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1964P�AtkinsonbW�� [12]~y)[%;f[Z-U9�����J�9 S-L Æ)L+bZ-Z�nw��(� 2001 P Kong, Wu, r Zettl b [13] ~4Wbd9OK�rH;F
spo� n XZ n Z�nw9H/�z9 S-L  Æ�(w� Kong,

Volkmer r Zettl[14] [%;j/ ZZ-Z�nw9 S-L  Æb
`�R06r�t6���Æ'9�l�t�j9Z��un;�H; Atkinson ��9t28��[%;j9/ Æt�9 ‘Kb’ f%�� ZZ-U9 S-L  Æ\�l�nw Æt�)LbH?\*'/y�|����!D� ZZ-U9 Æ�g5/Z�K�Æ9 S-L Æ [15] L�kZU�����Æ9 S-L  Æ [16]. f[H5 ZZ-U9W��w Æ)�� [17–19].���s�H� S-L  Æ9���Æ)R�R0r�t69��I/ZU�����Æ9 S-L Æ9/fA��uH��B��'>;R06���Æ9\7�ujZf[�t���Æ9/f���P(���'>/ZP.8H3sU�����Æ9Z-U Æ�W����kR06���Æ\7E�k�t6���Æ�!DbdH/jC9�w Æ (��
`�{vP
`�) pWzHZ n + 5 Z�nw�W~ n J-[F?O℄�9RY����HU Æ9�nwZ���J-[F℄�9RYI[{\U�����ÆEZH?f%�\W��+�����9�zt&Z� 1. ���Æ~9U���P.8J)7s
(lz
NZ-)H3s7s); 2. ���Æ��H�7s��)LvR06E)Lv�t6	 3. f[U�� λ 9H3s9%�)L�T���g�bg'�bQBtw�= 2 �[%H5�w\℄�so�= 3 �rHF
spo� n, /ZH3sU�����Æ9 S-L  ÆzHZ n + 5 Z�nw��wb= 4�[%H56��H��9�D���
2 C�E+'>X�RO#

−(py′)′ + qy = λwy, x ∈ J = (a, b), −∞ < a < b < +∞ (1)�kZU��99>���Æ
AλY (a) + BλY (b) = 0, Y =

[

y

py′

]

, (2)�b"9 Sturm-Liouville  Æ�W~
Aλ =

(

λ2α′′

1 + λα′

1 + α1 λ2α′′

2 + λα′

2 + α2

λ2β′′

1 + λβ′

1 + β1 λ2β′′

2 + λβ′

2 + β2

)

,

Bλ =

(

λ2α′′

3 + λα′

3 + α3 λ2α′′

4 + λα′

4 + α4

λ2β′′

3 + λβ′

3 + β3 λ2β′′

4 + λβ′

4 + β4

)

,
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αi, α

′

i, α
′′

i , βi, β
′

i, β
′′

i ∈ C, i = 1, 2, 3, 4 AÆ�Æ
4

∑

i=1

|α′′

i | 6= 0,

4
∑

i=1

|β′′

i | 6= 0,

rank







α′′

1 α′′

2 α′′

3 α′′

4

α′

1 α′

2 α′

3 α′

4

α1 α2 α3 α4






≥ 2, rank







β′′

1 β′′

2 β′′

3 β′′

4

β′

1 β′

2 β′

3 β′

4

β1 β2 β3 β4






≥ 2,

rank







α′′

1 α′′

2 β′′

1 β′′

2

α′

1 α′

2 β′

1 β′

2

α1 α2 β1 β2






≥ 2, rank







α′′

3 α′′

4 β′′

3 β′′

4

α′

3 α′

4 β′

3 β′

4

α3 α4 β3 β4






≥ 2.

