
s 41 2 s 1 � y ~ ^ V V � Vol. 41 No. 1

2018 	 1 � ACTA MATHEMATICAE APPLICATAE SINICA Jan., 2018

SEVISsrn�g"&y~|�0jv����n-.<� †

(HC=Wo[ZW�r
�1��V� 230026)

(E-mail: ymlian@mail.ustc.edu.cn); A
(Department of Statistics, Pennsylvania State University, State College, USA, PA 16802)

(E-mail: chenzhao1985@gmail.com)?>=
(HC=W�`W
��=W℄%���! 100190)

(E-mail: shumingliang12@mails.ucas.ac.cn)1 * �Y℄-F℄l�#"�3TT='Æ℄-F9SI/5L
lx2A�O�,<Fgl\$*s��<Rlh,�{�x29SlO�d/(���K�:z%�t!\+,<lx2mXh-h�l�e�O9ql SEVIS (Sure Explained Variability and Independence

Screening) x29S���NO��?��*H℄-"
�hwE|<��:�lx29S}C�b�3}O9ql�J��5℄1��F9ql��.V��h/"�lA|���(T-,�|I����O9qlj�K"�*1*H9q�(:e1�xV G"l!\S#GE��D%L�e�*1*H9ql SEVIS ���X(H��F7g<y
��e�O9ql
SEVIS l���{�l x29S�*1*H9q� SEVIS; ='Æ℄-
MR(2000) 9�t
 62G058�t
 0212.7

�� 2016 
 11 � 18 0Ri�2017 
 5 � 15 0RiL#)�
† �Y
+�



2 x } ℄ U U � 412
1 +)mZ>pb�nZi	'ola.Sj�Vn[�z(�(�a.��l"�K��ÆrJ'!P�X>n^&a�I��Æ`Z�K�Men�8�m;z��Dn�
�I [1–6] pp�ruzl"H[℄nH�~a��8!�aÆ( (p > n) n!H#B4T$JMen"℄�dia!H"
>(��T4y3.a p mZb�a n C>a�ni~&<�m p = O(exp(nη)) G�.;�
�$!sl��J��sY)J�l
�xJ�yW!-_ [7].
^2Lr�3.i�|� [8] zJ^8QJn[��"℄T$�
 SIS (sure inde-

pendent screening), g
>(�a.I;�n�XJyx (m[2�y3Æu"℄-W!-=J),�"℄:TS~D�W�B[.0N�$�q.y3 X �'Æ Y n Pearson-= a�G
Q�*%�I
|<�ni2�7Bi.
�"℄j��!
L�;{&Æ Y -W!+J-=ny3���
�"℄jInl""H	�ny3� Y �G�W��
Z,-e
OPq�~GYn~D�W�|���
l"Æ
BY�oo�(nMBPe�!ti0y3:TnHFI�ÆR�G�
^)�o�
�"℄6�8!ti0I�T5
�"℄jI� Fan S Lv[8] ^!!k�IzJi.Æ'Y%�m sure

screeningJE�!yx+J~DngM=�mmZb�^a n #
�"�o�
�"℄�T5!
�"℄jn%i#
 1. !RvgJ3dngM=� [9] ���i
n+J~D�AjAr+J~D=� [10] �i0I��6a B b�n�
;f^�x~Dn!H� [11]�bI� Bb��
�dpu^&nO" a~Dn!H�*��6a�u-= an[6KÆ�y3nMeF~��b;f" a~Dn^� [12], puI�Q:sn�
K:s��-= a*��d

Qnj.�ÆR�G�;fj=\�
6N$yxi.yxn~D��g
..~DJ	�Uiw0�!~Dn�
� >!!yx~D#n&'�s�d4F~DyxJ'�9dÆ'H!H-��nVH	D�.; model-based n�
okjn�k)�okj�7�uR�
^�x!�9� [13] zJn SIRS �
�yx^i
~DF{��yxn~D�7� [14] zJg
1N-= any3:T�
n DC-SIS, !�
�HWWy3KaÆ�uy3KaKX℄Æ
Qy3Æu"℄;}n-jF~��!-Neyxy3Æu"℄;},U-j�7n!H#/*0� sure screening JE�uR!�
f�o�
	'n model-free �
�bi2��sXwU��`Bn�~J	�T4 [15] �?^g
��`Bn�+Jy3:T�
oOPW!s�9na.� [16] %zJ^g
����`Bn�
 Q-SIS, �br�puf-Neyxyxn~D�7�Æ[�a�
UIBJd��aJ	n�~-�� SEVIS[17] (Sure Explained Vari-

ability and Independence Screening) U�9�Q~n�~J	�;8ey3Æu"℄;}n= C'���J��+J!H#ny3:T�|�!�
!P�~D#e{&�
;�ny3:T�
�d�g
Q:sn:s�K/*W!�i0$;nB}�=kiznO�'�n�6ay3:T�
[�ag
Q:sd B b�:s�*p�<�



