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1964P�AtkinsonbW�� [12]~y)[%;f[Z-U9�����J�9 S-L Æ)L+bZ-Z�nw��(� 2001 P Kong, Wu, r Zettl b [13] ~4Wbd9OK�rH;Fspo� n XZ n Z�nw9H/�z9 S-L  Æ�(w� Kong,

Volkmer r Zettl[14] [%;j/ ZZ-Z�nw9 S-L  Æb`�R06r�t6���Æ'9�l�t�j9Z��un;�H; Atkinson ��9t28��[%;j9/ Æt�9 ‘Kb’ f%�� ZZ-U9 S-L  Æ\�l�nw Æt�)LbH?\*'/y�|����!D� ZZ-U9 Æ�g5/Z�K�Æ9 S-L Æ [15] L�kZU�����Æ9 S-L  Æ [16]. f[H5 ZZ-U9W��w Æ)�� [17–19].���s�H� S-L  Æ9���Æ)R�R0r�t69��I/ZU�����Æ9 S-L Æ9/fA��uH��B��'>;R06���Æ9\7�ujZf[�t���Æ9/f���P(���'>/ZP.8H3sU�����Æ9Z-U Æ�W����kR06���Æ\7E�k�t6���Æ�!DbdH/jC9�w Æ (��`�{vP`�) pWzHZ n + 5 Z�nw�W~ n J-[F?O℄�9RY����HU Æ9�nwZ���J-[F℄�9RYI[{\U�����ÆEZH?f%�\W��+�����9�zt&Z� 1. ���Æ~9U���P.8J)7s
(lzNZ-)H3s7s); 2. ���Æ��H�7s��)LvR06E)Lv�t6	 3. f[U�� λ 9H3s9%�)L�T���g�bg'�bQBtw�= 2 �[%H5�w\℄�so�= 3 �rHFspo� n, /ZH3sU�����Æ9 S-L  ÆzHZ n + 5 Z�nw��wb= 4�[%H56��H��9�D���
2 C�E+'>X�RO#

−(py′)′ + qy = λwy, x ∈ J = (a, b), −∞ < a < b < +∞ (1)�kZU��99>���Æ
AλY (a) + BλY (b) = 0, Y =

[

y

py′

]

, (2)�b"9 Sturm-Liouville  Æ�W~
Aλ =

(

λ2α′′

1 + λα′

1 + α1 λ2α′′

2 + λα′

2 + α2

λ2β′′

1 + λβ′

1 + β1 λ2β′′

2 + λβ′

2 + β2

)

,

Bλ =

(

λ2α′′

3 + λα′

3 + α3 λ2α′′

4 + λα′

4 + α4

λ2β′′

3 + λβ′

3 + β3 λ2β′′

4 + λβ′

4 + β4

)

,
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αi, α

′

i, α
′′

i , βi, β
′

i, β
′′

i ∈ C, i = 1, 2, 3, 4 AÆ�Æ
4
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i=1

|α′′

i | 6= 0,

4
∑

i=1

|β′′

i | 6= 0,

rank
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2 α′

3 α′

4

α1 α2 α3 α4






≥ 2, rank
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1 β′′

2 β′′

3 β′′
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1 β′

2 β′

3 β′

4

β1 β2 β3 β4






≥ 2,

rank







α′′

1 α′′

2 β′′

1 β′′

2

α′

1 α′

2 β′

1 β′

2

α1 α2 β1 β2






≥ 2, rank







α′′

3 α′′

4 β′′

3 β′′

4

α′

3 α′

4 β′

3 β′

4

α3 α4 β3 β4






≥ 2.

