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3# [	u�W���\i v}vi$�Iyv}��2��! 421L`xu�?�0_�,;!!W����H�XAO-Æk�?x���o8��X�?'�yXAxN��5y��$� ,�y��6Val'��6�yx���v�?'�0�X�����+�T,�_Mp�mx�?;���?�:�℄ ryl'�x���
s
 ��EH$�T� 1 '�3Ji6�Hd� 2 '�H��� 1 '�p5 1 ��+�� 2 '�5 m�,L0x���?EHT� 2 '������+,_Hdmx�3Ta���+Umx_�`,��5;�TmxVNv2J�v�.b�'��+{ 
I�5
su7 _�Qg'+ (flexible flow shop, FFS) &R� r{T7)/ FFS 
sv�?EHT�?'�Æp�����+���?�:
sEHT� 2'������+
b�
2 '�y�+ 
�EH�� 
I�6= W�9'+ (parallel scheduling) `O�O7aly��
s�ey�:JS�5���o�aly
s`*
y�:!V�K{x���
Arthanari, Ramamurthy_ Salvador�9�: FFSB#yV:T [1]_ [2] vpV
%p FFS B#����)/yK{x���
s
%9
5 k ?'��qV5�?'�5���+�&�'�J�p5���+�B#kL`T�?'���?EH.�s��y���+U�039.�s,���+UyEH�Y_�����ykb��emo)�jm�� FFS ��B#�ee
% Z�{��_�6XHpOsy�: [3−7]. >��176� FFS 
svyQ8�W(�T`�+/vd�`Z�bu�6�y FFS B#�:�qd&�*S{��_Hd�:|76� FFS 
s��XWZyQ8 FFS 'sB#�L Chun-Lung _ Chuen-Lung zA!Wy�'�+`O0x�y�'� FFS ��B# [8], Yazid zAJzXA`�vkPGxy FFS ��B#z [9]. O7 M>. FFS '+T|, C�Gx(�=��o82,�,ZW{��:
s��:*S�LWang Hui[10] _ Tian[11] !W l*_�9�:�)yl'�
FFS B#� Li Zhan-tao zA�:pJzEH*x_�℄s �jmEH�P_�9�:�)yl'� FFS ��B# [12] z� 2011 ���9h{�o8Txxy�{�Z`R� Map-Reduce, � UIUC h�y Moseley _ Yahoo �:Ey Dasgupta zAQ*9�℄l'�0xEH��B#�0BW5��9 12 y5�Æ$ [13]. Byung-Cheon Choi_
Kangbok Lee zA�:p� 1 '�m�� 2 '� m �,s���?EHTl?'�yZ`_�`,yl'�K{x���6U� �jm3H_�9�:�)�BWp�?5�Æ$�q�+{ m = 2 _�Æ$�xu 5

4 y5�!�q m ≥ 3 _�Æ$�xu
√

1+m2+1+m
2m

y5�! [14]. 2014 �� [15] 	
Jz GPU O-vhP
0x3P,_1x{�[t_�P6U� 
3P makespan�jm�9O-{�y<=0m�)��3P “[t - mx” f
��B#�
Jl'�x���B#�|7�[=|BWpT�y 
(�T5��9 3 y�ge_�5�Æ$�b`}?�Ug
p GPU O-l'���y5k{�"x���
"x���"k��t>|�
sj��&{�
sL,v9
5��X n ?EHyEHs, L = (J1, J2, · · · , Jn), �?EH Ji 5�?mx / Z`_� pi �hVB
y���+{ sizei, LIb/y�+
{9 m. ���suL S =

((s1, r1), (s2, r2), · · · , (sn, rn)), &v si ,gEH Ji yHd�H_�� ri ⊆ {1, 2, · · · , m}



422 ) - y � � � 41C,gEH Ji �b/y�+%Z�
�� |ri| = sizei. Q����s S �M�g,�_ME`���+q�Z`�?EH (H�), VG5���s S kLxy�5��yC�
%9�i�3JyEHy3H_��� Cmax = max{si + pi|i ∈ {1, 2, 3, · · · , n}}. "x�����o8T�EH Ji .�y�+%Z�5�8�>�T�l 
6UT��8�.�y�+%Z$�h��b/ [16]vO7"x���B#yR�e,g$��?v� x9X�6J� �8y"x���B#,v9 Pm|sizei|Cmax. Du zAT [17] v�6g
qL/�+
{9 5 _
s P5|sizei|Cmax k1 NP �y�'^ Pm|sizei|Cmax"k1 NP �y� [18] vg
W�5E`5�Æ$�us 1.5 �5�!�X+ P=NP.