1� Xp o� SEVIS ��l*1*H9qk��='Æ℄-"lx} 34�+2+J:sn�
� >+2+J:sn�FeÆ
Mg
Q:sn�F�d!i;yW!H#�T4 f ′(x)
f(x) n4�=Æ[G�Q:sW!{&Æ[n6��9 [18]. 
^	q.i2�:s�9��Fn|2*z(l
i~���4�+2+J:sn�K� SEVIS�
In-=J~℄�K SEV�G:s�*��M?��jy3:TnHFI�kJ!2�!H#4�+2+J:sn SEVIS �
�FeL
4�Q:s�
:sn SEVIS �
n�k��[,��
�r�)�
����2n�
4#
t 2 2�0J^ SEVIS �
ng�%���+2+J:s�
S��JE�l�zy3:TnPkÆHF�t 3 2��G^[.vy7l~�o�Æ/�
;}nY)JSl
i~�t 4 2���(�G^^�Æ'
� d0J^+2+J:s#n��6tJn7{�

2 SEV m�f!%x}
2.1 �h#'z�Æ

SEV (Sure Explained Variability) Oi.G;�9n0�mh"℄n�+J~℄�K��QBe0K�
B�J'nAr-= a GMCs[19] Ini.�8��uyA
(X, Y ) Oi�mh"℄�1.Q|n�9��5K� X � Y n�9�Q~�oxr



SEV(Y |X) =
var(E(Y |X))

var(Y )
= 1 − E(var(Y |X))

var(Y )
= 1 − E[{Y − E(Y |X)}2]

var(Y )
. (2.1)f�o&M


SEV (Y |X) =
var(E(Y |X))

var(Y )
=

E(E(Y |X = x))2 − (E(Y ))2

var(Y )
. (2.2)ÆQ:s�
-��.Q�u0Ji.?n+2?\:s�
oz(!�6a:s℄nY)JS�9J�
 (Yi, Xi), i = 1, · · · , n 
{U��.nmhb�� E(Y |X = x) 
�6a`B

Yi = f(Xi) + εi, i = 1, · · · , n (2.3)n6=Ka��I f(·)Oi.�9Ka�εi 
i`6=
 0, �9
 σ2 nmh�93��sL'8��u�
f(x) ≈ f(x0) + f ′(x0)(x − x0) , a + b(x − x0),�I x0 
 x ni.`�u�uR��ukj+2:s℄

(
Ê(Y |X = x), b̂

)
= argmin

a,b

n∑

i=1

K
(x − Xi

h

)(
Yi − a − b(x − Xi)

)2
, (2.4)
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K(·) 
i.0xnQKa�
 Kh(x − Xi) = K((x − Xi)/h), �ukji.x&a6�D:sn,1EK

Ê(Y |X = x) = (1, 0)(XTWX)−1XT WY, (2.5)�I
Y =




Y1
...

Yn


 , X =




1 (x − X1)
...

...

1 (x − Xn)


 ,� W = diag (Kh(x − X1), · · · , Kh(x − Xn)). uR�)�okj E(E(Y |X = x))2 n:s℄

Ê (E(Y |X = x))2 =
1

n

n∑

i=1

(
Ê(Y |X = Xi)

)2
,

1

n

n∑

i=1

(f̂(Xi))
2. (2.6)t

Sj =

n∑

i=1

Kh(x − Xi)(x − Xi)
j , j = 0, 1, 2 (2.7)S

ml =

n∑

i=1

Kh(x − Xi)(x − Xi)
l Yi, l = 0, 1. (2.8)�H�`n_asl��u�okj f̂(x) ni`a=�


f̂(x) = (1, 0)

[
S0 S1

S1 S2

]−1 (
m0

m1

)
=

n∑
i=1

Kh(x − Xi)
(
1 − S1S

−1
2 (x − Xi)

)
Yi

n∑
i=1

Kh(x − Xi)
(
1 − S1S

−1
2 (x − Xi)