(3)

U�� λ ��%*bO#~�I[%*b���Æ~�O#%�AÆ
r = 1/p, q, w ∈ L(J, C), (4)W~ L(J, C) �tb J i Lebesgue )�9Tw)�9m�_� [20,21].= u1 = y, u2 = py′, fZO# (1) 9%��t

u′

1 = ru2, u′

2 = (q − λw)u1, x ∈ J. (5)H 2.1 �Æ (4) F%�m� r, q, w 9SoBZs-|�I[ r, q, w ~9CHZm�Ba:b℄� J = (a, b) ivv�<9m���> 2.1 O# (1) b�℄� I ⊂ J i9SM�vxb I i y �WM3� u2 =

y′, u3 = py′′, u4 = (py′′)′ B�<9� y.�% 2.1 k (4)"7�= Φ(x, λ) = [φij(x, λ)]�t%� (5)AÆ$q�Æ Φ(a, λ) = I9���l�fT� λ v/ZH3sU�����Æ9 S-L  Æ (1), (2) 9HZ�nw2[�2
∆(λ) = det[Aλ + BλΦ(b, λ)] = 0. (6)I[ ∆(λ) )�t�

∆(λ) =det(Aλ) + det(Bλ) + h11(λ)φ11(b, λ) + h12(λ)φ12(b, λ)

+ h21(λ)φ21(b, λ) + h22(λ)φ22(b, λ), (7)W~
h11(λ) = (λ2α′′

3 + λα′

3 + α3)(λ
2β′′

2 + λβ′

2 + β2) − (λ2α′′

2 + λα′

2 + α2)(λ
2β′′

3 + λβ′

3 + β3),

h12(λ) = (λ2α′′

1 + λα′

1 + α1)(λ
2β′′

3 + λβ′

3 + β3) − (λ2α′′

3 + λα′

3 + α3)(λ
2β′′

1 + λβ′

1 + β1),

h21(λ) = (λ2α′′

4 + λα′

4 + α4)(λ
2β′′

2 + λβ′

2 + β2) − (λ2α′′

2 + λα′

2 + α2)(λ
2β′′

4 + λβ′

4 + β4),

h22(λ) = (λ2α′′

1 + λα′

1 + α1)(λ
2β′′

4 + λβ′

4 + β4) − (λ2α′′

4 + λα′

4 + α4)(λ
2β′′

1 + λβ′

1 + β1).
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�$�����!�.YG1rT�{���7 Sturm-Liouville �7Y,T 127Q FQ2=H�R9rH� [1] [%;J� S-L  ÆbR06U�����Æ'9\7�j3'>9v/Z�t~R06H3sJ-U�����Æ9�w Æ�WrH\ [1] /��P(?^�Q29= 2 �R)u���6%�r���> 2.2 /ZH3sU�����Æ9 S-L  Æ (1), (2), ~:
9 (5), (2), !�v�z9�gib (7) ~FHY λ ∈ C BZ ∆(λ) ≡ 0 ~hFs λ ∈ C Z ∆(λ) 6= 0.

3 Sturm-Liouville6/�A9)��!D	k (4) "7[FH5po� n +bF℄� J 9RY
a = a0 < b0 < a1 < b1 < · · · < an < bn = b, (8)p6

r =
1

p
= 0, x ∈ [ak, bk],

∫ bk

ak

w 6= 0, k = 0, 1, · · · , n; (9)�
q = w = 0, x ∈ [bk−1, ak],

∫ ak

bk−1

r 6= 0, k = 1, 2, · · · , n. (10)�> 3.1 !D!AÆ�Æ (8)–(10)9 Sturm-LiouvilleO# (1)� Atkinson/69�[? (8)–(10), =
rk =

∫ ak

bk−1

r, k = 1, 2, · · · , n,

qk =

∫ bk

ak

q, wk =

∫ bk

ak

w, k = 0, 1, · · · , n.

(11)�;6%��9�D���y([%%� (5) 9���l9�b�'F9��+
[19].�% 3.1 k (4), (8)–(10) "7�FCHZ λ ∈ C, = Φ(x, λ) = [φij(x, λ)] �t%�
(5) AÆ$q�Æ Φ(a, λ) = I 9���l�fZ

Φ(b0, λ) =

[

1 0

q0 − λw0 1

]

, (12)

Φ(b1, λ) =

[

1 + (q0 − λw0)r1 r1

φ21(b1, λ) 1 + (q1 − λw1)r1

]

, (13)W~ φ21(b1, λ) = (q0 − λw0) + (q1 − λw1) + (q0 − λw0)(q1 − λw1)r1.H�9�F[ 1 ≤ i ≤ n, Z
Φ(bi, λ) =

[

1 ri

qi − λwi 1 + (qi − λwi)ri

]