(3)

U�� λ ��%*bO#~�I[%*b���Æ~�O#%�AÆ
r = 1/p, q, w ∈ L(J, C), (4)W~ L(J, C) �tb J i Lebesgue )�9Tw)�9m�_� [20,21].= u1 = y, u2 = py′, fZO# (1) 9%��t

u′

1 = ru2, u′

2 = (q − λw)u1, x ∈ J. (5)H 2.1 �Æ (4) F%�m� r, q, w 9SoBZ
s-|�I[ r, q, w ~9CHZm�Ba:b℄� J = (a, b) ivv�<9m���> 2.1 O# (1) b�℄� I ⊂ J i9SM�vxb I i y �WM3� u2 =

y′, u3 = py′′, u4 = (py′′)′ B�<9� y.�% 2.1 k (4)"7�= Φ(x, λ) = [φij(x, λ)]�t%� (5)AÆ$q�Æ Φ(a, λ) = I9���l�fT� λ v/ZH3sU�����Æ9 S-L  Æ (1), (2) 9HZ�nw2[�2
∆(λ) = det[Aλ + BλΦ(b, λ)] = 0. (6)I[ ∆(λ) )�t�

∆(λ) =det(Aλ) + det(Bλ) + h11(λ)φ11(b, λ) + h12(λ)φ12(b, λ)

+ h21(λ)φ21(b, λ) + h22(λ)φ22(b, λ), (7)W~
h11(λ) = (λ2α′′

3 + λα′

3 + α3)(λ
2β′′

2 + λβ′

2 + β2) − (λ2α′′

2 + λα′

2 + α2)(λ
2β′′

3 + λβ′

3 + β3),

h12(λ) = (λ2α′′

1 + λα′

1 + α1)(λ
2β′′

3 + λβ′

3 + β3) − (λ2α′′

3 + λα′

3 + α3)(λ
2β′′

1 + λβ′

1 + β1),

h21(λ) = (λ2α′′

4 + λα′

4 + α4)(λ
2β′′

2 + λβ′

2 + β2) − (λ2α′′

2 + λα′

2 + α2)(λ
2β′′

4 + λβ′

4 + β4),

h22(λ) = (λ2α′′

1 + λα′

1 + α1)(λ
2β′′

4 + λβ′

4 + β4) − (λ2α′′

4 + λα′

4 + α4)(λ
2β′′

1 + λβ′

1 + β1).
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7Y,T 127Q FQ2=H�R9rH� [1] [%;J� S-L  ÆbR06U�����Æ'9\7�j3'>9v/Z�t~R06H3sJ-U�����Æ9�w Æ�WrH\ [1] /��P(?^�Q29= 2 �R)u���6%�r���> 2.2 /ZH3sU�����Æ9 S-L  Æ (1), (2), ~:
9 (5), (2), !�v�z9�gib (7) ~FHY λ ∈ C BZ ∆(λ) ≡ 0 ~hF
s λ ∈ C Z ∆(λ) 6= 0.

3 Sturm-Liouville6/�A9)��!D	k (4) "7[FH5po� n +bF℄� J 9RY
a = a0 < b0 < a1 < b1 < · · · < an < bn = b, (8)p6

r =
1

p
= 0, x ∈ [ak, bk],

∫ bk

ak

w 6= 0, k = 0, 1, · · · , n; (9)�
q = w = 0, x ∈ [bk−1, ak],

∫ ak

bk−1

r 6= 0, k = 1, 2, · · · , n. (10)�> 3.1 !D!AÆ�Æ (8)–(10)9 Sturm-LiouvilleO# (1)� Atkinson/69�[? (8)–(10), =
rk =

∫ ak

bk−1

r, k = 1, 2, · · · , n,

qk =

∫ bk

ak

q, wk =

∫ bk

ak

w, k = 0, 1, · · · , n.

(11)�;6%��9�D���y([%%� (5) 9���l9�b�'F9��+

[19].�% 3.1 k (4), (8)–(10) "7�FCHZ λ ∈ C, = Φ(x, λ) = [φij(x, λ)] �t%�
(5) AÆ$q�Æ Φ(a, λ) = I 9���l�fZ

Φ(b0, λ) =

[

1 0

q0 − λw0 1

]

, (12)

Φ(b1, λ) =

[

1 + (q0 − λw0)r1 r1

φ21(b1, λ) 1 + (q1 − λw1)r1

]

, (13)W~ φ21(b1, λ) = (q0 − λw0) + (q1 − λw1) + (q0 − λw0)(q1 − λw1)r1.H�9�F[ 1 ≤ i ≤ n, Z
Φ(bi, λ) =

[

1 ri

qi − λwi 1 + (qi − λwi)ri

]

Φ(bi−1, λ). (14)
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n
∏

i=1

ri, f)6Q2 3.1 ~���l Φ 9�bg'�4( 3.1 F���l Φ !DZ
φ11(b, λ) = R

n−1
∏

i=0

(qi − λwi) + φ̃11(λ), (15)