) . (2.9)��^}6=S�9~_
�b�EK� SEV n:s℄�ot

ŜEV(Y |X) =

n−1
n∑

i=1

f̂(Xi)
2 − Y

2

S2
Y

. (2.10)�#K�u;fKa Kh(x − X) I\EnT$�|�.fOH�Ii.Men�|�!.Q��u6; [19] I
7a7n�
�;f4#\E
hopt = argmin

h>0

n∑

k=1

(Yk − Ê(h,−k)(Y |X = Xk))2,�I� Ê(h,−k) (Y |X = Xk) 
0x6a h, *�
Lt k .b�#n+2+J:s℄�=kSqnO� [19] In GMCs B�J'��RO�u���Ini.�4 SEV (Y |X)�G:s�uR�u!\EnT$If��.i�4n6��9�G�℄�;.iK[e-�
 [19] In2
���
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2.2 SEV �hz�o��'7!.i2�I�u�� SEV+2:s℄n��6tJ�uR�uNe4#n��
�� 1 (i) `BKa f(·) ����YRn��ga�
(ii) ���9 σ2(x) = Var (Y |X = x) ���YR�
(iii) <"℄ X n�uw~Ka gX YR�!i.$} (a0, b0) =-
 0.

(iv) QKa K(·) Oi.��nYRw~Ka�n_

∫ ∞

−∞

yK(y) dy = 0,

∫ ∞

−∞

y4K(y) dy < ∞.�R�u�okj4#vP
,� 1 !�� 1 #�6� h → 0 l nh → ∞, %�,q x ∈ (a0, b0), :s℄ (2.10)n�� MSE n_
E [(f̂(x) − f(x))2|X1, · · · , Xn] =

1

4

(
f̂ ′′(x)

∫ ∞

−∞

u2K(u) du
)2

h4

+
1

nh
g−1(x)σ2(x)

∫ ∞

−∞

K2(u) du + o
(
h4 +

1

nh

)
.

(2.11)b��u^�:s℄ (2.10) n�9n_

Ef̂(x) − f(x) =

1

2
f ′′(x)

∫ ∞

−∞

u2K(u) duh2 + o(h2). (2.12)!vPn7{�o6; [18], .Q-�W\��!vP�okjq� 1 !�� 1 #�6� nh2 → ∞ l nh4 → 0, �u�
√

n(AT ΣA)−
1

2 (ŜEV(Y |X) − SEV(Y |X)) ⇒ N(0, 1), (2.13)�I
Σ = Cov

(
σ−2

Y

∫ (
2Yi −

φY |X(x)

fX(x)

)φY |X(x)

fX(x)

1

h
K

(x − Xi

h

)
dx,

Yi

σY

, Y 2
i

)
,�

A =
(
1, −2µY

σY

+ 2 µY σ−3
Y

(∫
(φY |X(x))2

fX(x)
dx − µ2

Y

)
, −σ−4

Y

( ∫
(φY |X(x))2

fX(x)
dx − µ2

Y

))T

,

µY S σY �'
 Y n^}6=S^}%Y9�xP 10J^+2+J:s# SEV n��JE���kMg
Ar-= a GMCn�F�-�nO��
�un+2+J:sEK (2.10) -�
 GMC n:sEKÆ
�`�uR�uf)kj^2
��n��J�m�un�k (2.13) I*p�pun�93 (∫
(φY |X(x))2

fX(x)
dx − µ2

Y

)( 1

σ2
Y + h2VarK

− 1

σ2
Y

)
,
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2.3 kw��3�(�#K�u� SEVn+2+J:s℄��jy3:THFI�
Y = (Y1, · · · , Yn)T ,

X = (X1, · · · ,Xp), �I Xk = (X1k, · · · , Xnk)T , 1 ≤ k ≤ p, n 
b�[6� p 
y3a�!4��(I��u6yAy3n�~ p �[
b�n[6 n, m n ≪ p, *��u$�y3�G%Y℄Ik n∑
i=1

Xik = 0 � 1
n−1

n∑
i=1

X2
ik = 1, � k = 1, · · · , p BU��o�� Y �|2ny3��u�ru`BnjWt


M = {1 ≤ k ≤ p : y3 Xk �u"℄ Y�|2}. (2.14)�o� k ∈ M, �u� Xk 

�"℄�M m

�"℄j�
^#'�.y3 Xk O�

�"℄��u� SEV (Y |Xk) d
%YK~℄ Xk Æ Y ;}n-== �xr

ωk = SEV (Y |Xk), k = 1, · · · , p. �R�ukji.?njW

M
∗ = {1 ≤ k ≤ p : ωk > 0}. (2.15)!jWM

∗ �I^~℄ SEV #�o��u"℄ Y �6(ny3�oo�xr��u�
M

∗ = M. t ω̂k 
 ωk n:s℄��uxrbi.r)jW
M̂

∗ = {1 ≤ k ≤ p : ω̂k ≥ cn−τ}. (2.16)�I;a c > 0 S τ ≥ 0 NeN�>x*�Wixn���QB�|)U℄
^4UT$jW M̂
∗ n[6oI��8�Io�
�"℄7BnjW M