Φ(bi−1, λ). (14)
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n
∏

i=1

ri, f)6Q2 3.1 ~���l Φ 9�bg'�4( 3.1 F���l Φ !DZ
φ11(b, λ) = R

n−1
∏

i=0

(qi − λwi) + φ̃11(λ), (15)

φ12(b, λ) = R

n−1
∏

i=1

(qi − λwi) + φ̃12(λ), (16)

φ21(b, λ) = R
n

∏

i=0

(qi − λwi) + φ̃21(λ), (17)

φ22(b, λ) = R

n
∏

i=1

(qi − λwi) + φ̃22(λ), (18)W~Fe?9 q, w � λ, 2 min {rk : k = 1, · · · , n} → ∞ mZ φ̃ij(λ) = o(R), i, j = 1, 2.�[Li9	�_�*b!Dbd/ZH3sU�����Æ9pf S-L  Æ�p6F[CHZ n ∈ N U ÆzHZ n + 5 Z�nw��% 3.1 = n ∈ N, �k (4), (8)–(10) "7�k H(λ) gQ2 2.1 ?O�f/ZH3sU�����Æ9 S-L  Æ (1), (2) zHZ n + 5 Z�nw�Q XQ2 2.1 )s
∆(λ) =det(Aλ) + det(Bλ) + h11(λ)φ11(b, λ) + h12(λ)φ12(b, λ)

+ h21(λ)φ21(b, λ) + h22(λ)φ22(b, λ),�N5 (9))6���l Φ(b, λ) = [φij(b, λ)]~ φ11(b, λ), φ12(b, λ), φ21(b, λ),L� φ22(b, λ)f[ λ 9)�R�� n, n− 1, n + 1, r n. PI2 h21(λ) ~ α′′

4β′′

2 −α′′

2β′′

4 6= 0 m�∆(λ)f[ λ 9�W)�� n + 5. *IX�� 3.1 6REm� ∆(λ) v λ 9 n + 5 )H3sm��X0���?2s ∆(λ) XZ n+5Z\�� S-L Æ (1), (2)XZ n+5Z�nw�2 α′′

4β′′

2 − α′′

2β′′

4 = 0 m ∆(λ) 9)�4[ n + 5, d�nwZ�E�4[ n + 5. r��H 3.1 X?2 3.1 )s��nw9Z���J-[F℄� J 9RY�I[\U�����ÆZf�gi α′′

4β′′

2 − α′′

2β′′

4 6= 0, f S-L  Æ (1), (2) XZ n + 5 Z�nw	gi α′′

4β′′

2 − α′′

2β′′

4 = 0 1 (α′′

3β′′

2 − α′′

2β′′

3 )w0 + (α′′

1β′′

4 − α′′

4β′′

1 )wn − (α′′

4β′

2 + α′

4β
′′

2 − α′′

2β′

4 +

α′

2β
′′

4 )w0wn 6= 0, f S-L  Æ (1), (2) XZ n + 4 Z�nw	giLi�Æ�AÆf S-L Æ (1), (2) F[ l ∈ {1, 2, · · · , n + 3} )LZ l Z�nw�0&�	��L��P(j3�[%;NN9�iIBZ�℄&{9R$�H 3.2 h r = 1/p, q, w ∈ L(J, R), (8)–(11)"7[ w AÆ�b J i w ≥ 0[ w b J9H5�℄�iv-[<�IU�����Æ (2) �`�9�f S-L  Æ (1), (2) 9�nwBvn9�aI�F[kZU�����Æ9 S-L  Æ (1), (2) 9`�n*Ja�65�#dv% Æ�H 3.3 ���yFU�����Æ�J)H3s\7[%;���aI�fM&%���Æ)L� λ 9No�)H3s�W	�\��/�P(j3?^�
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4 &I����[%�Z6�+�H!D9���' 4.1 '>/ZH3sU�����Æ9 S-L  Æ














−(py′)′ + qy = λwy, x ∈ J = (0, 6),

(3λ2 + 1)y(0) − λ(py′)(0) = 0,

2λ2y(6) + (λ2 + 3λ − 1)(py′)(6) = 0.

