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1 }z! X(t) 2�qA�	,��H t ∈ T = (−∞, +∞), w,#wgVCF3|�'**o [t1, t2] ⊂ T H� X(t) JnQq9��;nQq9Je���9VH��<q`K(WA�	,J2n`K�C[4�v��; Kac[1] 3�0$<%�>�E7za�'I/�W2n`K=x	�E�℄/ynJ# Bartlett[2], Whittle[3], Billingsley[4], Klotz[5],

Cox[6]. Kedem[7] % 1980 ��E'*�jJ2n`K (�(℄E�j) �GE�ijK�7s�^��℄5℄E�ju[Ng
 (F� 0 � 1 dqE) JnQe�`K� He,

Kedem[8] 3 1988 �5kI/2nrJl��3 [9] HFsg�5�℄5U���j (	^�
	^J) 2nrJ4bz`K�1`g℄5U���j AR(2)J/?2nr'�5/?q�i9J�i	
lim

N→∞

1

N
DN(χ) =

1

π
cos−1 ρ1,�[ 2017 � 7 0 7 �3D�2017 � 11 0 10 �3D{jn�
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 41H�H DN (χ) �/m;A��j χ = {X0, X1, · · ·} J�V X0, X1, · · · , XN 2. X LJ59� ρ1 = lim
t→∞

E(XtXt+1)√
E(X2

t
)E(X2

t+1
)

('R4�o83).��=� 'R{w χ ∼ AR(2), �
Xt = ϕ1Xt−1 + ϕ2Xt−2 + εt� εt ∼ N(0, σ2

t ), ρ1 83�-,E X−1, X−2 2nJE�#ob&�' {εt} S`Jm;A��e� α, β 2 AR(2) JH�b,
λ2 − ϕ1λ − ϕ2 = 0Jv�7

ρ1 =






α + β

1 + αβ
, |α| < 1, |β| < 1,

α ∨ β

|α ∨ β| , |α| ∨ |β| ≥ 1.H�M�B α = β = eiθ '� ρ1 = cos θ, 4'#
lim

N→∞

1

N
DN(χ) =

θ

π
.B��F� N 3;��# θ JJb}!

θ̂ =
π

N
DN(χ).��}!J4b?T�Q��'5" {Xt} J;sb��

Cheng � Wu[10] L2{w AR(2) S�E�� AR(P ) (�	^�
	^J). ��'!���! AR(P ) JH�v2 η1, η2, · · · , ηP , Cheng � Wu 1`g ρ1 � ηj (1 ≤ j ≤ P )J�i (Fsg max
1≤j≤P

|ηj | 3?Y,��,��,TJrI�T), 7ZGEJb/?2nr'{w AR(P ) JH�vJ�i�9.�47�#�VJ�!�C�P'�#Zs(E���"4�9.P�GE{w"9 ϕ1, ϕ2, · · · , ϕP JJb}!��\e 4 6�O 1 6��: g2nrJ�E\*��EmP�3O 2 6Ht/g2=r (BCR) Jl��3O 3 6H1`g 2 lQ/?2=r'/?q��9�b&J�i.�Bzgbsb&2f83�F���Z|sJ=S��P! 2 lQJ2=r>M2=r�O 4 6: g2=r3b&}!�J�!�
2 �_h| 1 'R χ = {Xt} 2�q	^m;�j�

E(Xt) = 0, E(X2
t ) = σ2

t , ρk(t) =
E(XtXt+k)√

E(X2
t )E(X2

t+k)
,��
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(1) lim
t→∞

ρk(t) = ρk (k = 0,±1,±2, · · ·);

(2) lim
t→∞

σt
2 = σ2(σ2 P�b�;),7 χ (℄/?	^m;�j��\X'R χ = {Xt} 2/?	^m;�j�h| 2 p χ = {Xt} 2/?	^m;�j�Xt ∼ N(0, σ2

t ), D
a,b
N (χ) �/ AR(P) J�V X0, X1, · · · , XN 2	= [a, b] J59�! D

a,b
N (χ, j) �/ AR(P ) �j j qqlQ2	= [a, b]J59�7 1

N D
a,b
N (χ, j)�/�j χ J j lQJ2=r� lim

N→∞

1
N E(Da,b

N (χ, j))�/ j lQJ/=Jb2=r�"W
lim

N→∞

1

N
D

a,b
N (χ, j).�R 1 B/� D

a,b
14 (χ, 2) = 4, D

a,b
14 (χ, 3) = 0, D

a,b
14 (χ, 4) = 2, · · · .