[19] _ [20] oWqL/�+{k�?B{_�Pm|sizei|Cmax 
T�ge_�5�'�
(PTAS).O7��6UTy"x���B#5�Æ$�:��Tkqs�CGx��B#*Sy( � 1975 � Garey _ Graham zA!Wp�?O7�CGx��B#5�!9 2 y5�Æ$ [21], T5��o8T�B
�?y�?�C��?EH���
{my�?�C�?y�?� Ludwig_ Tiwari T [22] voW�Q� Pm|sizei|Cmax o8vyL/Z`+I�6�y�℄�C�1�uW5Æ$+D Pm|sizei|Cmax ��B#��us5�!9 2, �?�&G9(` 1.�I 1 / Garey, Graham Æ$+D Pm|sizei|Cmax ��B#�us5�!9 2.s,�� (list scheduling)Æ$k"x���vEH0�����+_y6�Æ$�&|��dk�^0V��a��qL/OX�+U�H�5Æ$mx_�n6U�9�H_C�hy�?EHT�i�H�3&Hd�H_M&��+FD�HEH�̂_2�uWLT(` 2.�I 2 8/s,���d� n ?EHT m ��+U1x"x����QEH τiymx_�9 pi, V��y�h3H_��
�� C max ≤ 1

m

∑

i

pi +
(

1 − 1
m

)

max
i

{pi}.�?J[
�?�x���="x���`*
��:�℄� 1 '�m�� 2 '�
m �0x�yl'�x���B#�?vpV.Jp�zAT [15] vBWy5�Æ$y=℄{
#�/ Garey, GrahamÆ$BW�?5�!9 3 y5�Æ$�5Æ$.J_�-p�zAyGx(�
�iBWq� 2 '�0x�+{.-k 2 _ 3  
6UTyl?5�Æ$�0g
&5�!.-9 2.5 _ 2.67.�?9TZ(LT
� 2(�?�:yB#BWB$�v�/A*S�� 3 (BWp�?5�!9 3 y5�Æ$�� 4 (BW5
sly r6UTy5�Æ$��i
*<?�0�<ZnuO~y�:'h1xT3���
2 vpRb
	�
2.1 wqS
Æ;T�?��:ya℄l'�x���B#�LbQ�v9
B
��X n ?EHyEH� Γ = (τ1, τ2, · · · , τn) ��?l'� flow-shop x���o8�� 1 '�vp5 1 ��+�� 2 '�5 m �,L0x��EH τi L/R�
 {p1i, sizei, p2i} Z,g�&v�9{X%LT
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• p1i 9EH τi T� 1 '�mx_�

• sizei 9EH τi T� 2 '���y0x�{m

• p2i 9EH τi T� 2 '�ymx_�
5
s�8EH τi y� 2 '�;�$�T� 1 '�3Ji�1� 2 '� m ��+vy sizei �OX�+,_0xHd����+Uymx_�F9 p2i, a sizei ��+ ��J�, �5;�TmxVNv2J�2Y��;��nHd�T�3Jj/2J�v��B#y0m�)k�53PEH3Jy_����3H_�
%9 Cmax,5B#T [15] v��g
k NP-hard B#�C���B#yR9{,g$ [23], L
9

F2(1, Pm)|sizei|Cmax, &v

• F2(1, Pm) ,gl'� flow-shop ��o8�'� 1 p5 1 ��+�'� 2 y5

m �,L0x�

• sizei l,0xEH�
��E$EH τi �X sizei ?;�

• Cmax l,B#y�:�)���jm�h3H_��C�Uv
%i�Q�5EH� 2'�p�� 1��+�V5
s�9)/yl'� FFS ��
s��,
l'� FFS ��u7 F2(1, Pm)|sizei|Cmax y 
6U�

2.2 T|
�ÆY\�5T GPU O-v�0x	Æ"�v3P��=|yYnkem&	Æ{�y|�'
�oJz{�[t_Cy GPU 3P��pZ7!|y��m�"� [15] 	
Jz
GPU �e�
=|
j�y{�[t�_B#�� F2(1, Pm)|sizei|Cmax 
s+/q
GPU 3P��� ^0m GPU vy)q_	Æ�Cy-S.��

[15]v�3Py_�qL_0xEH{=?u>y�:O�fO'Z��e3Py
2D |??u>
s�1^� GPU U3P��B#Q*9�℄ny|? Strip-PackingB#�/3PyLt_�_mx_�Mj?uy:��?uyO�>,gLt�5<>,gmx�?uyQ�,g3Pmx'��/y�+{�3P=?uy�rLT0 1�g�

s 1 1N�b;>t�qUL



424 ) - y � � � 41C�Uv�rVN�EH� Γ vy n ?EH�r9?us, L vy n ??u�5 2D|? Strip-packing B#y�:�)kL`� L vy n ??u*NQ�9 1 :�2℄yk�9>v��8�??uy5<>FTO�>jU��5?u5<>2�` z��E��"^��= 1 ?O�>` ��ykL`*rbu�/syk�9>:��j�C�
sy�rVNi�5 2D |? Strip-packing yLx+�
�usl'�x���B# F2(1, Pm)|sizei|Cmax y�?Lx���s� [15] vBW�?8 2D |?
Strip-packing B#Lx+yÆ$ A, &|�VNkV�^?u wi × h′

i/h′′
i +�Wy���a*rO�>�QC�2,6U��(�>t%qO�>�1^us Strip-packingB#y�0	Q+��i)V�
�s�5	Q+Y\usLx+�,_g
uW5�0	Q+�9 2D |? Strip-packing B#yT, (
9 OPTlow(L)), 5?[v�8uT,n

OPTlow(L) = max
{

n
∑

i=1

h′
i,

n
∑

i=1

wi × h′′
i

}

.O7Æ$ A y5�!.J� [15] BWpLT*}

1) Q OPTlow(L) =

n
∑

i=1

{wi × h′′
i }, VÆ$ A 
T;�ge 3

n
∑

i=1

wi yU,

2) Q OPTlow(L) =

n
∑

i=1

h′
i, 3EH,_��(� min

1≤i≤n
⌈p1i⌉ ≥ max

1≤i≤n
⌈p2i⌉ _�Æ$ AB5B5�� 3.�7 OPTlow(L) =

n
∑

i=1

h′
i y6U�Q
T��EH�&� 1 '�ymx_Cj7�

2 '�ymx_C�VÆ$ A �/us 3 y5��?v0<�bQ+ly�
�'^?vBW5��9 3 y�ge_�5�Æ$*}k2
�y�,_�17B#�vv<o
EH��y sizei ��+k/$�h��'^ 2D |? Strip-packing y�0+02z,7 F2(1, Pm)|sizei|Cmax y�0+�TÆ$.JVNv2��&3<z��
[15] �!W+D F2(1, Pm)|sizei|Cmax 
sy5�Æ$02��gE`_fÆ�es 3 y5����7^��?���yl?'�.HJz�-��5y"x���Æ$�b`}U!W�?2��E`Gx(�y5��9 3 y5�Æ$�

3 �U}7!K<,℄�Oe%)Ahk/
3.1 Cjm1�?��:y F2(1, Pm)|sizei|Cmax l'�x���
sy� 2 '�5
Yy�+0x 
��7�/"x���B#�:JS!��N�?BW�?V��5EHT�
1 '�mx3#�Q1x"x���y5�Æ$ A1. W OPT (Γ) ,g�0Æ$8uyB# F2(1, Pm)|sizei|Cmax y�j3H_��Æ$B$VNLT




3# [	u�W���\i v}vi$�Iyv}��2��! 425�" A1: F2(1, Pm)|sizei|Cmax 3��"sM: 1NCF�b Γ � m �/wY^*�sV: �>~��f2F℄� Cmax ≤ 3OPT (Γ) w���r�UL	
BEGIN

1. �CF� Γ u�3CF��~��Æ�S� 1 %�w`��~*S�$�1����>CFlw2"hd�G
S�CF�
2. ��3CF�8!w~�� Pm|sizei|Cmax wsMr+��℄ Garey&Graham�"2I���

