ Hae,2)+ Hoz 3y + Ha 23+

Substitute for V,, and V,,, grouping all of the terms
H3(wy, w2, w3)
Hy(wy,wp w3 (w3) + Ha(wz,w3)w1 Hy(wy) + Ha(wy,ws3)w2 Hi(w?2)
Ri1Coj(w1+w2 +w3)+1
Hy(wr)(w2 + w3)Ha(w2,w3) + Hi(wz )(w1 + w3) Ha(wy,w3)
R1Coj(wr + w2 +w3) + 1

Hi(ws)(w1 + w2) Ha(wy,w2)

R1Coj(w1+ w2 +w3)+1 7
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1. Assume V,,(t) = V, exp(jw,f) and V,(t) = H,(w,)V, exp(jw,t). Substitute for V,, and V;,
in the system’s differential equation, group the terms that contain exp(jw,t), and compute
the first (linear) kernel, H,(w;).

2. Assume V,,(t) = V, exp(jwqt) + V, exp(jw,t) and V,,(t) = H,(w,)V, exp(jw,t) +
H(wy)Veexp(jwot)+H,(w4; w,)Vy? expli(w, +w,)t]. Make substitutions in the differential
equation, group the terms that contain exp[j(w; + w,)f], and determine the second kernel,
Hy(w4; wy).

3. Assume V,,(t) = V, exp(jwqt) + V, exp(jw,t) + V, exp(jw;t) and V,,(t) is given. Make
substitutions, group the terms that contain exp[j(w71 + w2 + w3)t], and calculate the
third kernel, H;(w1; w2; w3).

4. To compute the amplitude of harmonics and IM components, choose w,, w,, - - - properly.

For example, H,(w,; w,) yields the transfer function for 2w, and H;(w,;-w,; w,) the transfer
function for 2w, - w,.
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1. Assume V,,(t) = V, exp(jw,f) and determine the linear response of the circuit by ignoring
the nonlinearity. The “response” includes both the output of interest and the voltage across
the nonlinear device.

2. Assume V,,(t) = V, exp(jw4t) + V, exp(jw,t) and calculate the voltage across the nonlinear
device, assuming it is linear. Now, compute the nonlinear component of the current flowing
through the device, assuming the device is nonlinear.

3. Set the main input to zero and place a current source equal to the nonlinear component
found in Step 2 in parallel with the nonlinear device.

4. Ignoring the nonlinearity of the device again, determine the circuit’s response to the
current source applied in Step 3. Again, the response includes the output of interest and the
voltage across the nonlinear device.

5. Repeat Steps 2, 3, and 4 for higher-order responses. The overall response is equal to the
output components found in Steps 1, 4, etc.
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Determine H;(w,,w, w;) for the circuit below.

Solution:
Step 1 R
[ P J |I'\win o l'N! o Vaut
The voltage across the capacitor is equal to:
Vo - c
I,..-' ? [ = : f_...l"wlf'l 1
o) = FiCojwr +1 L
[ step2 | Viu(t) = Voexp(junt) + Voexp(jwt)
) Vi (-.II'-UI!' Vaelwat
Ver(t) = ——— e
R\Cojw1+1  R1Cojwz +1
Compute the nonlinear current flowing through C,
o CVEH
j(‘l.nr:m(” = ft('[}l'fi'l
i
| Vaelwt! Vaelwe!
= a() 1{1f+ + ,n{.
RiCojwy + 1 R1Cojwr + 1
Jw Voelwit Jw? Voel w2t
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Determine H;(w,,w, w;) for the circuit below.

Solution:
Vv M
I & jler +w2)Vy 2 ci(wrtws)t in © W *Vout
! Lo '[‘ = L T o
Clmon(l) Y ITRIC n;w1+1)(ff1(ﬂ;w2+11 Ci
= aCylj(w + wp)Vye Cellwrtwe)l f (wi)Hy(wz) + - -]
[ Step 3 J

Set the input to zero, assume a linear capacitor, and apply Icq nongy in paraIIeI with C,

| Step4 | " l “Yow
R T

J'tv‘f.‘.'1 Jnon

Vermon(t) = —aCgj(wy + we)VEe!1twt g Hi(w
Clmonit) 07 (w1 2) (w4 2}ff|(nj{w1+w2

= —aR1Coj(wy + w2) Hy(wy) Hy(wp) Hy(w) + wp) Ve erteat,
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Determine H;(w,,w, w;) for the circuit below.