∗. !H�I��
�o0JWPn;a c S τ n0}a=n_ M
∗ ⊆ M̂

∗ �jW M̂
∗ n[6PI�oo.Q�u/O4�y3:Ta�a;�n�
�m$� {ω̂k, k = 1, · · · , p} �G	Q
Q�*Z�T�ya[n d .y3o7Bi.G;�9njW


M̂
∗
d = {1 ≤ k ≤ p : ω̂k 
o� M̂

∗ Ia[n d .}. (2.17)!a=~�HFI��u� M̂
∗
d _~ M̂

∗, *
 d 
i.=
 n nKa�b�� SEVIS �8n_y3:Ta�IaPen sure screening JE�meb�℄
n → ∞ G�
�"℄j M

∗ o%i#4
 1 �I
�uoT$njW M̂
∗ I��.iSZi~
 n n>a���-=7{HFl! [17] I�G^.![+n�g�.Q)-�W\�

3 �5��!.i2�I��uR�vy7l~���+2+J:s#n SEV �
Æ�!Q:s#n&'!H�
�xb5���I�u6� SEV-lo >_�+2+J:sn
SEVIS, � SEV-kn %O>_P�nQ:s�
�LR;���ufx5^n.�rn
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d
�)��I SIS[8], SIRS[13], Q-SIS[16] (Q-SIS &'e�
�b����`Be0n QaSIS �
�.Q�u4�6a α = 0.75, .fO��(d,o4�n6a;i) ol DC-SIS[14]. !pu;I� SIS 
y3:TnaH�
��b�7.�
%/℄��^-�n�sXe0�pun-�u!
6
 model-free �
��br� SEVIS fZ
 model-free �
�R���u
 d1 = [n/ log(n)], d2 = 2[n/ log(n)], d3 = 3[n/ log(n)]oX℄-�
=#n~D&'�RO [x] _&Ha x n4a2��q.~�6M� 500S��u�[K%YX℄~Dn&'�F
Pa S S. Pa _&-�
=#Mey3�TI%in�6=�� S _&TIo�Me"℄oNena6jW[6�.Q�u0J�! 5%, 25%, 50%, 75%, 95% ��a#n=� Pa �[
{~DTIMe"℄n%i�(�&'�L�P0VH#z��
 1; S �6
{Me"℄6
!�_�-jJ~℄�Y)��
�unT[I6
 3 .Me"℄�oo S A>
 3, P0VH#z��

3. LR;���u^sl^/K�
n`S~��6MG��!�Æ-�:s�K#
SEVIS n�l9i�.fO>(�a.a�QyÆ
U+=Sni.�y (;fj�u~DIn-�6an[-a|2l
n9i�ooq.T[nMG��slti`6a#na.).
 1 !..T[I��u;fnK�
!7�Ka#n&'��u�'


f1(x) = sin(2πx), f2(x) = cos(2πx), f3(x) = sin(2πx)2.`B�x~D
Y = c1f1(X1) + c2f2(X2) + c3f3(X3) + ε.y3 X = (X1, · · · , Xp) :D
mh9z~D

Xj =
Wj + ρU

1 + ρ
, j = 1, · · · , p.�In W1, · · · , Wp, U 6K℄
{Un [0,1] =n6��.� εK℄
%Y6t�.�&*�mZ6a ρ n-�&[�/.y3;}n-= af-�=E�!..T[I�u% ρ = 0.5, 1, 2 .7`-�n6aoX℄y3}-�-= aG/.~Dn&'�LR;��6a (c1, c2, c3) = (2, 1, 4), b�[6 n = 200, y3�~ p = 2000, 4;�o\�Meny3.a
 3.& 1 ^�^T 1 n~��F��I 3-5 _
-�
= d #/.~Dn&'�mZn

5 _
-���a#�z S n=��o9J!-�n-= a#�g
+2+J:sn SEV-lo �
zej�
g
Q:sn SEV-kn, [,ze{&�
�r~D�dUsli~K9��
 SEVIS Z
�6a:sn�G�-Æ
�r6a:s�li~-�Æo�d�o9J SEV-lo �
-�
 SEV-kn ^O!i~=�ixnzE��
�p�)`n!H9� > SIS �aDn�li~�d�
��
�B+)
i
+J~D#�oo!/`6a#6?� 1/3 b�n6)i�a6~D S f{&Æ[��b&'-vn^� SIRS, QSIS �
S DCSIS �
6� 2/3 nY)i�-�e�
 SIS Æ SIRS.
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Pa S time