END

3.2 m13y(I 1 Æ$ A1 y5�!9 3.! 9Æ$.J'&�Z
%LT�?0Z

• S: �tN�s Γ, Æ$ A1 8uB# F2(1, Pm)|sizei|Cmax yLx���s

• Sp: �tN�s Γ, Garey, Graham Æ$8u"x��� Pm|sizei|Cmax yLx���s

• Cmax(S): Æ$ A1 8uB# F2(1, Pm)|sizei|Cmax yLx���s S y�j3H_�

• C max(Sp): Garey, Graham Æ$8u"x��� Pm|sizei|Cmax yLx���s Sp y�j3H_�

• OPT(Γ)p: �0Æ$8uyB# Pm|sizei|Cmax y�j3H_�
�,�tNEHs, Γ ���B# F2(1, Pm)|sizei|Cmax y�0+�j3H_��
h7B# Pm|sizei|Cmax y�0+�j3H_� OPT(Γ)p, LQ2>�17��EH� 1 '�ymx_� p1i Æk?+3{�V�B# F2(1, Pm)|sizei|Cmax y�0+v m�0x�U�s3J Pm|sizei|Cmax ���/sy3H_��
! OPT(Γ)p p�V�a= OPT(Γ)p k�03H_�`���'^�
5TeJe


OPT(Γ)p ≤ OPT(Γ). (1)C�Æ$ A1 ymxVNi� A1 y�j3H_� Cmax(S) �
��Te

Cmax(S) =

n
∑

i=1

p1i + Cmax(Sp). (2)



426 ) - y � � � 41C17� 1 '�vya��+�ap�mx�?EH�3x�o8�8�5EHy� 2 '�;��
T� 1 '�3JiHd�N5

n

∑

i=1

p1i ≤ OPT(Γ). (3)C�(` 1 y*}i

C max(Sp) ≤ 2OPT(Γ)p. (4)*
e� (1)–(4) 5


Cmax ≤

n
∑

i=1

p1i + 2OPT(Γ)p ≤ OPT(Γ) + 2OPT(Γ) = 3OPT(Γ). (5)1^uWÆ$ A1 y5�!9 3, 
` 1 ug�g#�
4 K�naZEz!Ahk/Æ$ A1��us5�!9 3y*S�o Garey, GrahamÆ$B�k/Z+D�CGx��B#�+/q"x���U_`ZVN5l%M�Jzs`�XAXwv� 2 '�0x�{m
TB{6U��(C�J�0x�{9 2 _9 3 _yly 
6U�aa.-,g9 F2(1, P2)|sizei|Cmax _ F2(1, P3)|sizei|Cmax, / [24]vy'$�Mg
q�5EHy sizei = 1_�
s F2(1, P2)||Cmaxk1 NP�y�'^ F2(1, P2)|sizei|Cmax"k1 NP �y�,`�
s F2(1, P3)|sizei|Cmax "k1 NP �y�T��?�BWl?`ZVN! Garey, Graham D�m35�!j7 3 y5�Æ$�
4.1 $ 2 >.��9dNt 2 `#Cjm1 A2�7�?��:yl'�3P��
s�Q� 2'�y0x�+{m9 2,���B#R�e,g$L,g9 F2(1, P2)|sizei|Cmax. �?C�EHT� 2 '��� 1 �y 2�"x�y2,6U�2,�+.���^ list-scheduling�dBW F2(1, P2)|sizei|CmaxB#y5�Æ$ A2, Æ$v/ Γ1 ,g� 2 '��� 1 �0x�y�5EH�� n1 ,g Γ1 vEH{
 Γ2 ,g� 2 '��� 2 �0x�y�5EH�� n2 ,g Γ2 vEH{�Æ$ A2 yB$mxVNLT�Æ$VN



3# [	u�W���\i v}vi$�Iyv}��2��! 427�" A2: F2(1, P2)|sizei|Cmax 3��"sM: 1NCF�b Γ � 2 �/wY^*�sV: CF� Γ uCFwlw_��UL	
BEGIN