[ Step 5 ] -
vl 9 lNT 9V0ut
Vin(t) = Voexp(jwit) + Voexp(jwat) + Voexp(jwst) -
1
'I-:[](f} — jf]_(w‘l}l'ﬂffwlf i jfl(“-”Z)‘ﬂrfwﬂ 4 jjl(w‘:;]‘[]{;u;g{ _|_ ﬂz(oﬂ,w‘g)1-][}2(‘-‘-{'“"’1'{"“"2“
+  Hay(wy,ws) Ve ) 4 Hy(wp,ws)VifelW2ten)t,
dVie

The nonlinear current through C; is thus equal to /c'1.n0n(1) = aCVe =
Ictnon(t) = aColHi(wr)Hz(wz,w3)j(w2 + w3) + Ha(wz,w3)jwi1Hi(w)

+  Hy(wp)Hz(wy,w3)j(w) + w3) + Ho(wy,ws)jwal 1(w?)
+ Hy(ws)Hy(wi,w2)j(w) + w2)+ Hy(wy,wy)jwsH(ws }]i,hgr..f{wl-i-wz-l-wzlt

£
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Figure below shows the input network of a commonly-used LNA (Chapter 5).
Assuming that g,,L,/Css = Rs (Chapter 5) and I, = a(V;s-V7)?, determine the
nonlinear terms in /,,,.. Neglect other capacitances, channel-length modulation,
and body effect.

Solution: [ Step 1 ]

fin = (Rs+ Lgs)ViCass + Vi + (ViCgss + ¢, V1) L1

v 1 kY“'«:»ut
1 — l+| M

Vin [Ll -+ L(_';}('TGSS (HE( GS T+ ¢ Jle q + 1 V,
Vi .. 1
—(jw) = y = Hi(w)

2J,”Luw+l——— WhETEW{] =[(L1+ Lg C(,H]‘
W

[ Step 2 }
assume V(1) = Voexp(jwit) + Voexp(jwat)  Vi(t) = Hi(wy)Voe' ' + Hy(wy)Voe!

This voltage results in a nonlinear current given by
Ip non = 2aH (wy) Hy(wp)Vye! 1)t
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Figure below shows the input network of a commonly-used LNA (Chapter 5).
Assuming that g,,L,/Css = Rs (Chapter 5) and I, = a(V;s-V7)?, determine the
nonlinear terms in /,,,.. Neglect other capacitances, channel-length modulation,
and body effect.

Solution: [ Step 3&4]

(Bs+ Lgs)ViCgss + Vi + (gmV1 + Ippon + ViCass)Lis = 0. ] out
Rs G
. LW —1=lkm @)

Thus, for s = jw = CGST Vi D,non

Vi .. —jLw

Ij'__.l B (.}“;) — 2 L1
SO ngLlJ.,J —I— 1 I ?
. Rs Lg l out

Il =

: CGST ¢)g Vi GED"DMH
—jLi(w1 + w3)

,h’z(w'l-,w*z) = [ - R ]—Zﬂh’](wi h( “‘-’2 %

; wp +
zﬂleJ(ﬁl + W'Z) + I — ¥
pa 1
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Figure below shows the input network of a commonly-used LNA (Chapter 5).
Assuming that g,,L,/Css = Rs (Chapter 5) and I, = a(V;s-V7)?, determine the
nonlinear terms in /,,,.. Neglect other capacitances, channel-length modulation,
and body effect.

Solution: [ Step 5 J

assume -
Vin(t) = Voexp(jwit) + Voexp(jwzt) + Voexp(jwst) ™ML

Vi(t) = Hy(wn)Voe™'" + H(wp)Voe? + Hy(ws)Voe'¥ + Hy(wi,wy) Vel 1He2)"

e HZ(*—*‘#‘]-&L’B)I"{]EF'”“”—I_W + Ho(w, w3”[]2 Hwetws )t

Since Ip = aV,2, the nonlinear current at w, + w, + w; is expressed as

IL) non = ZGUf](w])ffz(wg w3) + Hi(w2)Ha(wy,w3) + H (w3)112(w11w2)]1 rd, (vu1+w2+w3]£'
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