ρ Method d1 d2 d3 5% 25% 50% 75% 95%

0.5 SIS 34.20% 35.33% 36.80% 456.8 969 1447.5 1719.75 1946 0.005s

SIRS 34.33% 35.53% 36.73% 466.75 991 1356.5 1741.25 1968 9.33s

QSIS 51.47% 60.07% 65.27% 45.9 189 372.5 720.5 1333.6 8.74s

DCSIS 65.47% 71.07% 74.40% 23.95 99 236.5 533.25 1114.15 1.37s*

SEV-kn 86.33% 89.40% 91.53% 3 5 19.5 113.25 516.5 35.53s

SEV-lo 91.07% 94.40% 95.67% 3 3 9 41.5 337.35 29.60s

1 SIS 34.33% 35.60% 36.40% 441.4 1004 1414.5 1727 1952

SIRS 34.60% 36.27% 37.53% 384.05 891 1329.5 1691 1927.05

QSIS 60.27% 65.40% 68.33% 37 166.5 423 931.5 1610.9

DCSIS 59.73% 64.13% 67.13% 34.95 222.75 506 1053.75 1686.05

SEV-kn 78.07% 81.53% 83.60% 3 18 101 369 1136.95

SEV-lo 82.20% 85.73% 88.87% 3 9 44 173.25 774.5

2 SIS 29.07% 32.53% 34.73% 426 992.75 1414 1707.25 1944.05

SIRS 27.87% 32.73% 37.13% 261.7 770.25 1245.5 1600.75 1925.1

QSIS 51.60% 59.87% 66.20% 21.95 155.75 372 746.75 1594.1

DCSIS 61.20% 67.47% 71.27% 19 125.25 369.5 816.75 1518.05

SEV-kn 82.20% 86.73% 88.80% 3 8 41 191 653.4

SEV-lo 81.27% 86.87% 90.00% 3 10 38 135 528.65�	 DCSIS m^mJ\	 R �_� energy, �PAJ_f	 C �_ =��q 5 -��5� R �_ =�nn�	,��_fB DCSIS k�h}?�,/�?�I�
�	�tOd�m 	�
 SEV-kn � SEV-lo mk�8h�nn),{1�tm�E�
 2 [18] Izj�ea= |f ′(x)/f(x)| Æ[G�Q:sW!Æ[n�9�gC^�:sn MSE Æ[��T�!uv!!H#[K~Dn�F�Æ��T 1 b��u/'7"i. 3 .Mey3n�x~D
Y = c1f1(X1) + c2f2(X2) + c3f3(X3) + ε.�I

f1(x) = x2, f2(x) = xI (x > Q0.8(x)), f3(x) = exp(x).

Q0.8(x) >_4℄ x n 80% ��a��!;8�!2�i�!H#�u"℄ Y �|2ny3���TJ� X2 Æ exp(x) �K;8y3Æu"℄= 
�+J�oly3�.J's�9!H#/.~Dn&'�ÆT 1 -�nO�.Q�uny34℄�6t�.DB�m X = (X1, · · · , Xp) �U6=
 0, <�91
 Σ = (σij)p×p n6t�.��I σii = σ2, i = 1, · · · , p; σij = σ2 ∗ ρ, i 6= j, �u�6a σ CDa= |f ′(x)/f(x)| n[6� ρ CDy3}n-= a��TI�u% σ = 0.5, 0.25, ρ = 0, 0.25, �93/'�U%Y6t�.�6a (c1, c2, c3) = (3, 3, 2), n, p ÆT 1 -��~�/'M� 500 S��F&M!& 2 I�
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Pa S time