(19);e n = 2 �k p, q, w �RC wm��
r(x) =

1

p(x)
=







































0, (0, 2),

1, (2, 3),

0, (3, 4),

1/2, (4, 5),

0, (5, 6),

q(x) =







































2, (0, 2),

0, (2, 3),

1, (3, 4),

0, (4, 5),

3, (5, 6),

w(x) =







































1, (0, 2),

0, (2, 3),

3/2, (3, 4),

0, (4, 5),

2, (5, 6).

(20)

X[?�Æ)s
Aλ =

(

3λ2 + 1 −λ

0 0

)

, Bλ =

(

0 0

2λ2 λ2 + 3λ − 1

)

. (21)*I)���%REm��
∆(λ) = 6 λ6 + 43/2 λ5 − 73λ4 − 277/2 λ3 + 275 λ2 − 13/2 λ − 17.P( S-L  Æ (19), (20) XnZ n + 1 + 3 = 6 Z�nw

λ0 ≈ −4.6812, λ1 ≈ −2.7498, λ2 ≈ −0.2266, λ3 ≈ 0.2864, λ4 ≈ 1.4515, λ5 ≈ 2.3363.' 4.2 '> S-L  Æ














−(py′)′ + qy = λwy, x ∈ J = (0, 6),

λ2y(0) − (λ2 + 1)(py′)(0) + (λ2 − 2)y(6) + (λ2 + 2λ − 1)(py′)(6) = 0,

(λ2 − λ + 5)y(0) + (λ2 + 2λ − 3)(py′)(0) − λy(6) − (2λ2 − 1)(py′)(6) = 0,

(22)
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Aλ =

(

λ2 −λ2 − 1

λ2 − λ + 5 λ2 + 2λ − 3

)

, Bλ =

(

λ2 − 2 λ2 + 2λ − 1

−λ −2λ2 + 1

)

. (23)*I)���%REm��
∆(λ) = 12 λ7 − 131 λ6 + 468 λ5 − 1313/2 λ4 − 105 λ3 + 3103/2 λ2 − 3501/2 λ + 588.P( S-L  Æ (22), (20) XnZ n + 1 + 4 = 7 Z�nw

λ0 ≈ −1.4146, λ1 ≈ 0.6692, λ2 ≈ 1.2361, λ3 ≈ 2.2145,

λ4 ≈ 5.7171, λ5 ≈ 1.2472 + 1.3236i, λ6 ≈ 1.2472− 1.3236i.' 4.3 '> S-L  Æ














−(py′)′ + qy = λwy, x ∈ J = (0, 6),

(λ2 + 1 − i)y(0) − λ(py′)(0) = 0,

(1 + 2i)λ2y(6) + (λ2 + (1 + 3i)λ − 1)(py′)(6) = 0.

(24);e n = 2 �k p, q, w �RC wm��
r(x) =

1

p(x)
=







































0, (0, 2),

1, (2, 3),

0, (3, 4),

1/2, (4, 5),

0, (5, 6),

q(x) =







































2, (0, 2),

0, (2, 3),

1 + i, (3, 4),

0, (4, 5),

3, (5, 6),

w(x) =







































1, (0, 2),

0, (2, 3),

1, (3, 4),

0, (4, 5),

2, (5, 6).

(25)

X�Æ)6
Aλ =

(

λ2 + 1 − i −λ

0 0

)

, Bλ =

(

0 0

(1 + 2i)λ2 λ2 + (1 + 3i)λ − 1

)

.�C)���%REm��
∆(λ) = − 4 λ6 + (35 − 4i) λ5 − (76 − 52i) λ4 + (16 − 215i) λ3

+ (44 + 251i) λ2 − (3 − 14i) λ − 24 + 10i.
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λ0 ≈ −1.2099− 1.9078i, λ1 ≈ −0.2097 + 0.2014i, λ2 ≈ 0.1539− 0.2957i,