1. u Γ1 j� 2 %�/~���~*wCFw�b�u Γ2 j� 2 %�/~�j�~*wCFw�b�
2. �CF� Γ u�31NCF��~���_(S� 1 %�w��~*Slw�$�1����2I�>1Nhd�G
lwS�1N�
3. ��b Γ2 u�31NCF�~�_(S`j�/w~Slw�
4. ��b Γ1 u�31NCF� list scheduling AU(S`j�/w~Slw�

ENDÆ$.J(I 2 Æ$ A2 y5�!9 2.5.! WB# F2(1, P2)|sizei|Cmaxy�0+y�j3H_�9 OPT(Γ),V5Te (6)–

(8) Je

OPT(Γ) ≥

n
∑

i=1

p1i, (6)

OPT(Γ) ≥
∑

τi∈Γ2

p2i +
1

2

∑

τi∈Γ1

p2i, (7)

OPT(Γ) ≥
n

max
i=1

p2i. (8)WÆ$ A2 y3H_�9 Cmax, VC�Æ$ A2 ymxVN_(` 2, �MuWe
(9):

Cmax ≤

n
∑

i=1

p1i +
∑

τ∈Γ2

p2i +
1

2

∑

τ∈Γ1

p2i +
1

2
max

1≤i≤n
{p2i}. (9)*
e (6)–(9) 5


Cmax ≤ OPT(Γ) + OPT(Γ) +
1

2
OPT(Γ) = 2.5OPT(Γ), (10)�uWÆ$ A2 y5�!9 2.5, 
` 2 ug�g#�

4.2 $ 2 >.��9dNt 3 `#Cjm1 A2=Æ$ A2 y�d℄���� 2 '�y0x�+{9 3 y 
6U�C�EHT�
2 '��� 1 �� 2 �_ 3 �y2,6U�1x2,Z`��^ list-scheduling �dBW F2(1, P3)|sizei|Cmax B#y5�Æ$ A3, ℄�}�/ Γ1 ,g� 2 '��� 1 �0x�y�5EH�� n1 ,g Γ1 vEH{
 Γ2 ,g� 2 '��� 2 �0x�y�5EH



428 ) - y � � � 41C�� n2 ,g Γ2 vEH{
 Γ3 ,g� 2 '��� 3 �0x�y�5EH�� n3 ,g
Γ3 vEH{�R��+%Z.-9 m1, m2 _ m3. Æ$ A3 yB$VNLT�Æ$VN�" A3: F2(1, P3)|sizei|Cmax 3��"sM: 1NCF�b Γ � 3 �/wY^*�sV: CF� Γ uCFwlw_��UL	

BEGIN

1. u Γi(i = 1, 2, 3) j� 2 %�/~� i �~*wCF�b�
2. �CF� Γ u�31NCF��~���_(S� 1 %�w���~*Slw�$�1����2I�>1NCFhd�lwS�>�
3. ��b Γ3 u�31NCF�~�_(S` 3 �/w~Slw�
4. ��b Γ2 u�31NCF�_(S m1 ℄ m2 j�~*SKw���b Γ1 u�31NCF(S m3 ~*SKw�℄℄-8jx5T	

(1) P ∑

τi∈Γ2

p2i ≤
∑

τi∈Γ1

p2i, U Γ2 u�3CFElw2Ih� m1 ℄ m2 ~*NW�℄℄� Γ1 uZ8CF� list scheduling �"��S` m1, m2 ℄ m3 S/wlw�
(2) P ∑

τi∈Γ2

p2i >
∑

τi∈Γ1

p2i, U Γ1 u�3CFElw2Ih� m3 ~*NW�℄℄� Γ2 uZ8CF��S` m1 ℄ m2 S/wlw�
ENDÆ$.J(I 3 Æ$ A3 y5�!9 2.67.! WB# F2(1, P2)|sizei|Cmax y�0+y�j3H_�9 OPT(Γ), Æ$ A3 y3H_�9 Cmax, 17mx'�5ly6U�T�.-�}
[F 1 Q ∑

τi∈Γ2

p2i ≤
∑

τi∈Γ1

p2i, ^_5

OPT(Γ) ≥

n
∑

i=1

p1i, (11)

OPT(Γ) ≥
1

3

∑

τi∈Γ1

p2i +
2

3

∑

τi∈Γ2

p2i +
∑

τi∈Γ3

p2i, (12)