ρ σ Method d1 d2 d3 5% 25% 50% 75% 95%

0 0.5 SIS 69.80% 71.40% 72.47% 10 194.75 676 1347.25 1853.3 0.005s

SIRS 67.40% 68.60% 69.87% 53.9 390.75 918 1507 1888.35 9.21s

QSIS 98.87% 99.60% 99.87% 3 3 4 7 25.1 8.68s

DCSIS 81.80% 89.80% 93.07% 4.95 17 41 89.5 323 1.37s

SEV-kn 99.80% 99.93% 100.00% 3 3 3 3 7 48.05s

SEV-lo 99.60% 99.93% 100.00% 3 3 3 3 9 29.43s

0.25 0.5 SIS 67.40% 68.87% 70.00% 37.9 344.5 1015 1685 1963.1

SIRS 65.73% 66.53% 67.00% 267.55 802.75 1406 1810.5 1972.1

QSIS 82.53% 86.40% 89.47% 3 11.75 40.5 171.5 608.4

DCSIS 68.27% 73.20% 76.20% 9 82 224.5 587 1212.2

SEV-kn 98.93% 99.80% 99.87% 3 3 3 5 29

SEV-lo 99.13% 99.67% 99.93% 3 3 3 4 21

0 0.25 SIS 64.87% 67.13% 68.53% 58.95 344.75 784.5 1408.25 1890.3

SIRS 62.93% 65.33% 66.93% 95.95 433.75 863 1431.5 1897.75

QSIS 69.33% 73.20% 76.47% 16.9 82 227 540.5 1227.4

DCSIS 60.27% 64.67% 67.40% 50.75 232.75 532 925 1609.85

SEV-kn 81.93% 85.13% 87.53% 3 9 47 200 946.5

SEV-lo 85.87% 89.80% 92.40% 3 7 23 99.25 453.55

0.25 0.25 SIS 62.87% 65.27% 66.87% 102.9 525.25 1047.5 1539.25 1923

SIRS 61.60% 63.80% 65.40% 135 570.5 1110.5 1607.75 1943.05

QSIS 64.87% 67.67% 69.40% 37.75 260.5 593.5 1064.25 1725.5

DCSIS 57.20% 63.27% 65.80% 66.75 321.25 720.5 1217.25 1760.3

SEV-kn 74.93% 78.53% 81.20% 4 34 145 447 1337.15

SEV-lo 80.87% 85.27% 88.40% 3 12 54.5 227.5 843.254& 2 oM�ey3 x n�u%Y9Æ(�m σ = 0.5 G� SEV-kn Æ SEV-lo n�F-9�n�6�oÆ(%iTIo�Mey3�� 3.Mey3�_o�y3�7|n%i6A>>H 50%, ey3;}--=�m ρ = 0 G�.i%i>H^ 75%. [,n�F6e{&L
�)`nnK�
��o9J�ey3-=Jj�zEG�QSIS Æ
DCSIS Ujn|2�Æ{&�� SIS Æ SIRS !-�6a#6?� 2/3 nY)i�e�u%Y9	q�m σ = 0.25 G� |f ′(x)/f(x)| n==E�gC[K�
n�Fz�-�F~n	q�dRG SEV-kn :sY)~e{&q
 SEV-lo, .!ixF~=w7^�unA0l [18] In�k�
4 :�/2�!�6a:sna�I�+2+J:s�� Nadaraya-WatsonQ:s0��9Æ6nyu�����jy3:Ta�I�k�!ixF~=&x"℄T$nY)J�d'�n�6ay3:T�
I�[�a^Og
Q:sn�K�/℄�
In�6a2��G:s�uR������I�Q:s�K:sn�6ay3:T�
 SEVIS $
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��+2+J:s�G:s�*�H[.vy7l~��Æ^[K:s�K&';}n9s���K^&,!�
T$=��0�ixn6;qr�!.��(I��u4�iK�+J����~℄�K SEV (Y |X) K�o�y3�G:To
L�;{&-MenB��0}K
�e SEV(Y |X) n:s℄%=Æ[G��u)-
�zny3-�
u"℄0�2�n�Q�V�f)!`B~DI0�2Menr��!�Zn^&I��u��i0��S;8 SEV(Y |X) :s℄n�9��Fn|2�olrO�PW�K�Gy3:T� SEV (Y |X) :s℄n�9��jf�, (�~) n�|��;�-
2x���PW�K;f�2JE�����jy3:T�
I��!�;!H#�8kj2xY)n�F�
5 u�	p� 1 m4�
 f(x) = E[Y |X = x], T$�u;f Ê[f2(x)] − E[f2(x)]. �

Ê[f2(x)] − E[f2(x)] = (Ê[f2(x)] − EnE[f̂2(x)]) + (EnE[f̂2(x)] − E[f2(x)]). (5.1)=K��nt�2�pz

E[Enf̂2(x) − f2(x)] =

∫
(Enf̂2(x) − f2(x))g(x) dx, (5.2)�I� g(x) 
 x n�uw~Ka�u


Enf̂2(x) − f2(x) = En[f̂(x) − f(x)]2 + 2En[f̂(x) − f(x)]f(x). (5.3)�vP 1 l (2.12), (5.3) ��n�a
 O(h4) + O( 1
nh