-
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�
�
�
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C
C
C

��C
C
C
CC�
�
�
�
�
��C
C
C�
�
��B

B
B
B
B
B
B�
�
�
�
�
��DD
D�
��DD

D��B
B
B
B
B

X0

X1

X2

X3

X4

X5

X6

X7

X8

X9

X10

X11

X12

X13

X14

a

b

t

Xt

v 1 AR(P ) ~iIÆUl�
D

a,b
N (χ) =

N+1∑

j=2

D
a,b
N (χ, j). (1)" X

(1)
t , X

(2)
t W� a � b +ÆJ�j�

X
(1)
t =

{
1, Xt ≥ a

0, Xt < a,
X

(2)
t =

{
1, Xt ≥ b

0, Xt < b.��KE j Q2=59�+Æ�jJ�i�j	
D

a,b
N (χ, 2) =

N∑

t=1

(X
(1)
t − X

(1)
t−1)(X

(2)
t − X

(2)
t−1)

D
a,b
N (χ, 3) =

N∑

t=2

(X
(1)
t − X

(1)
t−1)(X

(2)
t−1 − X

(2)
t−2)(X

(2)
t − X

(2)
t−1)(X

(1)
t−1 − X

(1)
t−2),

...



340 � � 7 � � 
 41HWg:z`KJb��,��=�j"
	
Φ(a1) =

∫ a1

−∞

1√
2π

e−
x
2

2 dx

Φ(a1, a2; ρ1) =

∫ a1

−∞

∫ a2

−∞

1

2π
√

1 − ρ2
1

exp
{
−x2 − 2ρ1xy + y2

2(1 − ρ2
1)

}
dxdy

Φ(aaa;ρρρ) =

∫ aaa

−∞

1

(2π)
n/2|ρρρ|1/2

exp
{
− 1

2
X ′ρρρ−1X

}
dX.<[

a =





a1

a2
...

an




, X =





x1

x2
...

xn




, ρρρ =





1 ρ1 ρ2 · · · ρn−1

ρ1 ρ2 1 · · · ρn−2

...
...

...
. . .

...

ρn−1 ρn−2 ρn−3 · · · 1




.

Φ(a;ρρρ) �P��/W Φ(a1, · · · , an; ρ1, · · · , ρn−1).

3 AR(P)f 2adr (BCR).~p 1 (Toeplitz �Z [11]) 'R ai(i ≥ 1) WA(9� bn =
n∑

i=1

ai ↑ ∞, xn (n ≥ 1)2(9��� xn → x, 7 b−1
n

n∑
i=1

aixi → x.~p 2 'R χ = {Xt} ∼ N(0, σ2
t ) 2/?	^m;�j� lim

t→∞
σ2

t = σ2, a1 � b1 2(9� P (·, ·) 2℄+lr�7
(1) B ρ1(t)

t→∞−→ 1 '�
P (Xt ≤ a1, Xt+1 ≤ b1)

t→∞−→ Φ
(a1

σ

∧ b1

σ

)
.

(2) B ρ1(t)
t→∞−→ −1 '�

P (Xt ≤ a1, Xt+1 ≤ b1)
t→∞−→

{
Φ

(a1

σ

)
− Φ

(
− b1

σ

)
, a1 > −b1,

0, a1 ≤ −b1.

(3) B |ρ1| =
∣∣ lim

t→∞
ρ1(t)

∣∣ < 1 '�
P (Xt ≤ a1, Xt+1 ≤ b1)

t→∞−→ Φ
(a1

σ
,
b1

σ
; ρ1

)
.
 (1) �$��z�'! a1 ≤ b1,

P (Xt ≤ a1, Xt+1 ≤ b1)

=
1√

2πσt

∫ a1

−∞

e
− x

2

2σ2
t dx

∫ b1

−∞

1

σt+1

√
1 − ρ2

1(t)
exp

{
−

( y
σt+1

− ρ1(t)
x
σt

)2

2(1 − ρ2
1(t))

}
dy
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=
1√

2πσt

(∫ a1−ε

−∞

+

∫ a1

a1−ε

)
e
− x

2

2σ2
t Φ

( b1 − ρ1(t)
σt+1

σt

x
√

1 − ρ2
1(t)σt+1

)
dx, ∀ 0 < ε ≪ 1

△
=At + Bt.B ρ1(t) → 1 (t → ∞) '��C�

At −→ Φ
(a1 − ε

σ

)�
|Bt| ≤

ε√
2πσt

.p ε → 0, 7 (1) .J7s*`�
(2) �� a1 + b1 ≤ 0,

P (Xt ≤ a1, Xt+1 ≤ b1)