φ12(b, λ) = R

n−1
∏

i=1

(qi − λwi) + φ̃12(λ), (16)

φ21(b, λ) = R
n

∏

i=0

(qi − λwi) + φ̃21(λ), (17)

φ22(b, λ) = R

n
∏

i=1

(qi − λwi) + φ̃22(λ), (18)W~Fe?9 q, w � λ, 2 min {rk : k = 1, · · · , n} → ∞ mZ φ̃ij(λ) = o(R), i, j = 1, 2.�[Li9	�_�*b!Dbd/ZH3sU�����Æ9pf S-L  Æ�p6F[CHZ n ∈ N U ÆzHZ n + 5 Z�nw��% 3.1 = n ∈ N, �k (4), (8)–(10) "7�k H(λ) gQ2 2.1 ?O�f/ZH3sU�����Æ9 S-L  Æ (1), (2) zHZ n + 5 Z�nw�Q XQ2 2.1 )s
∆(λ) =det(Aλ) + det(Bλ) + h11(λ)φ11(b, λ) + h12(λ)φ12(b, λ)

+ h21(λ)φ21(b, λ) + h22(λ)φ22(b, λ),�N5 (9))6���l Φ(b, λ) = [φij(b, λ)]~ φ11(b, λ), φ12(b, λ), φ21(b, λ),L� φ22(b, λ)f[ λ 9)�R�� n, n− 1, n + 1, r n. PI2 h21(λ) ~ α′′

4β′′

2 −α′′

2β′′

4 6= 0 m�∆(λ)f[ λ 9�W)�� n + 5. *IX�� 3.1 6REm� ∆(λ) v λ 9 n + 5 )H3sm��X0���?2s ∆(λ) XZ n+5Z\�� S-L Æ (1), (2)XZ n+5Z�nw�2 α′′

4β′′

2 − α′′

2β′′

4 = 0 m ∆(λ) 9)�4[ n + 5, d�nwZ�E�4[ n + 5. r��H 3.1 X?2 3.1 )s��nw9Z���J-[F℄� J 9RY�I[\U�����ÆZf�gi α′′

4β′′

2 − α′′

2β′′

4 6= 0, f S-L  Æ (1), (2) XZ n + 5 Z�nw	gi α′′

4β′′

2 − α′′

2β′′

4 = 0 1 (α′′

3β′′

2 − α′′

2β′′

3 )w0 + (α′′

1β′′

4 − α′′

4β′′

1 )wn − (α′′

4β′

2 + α′

4β
′′

2 − α′′

2β′

4 +

α′

2β
′′

4 )w0wn 6= 0, f S-L  Æ (1), (2) XZ n + 4 Z�nw	giLi�Æ�AÆf S-L Æ (1), (2) F[ l ∈ {1, 2, · · · , n + 3} )LZ l Z�nw�0&�	��L��P(j3�[%;NN9�iIBZ�℄&{9R$�H 3.2 h r = 1/p, q, w ∈ L(J, R), (8)–(11)"7[ w AÆ�b J i w ≥ 0[ w b J9H5�℄�iv-[<�IU�����Æ (2) �
`�9�f S-L  Æ (1), (2) 9�nwBvn9�aI�F[kZU�����Æ9 S-L  Æ (1), (2) 9
`�n*Ja�65�#dv% Æ�H 3.3 ���yFU�����Æ�J)H3s\7[%;���aI�fM&%���Æ)L� λ 9
No�)H3s�W	�\��/�P(j3?^�
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4 &I����[%�Z6�+�H!D9���' 4.1 '>/ZH3sU�����Æ9 S-L  Æ














−(py′)′ + qy = λwy, x ∈ J = (0, 6),

(3λ2 + 1)y(0) − λ(py′)(0) = 0,

2λ2y(6) + (λ2 + 3λ − 1)(py′)(6) = 0.

(19);e n = 2 �k p, q, w �RC wm��
r(x) =

1

p(x)
=







































0, (0, 2),

1, (2, 3),

0, (3, 4),

1/2, (4, 5),

0, (5, 6),

q(x) =







































2, (0, 2),

0, (2, 3),

1, (3, 4),

0, (4, 5),

3, (5, 6),

w(x) =







































1, (0, 2),

0, (2, 3),

3/2, (3, 4),

0, (4, 5),

2, (5, 6).