) + O(h2) = O
(

1
nh

)
+ O(h2) ��_` (5.2) �u�

E[Enf̂2(x) − f2(x)] ≤ sup
x

|Enf̂2(x) − f2(x)|
∫

g(x) dx = O
( 1

nh

)
+ O(h2). (5.4)bi�y� (5.1) K��ti2�p


1

n

n∑

i=1

f̂2(Xi) − Ef̂2(Xi).uR�u�
̂
SEV(Y |X) − SEV(Y |X) = S−2

Y (Ê[f(x)]2 − Y
2
) − σ−2

Y (E[f(x)]2 − µ2
Y )

=S−2
Y (Ê[f(x)]2 − E[f(x)]2) − S−2

Y (Y
2 − µ2

Y ) + (E[f(x)]2 − µ2
Y )(S−2

Y − σ−2
Y )

=S−2
Y (

1

n

n∑

i=1

[f̂(Xi)]
2 − E[f̂(Xi)]

2) − S−2
Y (Y

2 − µ2
Y )

+ (E[f(x)]2 − µ2
Y )(S−2

Y − σ−2
Y ) + O

(
h2 +

1

nh

)
. (5.5)



1� Xp o� SEVIS ��l*1*H9qk��='Æ℄-"lx} 11��� nh2 → ∞ S nh4 → 0, �u� √
n(O(h2 + 1

nh
)) → 0. uR��HIBi)xP��u�

√
n
(
σ−2

Y

(
f̂2(Xi) − E[f̂2(Xi)]

)
, σ−1

Y

(
Y − µY

)
,
1

n

n∑

i=1

Y 2
i − EY 2

)
−→ N(0, Σ), (5.6)�I

Σ = Cov
( f̂2(Xi)

σ2
Y

,
Yi

σY

, Y 2
i

)
.xr T1 = f̂2(Xi)

σ2

Y

, T2 = Y
σY

, T3 = 1
n

n∑
i=1

Y 2
i olKa f1(T1) = T1, f2(T2) = −T 2

2 ,

f3(T2, T3) = (T3 − σ2
Y T 2

2 )−1(E[f(x)]2 − µ2
Y ).�
�u� ET2 = µY

σY
, ET3 = µ2

Y + σ2
Y ,℄��kKa f1, f2, f3 � T1, T2, T3 n�ga�'



A1 =
∂f1(T1)

∂T1

∣∣∣
T1=ET1

= 1;

A21 =
∂f2(T2)

∂T2

∣∣∣
T2=ET2

= −2µY

σY

;

A22 =
∂f3(T2, T3)

∂T2

∣∣∣
T2=ET2,T3=ET3

= 2 µY σ−3
Y

(∫
(φY |X(x))2

fX(x)
dx − µ2

Y

)
;

A3 =
∂f3(T2, T3)

∂T3

∣∣∣
T2=ET2,T3=ET3

= −σ−4
Y

( ∫
(φY |X(x))2

fX(x)
dx − µ2

Y

)
.
 A = (A1, A21 + A22, A3)

T . ��� delta �
��u���6tJ

√

n
(
f1(T1) − f1(ET1) + f2(T2) − f2(ET2) + f3(T2, T3) − f3(ET2, ET3)

)

−→N(0,ATΣA). (5.7)�
 S2
Y → σ2

Y n[�*BU�g
 Slutsky xPl nh4 → 0. � (5.5) �u�
√

n(ŜEV(Y |X) − SEV (Y |X))

=
√

n
(
S−2

Y

( 1

n

n∑

i=1

[f̂(Xi)]
2 − E[f̂(Xi)]

2
)
− S−2

Y (Y
2 − µ2

Y )

+ (E[f(x)]2 − µ2
Y )(S−2

Y − σ−2
Y ) + O

(
h2 +

1

nh

))

−→
√

n
( f̂2(Xi)

σ2
Y

− Ef̂2(Xi)

σ2
Y

− Y
2

σ2
Y

+
µ2

Y

σ2
Y

+
( 1

S2
Y

− 1

σ2
Y

)(∫
(φY |X(x))2

fX(x)
dx − µ2

Y

))

=
√

n(f1(T1) − f1(ET1) + f2(T2) − f2(ET2) + f3(T2, T3) − f3(ET2, ET3))

−→N(0,ATΣA). (5.8)oo��u�
√

n(AT ΣA)−
1

2 (ŜEV(Y |X) − SEV(Y |X)) −→ N(0, 1), (5.9)