λ3 ≈ 2.1220 + 0.5871i, λ4 ≈ 2.4095 + 0.4853i, λ5 ≈ 5.4841− 0.0703i.� 1 r� 2 R�[%;6 4.1 r6 4.2 ~REm�9�7 (j3BZ[%T�nw9�7).
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[1] Akdoǧan Z, Demirci M, Mukhtarov O Sh. Green function of discontinuous boundary-value problem

with transmission conditions. Math. Meth. Appl. Sci., 2007, 30: 1719–1738

[2] Binding P A, Browne, P J, Watson B A. Sturm-Liouville problems with boundary conditions rationally

dependent on the eigeparameter, II. J. Comp. and Appl. Math., 2002, 148: 147–168

[3] Binding P A, Browne P J, Watson B A. Inverse spectral problems for Sturm-Liouville equations with

eigeparameter dependent boundary conditions. J. London Math. Soc., 2000, 62(1): 161–182

[4] Collatz L. Eigenwertaufgaben mit technischen Anwendungen. Leipzig: Akad. Verlagsgesellschaft

Geest & Portig, 1963

[5] Fulton C. Two-point boundary value problems with eigenvalue parameter contained in the boundary

conditions. Proc. Roy. Soc. Edinburgh Sect. A., 1977, 77: 293–308

[6] Fulton C, Pruess S. Numerical methods for a singular eigenvalue problem with eigenparameter in the

boundary conditions. J. Math. Anal. and Appl., 1979, 71: 431–462

[7] Walter J. Regular eigenvalue problems with eigenvalue parameter in the boundary conditions. Math.

Z., 1973, 133: 301–312

[8] Chernozhukova A Y, Freiling G. A uniqueness theorem for inverse spectral problems depending non-

linearly on the spectral parameter. Inverse Probl. Sci. Eng., 2009, 17: 777–785

[9] Freiling G, Yurko V A. Inverse problems for Sturm-Liouville equations with boundary conditions

polynomially dependent on the spectral parameter. Inverse Probl., 2010, 26: 055003, 17pp



132 R U { < <  41"
[10] Yokus N, Koprubasi T. Spectrum of the Sturm-Liouville operators with boundary conditions poly-

nomially dependent on the spectral parameter. J. Inequal. Appl., 2015, 42: 8pp

[11] Tretter Ch. Boundary eigenvalue problems with differential equations Nη=λPη with λ-polynomial

boundary conditions. J. Differ. Equ., 2001, 170: 408–471

[12] Atkinson F V. Discrete and Continuous Boundary Problems. New York, London: Academic Press,

1964

[13] Kong Q, Wu H, Zettl A. Sturm-Liouville problems with finite spectrum. J. Math. Anal. Appl.,

2001, 263: 748–762

[14] Kong Q, Volkmer H, Zettl A. Matrix representations of Sturm-Liouville problems with finite spectrum.

Result. Math., 2009, 54: 103–116

[15] Ao J J, Sun J, Zhang M Z. The finite spectrum of Sturm-Liouville problems with transmission

conditions. Appl. Math. Comput., 2011, 218: 1166–1173

[16] Ao J J, Sun J, Zhang M Z. The finite spectrum of Sturm-Liouville problems with transmission

conditions and eigenparameter-dependent boundary conditions. Result. Math., 2013, 63: 1057–1070

[17] Ao J J, Bo F Z, Sun J. Fourth order boundary value problems with finite spectrum. App. Math.

Comput., 2014, 244: 952–958

[18] Ao J J, Sun J, Zettl A. Finite spectrum of 2nth order boundary value problems. Appl. Math. Lett.,

2015, 42: 1–8

[19] Bo F Z, Ao J J. The finite spectrum of fourth order boundary value problems with transmission

conditions. Abstr. Appl. Anal., 2014 Article ID 175489, 7 pages

[20] Everitt W N, Race D. On necessary and sufficient conditions for the existence of Caratheodory

solutions of ordinary differential equations. Quaest. Math., 1976, 3: 507–512

[21] Zettl A. Sturm-Liouville Theory. In: Mathematical Surveys and Monographs, 121, Amer. Math.

Soc., Providence RI, 2005



1V 
�$�����!�.YG1rT�{���7 Sturm-Liouville �7Y,T 133

Finite Spectrum of Sturm-Liouville Problems with Boundary

Conditions Polynomially Dependent on the Eigenparameter
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Abstract The spectral analysis of a kind of Sturm-Liouville problems with boundary

conditions polynomially dependent on the eigenparameter is investigated. By construction

we prove that this kind of problem has finite spectrum and all the spectrum are consist of

eigenvalues.
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