OPT(Γ) ≥
n

max
i=1

p2i. (13)9,v'&�� Γ1 vEH)a9 τ1
i (1 ≤ i ≤ n1), Γ2 vEH)a9 τ2

i (1 ≤ i ≤ n2),

Γ3 vEH)a9 τ3
i (1 ≤ i ≤ n3). τ1

k 9 Γ2 vEH<4mx3#y t3 _MeTZ`vy Γ1 vEH�0 2 �vp^y6UTÆ$mxVN�
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t1 =

n
∑

i=1

p1i,

t2 = t1 +
∑

τi∈Γ3

p2i,

t3 = t2 +
∑

τi∈Γ2

p2i.

s 2 �" A3 lwULf#/T t3 _MjiEHy
[9mx_�9 ∑

τi∈Γ1

p2i −
∑

τi∈Γ2

p2i. ^_� Γ3 v[9EH�s,��Æ$VN��sm1, m2 _ m3 U�C�(` 2, 2�uW τ1
k T t3 _M:94.= Γ3 v[9EH
y3H_�2vDV 1

3

(
∑

τi∈Γ1

p2i −
∑

τi∈Γ2

p2i

)

+ 2
3 max

1≤i≤n
{p2i}.'^Æ$ A3 y
3H_��
��

Cmax ≤

n
∑

i=1

p1i +
∑

τi∈Γ3

p2i +
∑

τi∈Γ2

p2i +
1

3

(

∑

τi∈Γ1

p2i −
∑

τi∈Γ2

p2i

)

+
2

3
max

1≤i≤n
{p2i}

=

n
∑

i=1

p1i +
∑

τ∈Γ3

p2i +
2

3

∑

τ∈Γ2

p2i +
1

3

∑

τ∈Γ1

p2i +
2

3
max

1≤i≤n
{p2i}. (14)*
e (11)–(14) 5

Cmax ≤ OPT(Γ) + OPT(Γ) +
2

3
OPT(Γ) = 2.67OPT(Γ). (15)[F 2 Q ∑

τi∈Γ2

p2i <
∑

τi∈Γ1

p2i, ^_5
OPT(Γ) ≥

n
∑

i=1

p1i, (16)

OPT(Γ) ≥
∑

τi∈Γ3

p2i +
∑

τi∈Γ2

p2i. (17)
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Cmax ≤

n
∑

i=1

p1i +
∑

τi∈Γ3

p2i +
∑

τi∈Γ2

p2i. (4.18)*
e (16)–(18) 5
Cmax ≤ OPT(Γ) + OPT(Γ) = 2OPT(Γ). (4.19)	
e (15) _ (19) iÆ$ A3 y5�!9 2.67, 
` 3 ug�g#�

5 �?�?�:l'�x���B#��6�y�'�x���_0x��B#`*
�BWp�?5�!9 3 y5�Æ$�5Æ$T.J_;�p/AT5�! 3 .J_yGx(���i�?6�:pqmx'��+{9 2 _ 3 _yly 
6U��^ list

scheduling |��d�BWl?5�Æ$�.J&5�!.-9 2.5_ 2.67. al?Æ$mxVN!!�m�TXA`�v`Z'Z!!H!��?�>T5�!.J_;�pGx(��o5�!0<5�71��5B#F51�3y�:O�
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Abstract In this paper we consider a two-stage flow-shop scheduling model which com-

bines flexible flow shop with parallel scheduling. There is only one machine at the first

stage and m identical parallel executing machines at the other. Each task needs sizei par-

allel machines execute simultaneously at the second stage. The objective is to minimize the

makespan. This model has been proved to be NP-hard and an approximation algorithm

has been proposed as well. In this paper we describe the process of the previous algorithm

and point out the limitations of algorithm approximate ratio analysis. Then we propose

a 3-approximation algorithm based on parallel scheduling results. Our algorithm discards

the constraints of previous 3-approximation algorithm analysis. Lastly we study the two

special cases with two parallel machines and three parallel machines in the second stage re-

spectively. We propose two approximation algorithms with 2.5 and 2.67 approximate ratio

correspondingly according to list scheduling rules.

Key words flexible flow shop scheduling; parallel scheduling; approximation algorithm;

approximation ratio
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