12 x } ℄ U U � 412m7{^xP 1. 7��6$ d,JB&>C*TwzJnM$q��i 	 �  
[1] Tibshirani R. Regression shrinkage and selection via the lasso. J. R. Statist. Soc. B., 1996, 58:

267–288

[2] Yuan M, Lin Y. Medel Selection and estimation in regression with grouped variables. Journal of the

Royal Statistical Society: Series B, 2006, 68: 49–67

[3] Zou H. The adaptive lasso and its oracle properties. Journal of the American Statistical Association,

2006, 101: 1418–1429

[4] Fan J. Comment on “Wavelets in statistics: a review” by A. Antoniadis. J. Ital. Statist. Soc., 1997,

2: 131–138

[5] Zou H, Hasties T. Regularization and Variable Selection via the Elastic Net. Journal of the Royal

Statistical Society, Series B, 2005, 67: 301–320

[6] Candes E, Tao T. The Dantzig Selector: statistical estimation when p is much larger than n (with

discussion). The Annals of Statistics, 2007, 35: 2313–2404

[7] Fan J, Samworth R, Wu Y. Ultrahigh dimensional feature selection: Beyond the linear model. Journal

of Machine Learning Research, 2009, 10: 1829–1853

[8] Fan J, Lv J. Sure independence screening for ultrahigh dimensional feature space (with discussion).

Journal of the Royal Statistical Society, Series B, 2008, 70: 849–911

[9] Fan J, Song R. Sure independence screening in generalized linear models with NP-dimensionality.

The Annals of Statistics, 2010, 38: 3567–3604

[10] Fan J, Feng Y, Song R. Nonparametric independence screening in sparse ultra-high dimensional

additive models. Journal of the American Statistical Association, 2011, 106: 544–557

[11] Song R, Yi F, Zou H. On Varying-coefficient independence screening for high-dimensional varying-

coefficient models. Statistica Sinica, 2012, 24: 1735–1752

[12] Liu J, Li R, Wu R. Feature selection for varying coefficient models with ultrahigh dimensional covari-

ates. Technical Report, Departmernt of Statitics, Pennsylvania State University, 2013

[13] Zhu L P, Li L, Zhu L X. Model-free feature screening for ultrahigh dimensional data. Journal of the

American Statistical Association, 2011, 106: 1464–1475

[14] Li R, Zhong W, Zhu L. Feature Screening via Distance Correlation Learning. Journal of American

Statistical Association, 2012, 107: 1129–1139

[15] He X, Wang L, Hong H G. Quantile-adaptive model-free variable scerrning for high-dimensional

heterogeneous data. The Annals of Statistics, 2013, 41: 342–369

[16] Wu Y, Yin G. Conditional quantile screening in ultrahigh-dimensional heterogeneous data. Biometrika,

2014, 102: 65–76



1� Xp o� SEVIS ��l*1*H9qk��='Æ℄-"lx} 13

[17] Chen M, Lian Y, Chen Z, Zhang Z. Sure Explained Variability and Independence Screening. Journal

of Nonparametric Statistics, 2017, 1–35

[18] Fan J. Design-adaptive Nonparametric Regression. Journal of the American Statistical Association,

1992, 87: 998–1004

[19] Zheng S, Shi N Z, Zhang Z. Generalized Measures of Correlation for Asymmetry, Nonlinearity, and

Beyond. Journal of the American Statistical Association, 2012, 107: 1239–1252

Local Estimation of Sure Explained Variability Independence

Screening and Its Application for Ultrahigh-dimensional Data

LIAN Yimin

(Department of Statistics and Finance, University of Science and Technology of China, Hefei 230026, China)

(E-mail: ymlian@mail.ustc.edu.cn)

CHEN Zhao

(Department of Statistics, Pennsylvania State University, State College, PA 16802, U.S.A.)

(E-mail: chenzhao1985@gmail.com)

SHU Mingliang

(Academy of Mathematics and System Sciences, Chinese Academy of Sciences, Beijing 100190, China)

(E-mail: shumingliang12@mails.ucas.ac.cn)

Abstract It’s quite an concerned question about how to extract the true features among

ultrahigh-dimensional data, especially in today’s era of big data, this question plays a key

role in many related industries. The core idea of feature screening is excluding those features

that significantly unrelated to response variably to solve this question. The Sure Explained

Variability and Independence Screening method has obvious advantages in handling the

asymmetry and nonlinearity situations compare to the methods before. But it’s kernel

estimation still has space for improvement. From this point, we change the kernel estimation

to local estimation which been known as more accurate and effective. Some simulations

about the feature screening in special situations also proof our view and show that our new

algorithm is more efficient than the kernel-based one.
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