(20)

X[?�Æ)s
Aλ =

(

3λ2 + 1 −λ

0 0

)

, Bλ =

(

0 0

2λ2 λ2 + 3λ − 1

)

. (21)*I)���%REm��
∆(λ) = 6 λ6 + 43/2 λ5 − 73λ4 − 277/2 λ3 + 275 λ2 − 13/2 λ − 17.P( S-L  Æ (19), (20) XnZ n + 1 + 3 = 6 Z�nw

λ0 ≈ −4.6812, λ1 ≈ −2.7498, λ2 ≈ −0.2266, λ3 ≈ 0.2864, λ4 ≈ 1.4515, λ5 ≈ 2.3363.' 4.2 '> S-L  Æ














−(py′)′ + qy = λwy, x ∈ J = (0, 6),

λ2y(0) − (λ2 + 1)(py′)(0) + (λ2 − 2)y(6) + (λ2 + 2λ − 1)(py′)(6) = 0,

(λ2 − λ + 5)y(0) + (λ2 + 2λ − 3)(py′)(0) − λy(6) − (2λ2 − 1)(py′)(6) = 0,

(22)
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 41"W~%�m� p, q, w daX (20) [%�)&%
Aλ =

(

λ2 −λ2 − 1

λ2 − λ + 5 λ2 + 2λ − 3

)

, Bλ =

(

λ2 − 2 λ2 + 2λ − 1

−λ −2λ2 + 1

)

. (23)*I)���%REm��
∆(λ) = 12 λ7 − 131 λ6 + 468 λ5 − 1313/2 λ4 − 105 λ3 + 3103/2 λ2 − 3501/2 λ + 588.P( S-L  Æ (22), (20) XnZ n + 1 + 4 = 7 Z�nw

λ0 ≈ −1.4146, λ1 ≈ 0.6692, λ2 ≈ 1.2361, λ3 ≈ 2.2145,

λ4 ≈ 5.7171, λ5 ≈ 1.2472 + 1.3236i, λ6 ≈ 1.2472− 1.3236i.' 4.3 '> S-L  Æ














−(py′)′ + qy = λwy, x ∈ J = (0, 6),

(λ2 + 1 − i)y(0) − λ(py′)(0) = 0,

(1 + 2i)λ2y(6) + (λ2 + (1 + 3i)λ − 1)(py′)(6) = 0.

(24);e n = 2 �k p, q, w �RC wm��
r(x) =

1

p(x)
=







































0, (0, 2),

1, (2, 3),

0, (3, 4),

1/2, (4, 5),

0, (5, 6),

q(x) =







































2, (0, 2),

0, (2, 3),

1 + i, (3, 4),

0, (4, 5),

3, (5, 6),

w(x) =







































1, (0, 2),

0, (2, 3),

1, (3, 4),

0, (4, 5),

2, (5, 6).

(25)

X�Æ)6
Aλ =

(

λ2 + 1 − i −λ

0 0

)

, Bλ =

(

0 0

(1 + 2i)λ2 λ2 + (1 + 3i)λ − 1

)

.�C)���%REm��
∆(λ) = − 4 λ6 + (35 − 4i) λ5 − (76 − 52i) λ4 + (16 − 215i) λ3

+ (44 + 251i) λ2 − (3 − 14i) λ − 24 + 10i.
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7Y,T 131P( S-L  Æ (24), (25) XnZ n + 1 + 3 = 6 Z�nw
λ0 ≈ −1.2099− 1.9078i, λ1 ≈ −0.2097 + 0.2014i, λ2 ≈ 0.1539− 0.2957i,

λ3 ≈ 2.1220 + 0.5871i, λ4 ≈ 2.4095 + 0.4853i, λ5 ≈ 5.4841− 0.0703i.� 1 r� 2 R�[%;6 4.1 r6 4.2 ~REm�9�7 (j3BZ[%T�nw9�7).
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Finite Spectrum of Sturm-Liouville Problems with Boundary
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Abstract The spectral analysis of a kind of Sturm-Liouville problems with boundary

conditions polynomially dependent on the eigenparameter is investigated. By construction

we prove that this kind of problem has finite spectrum and all the spectrum are consist of

eigenvalues.
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