=
1√

2πσt

∫ a1

−∞

e
− x

2

2σ2
t Φ

( b1 − ρ1(t)
σt+1

σt

x
√

1 − ρ2
1(t)σt+1

)
dx

=
1√

2πσt

(∫ a1−ε

−∞

+

∫ a1

a1−ε

)
e
− x

2

2σ2
t Φ

( b1 − ρ1(t)
σt+1

σt

x
√

1 − ρ2
1(t)σt+1

)
dx, ∀ 0 < ε ≪ 1

△
=Ct + Dt.B ρ1(t) → −1 (t → ∞) '��C

Ct −→ 0, Dt −→ 0,�4�B t → ∞ '�
P (Xt ≤ a1, Xt+1 ≤ b1) −→ 0.�� a1 + b1 > 0,

P (Xt ≤ a1, Xt+1 ≤ b1)

=
1√

2πσt

∫ a1

−∞

e
− x

2

2σ2
t Φ

( b1 − ρ1(t)
σt+1

σt

x
√

1 − ρ2
1(t)σt+1

)
dx

=
1√

2πσt

( ∫ −b1−ε

−∞

+

∫ −b1+ε

−b1−ε

+

∫ a1

−b1+ε

)

· e
− x

2

2σ2
t Φ

( b1 − ρ1(t)
σt+1

σt

x
√

1 − ρ2
1(t)σt+1

)
dx, ∀ 0 < ε < a1 + b1

△
=Et + Ft + Gt.B ρ1(t) → −1 (t → ∞) '��C

Et −→ 0, 0 ≤ Ft ≤
2ε√
2πσt

, Ft −→ 0, ε → 0)
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Gt −→

1√
2πσ

∫ a1

−b1+ε

e
− x

2

2σ2 dx, t −→ ∞,

=Φ
(a1

σ

)
− Φ

(−b1 + ε

σ

)

−→Φ
(a1

σ

)
− Φ

(
− b1

σ

)
, ε −→ 0.�4

P (Xt ≤ a1, Xt+1 ≤ b1) → Φ
(a1

σ

)
− Φ

(
− b1

σ

)
, t −→ ∞.

(3) l���� I 2 Xt J/z�9�7P�! I W�/ D
a,b
N (χ, j), ^�	

D
a,b
N (χ, 2) =

N−1∑

i=0

{
I(Xi ≤ b, Xi+1 ≥ a) + I(Xi ≥ a, Xi+1 ≤ b)

}

D
a,b
N (χ, 3) =

N−2∑

i=0

{I(Xi ≤ b, b ≤ Xi+1 ≤ a, Xi+2 ≥ a)

+ I(Xi ≥ a, b ≤ Xi+1 ≤ a, Xi+2 ≤ b)

...

D
a,b
N (χ, j) =

N−j+1∑

i=0

{I(Xi ≤ b, b ≤ Xi+1, · · · , Xi+j−2 ≤ a, Xi+j−1 ≥ a)

+ I(Xi ≥ a, b ≤ Xi+1, · · · , Xi+j−2 ≤ a, Xi+j−1 ≤ b)}. (2)jx1` D
a,b
N (χ, 2) ' σ, ρ1 J�i�hp 1 '! χ = {Xt} 2/?	^m;�j� Xt ∼ N(0, σ2

t ),

σ2 = lim
t→∞

σ2
t ,

ρk = lim
t→∞

E(XtXt+k)√
E(X2

t )E(X2
t+k)

, a, b ∈ R1, a ≥ b,7
lim

t→∞

1

N
E(Da,b

N (χ, 2)) =






2
[
Φ

( b

σ

)
− Φ

( a

σ
,
b

σ
; ρ1

)]
, |ρ1| < 1,

0, ρ1 = 1,

2Φ
(
− a

σ

)
, ρ1 = −1, a > −b,

2Φ
( b

σ

)
, ρ1 = −1, a ≤ −b.

(3)
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 " (2) .PG
E(Da,b

N (χ, 2)) =

N−1∑

i=0

{P (Xi ≤ b, Xi+1 ≥ a) + P (Xi ≥ a, Xi+1 ≤ b)}

=
N−1∑

i=0

{P (Xi ≤ b) + P (Xi+1 ≤ b) − P (Xi ≤ b, Xi+1 ≤ a)

− P (Xi ≤ a, Xi+1 ≤ b)}.�4
lim

N→∞

1

N
E(Da,b

N (χ, 2))

= lim
N→∞

N−1∑

i=0

{
P

(Xi

σi
≤ b

σi

)
+ P

(Xi+1

σi+1
≤ b

σi+1

)

− P
(Xi

σi
≤ b

σi
,
Xi+1

σi+1
≤ a

σi+1

)
− P

(Xi

σi
≤ a

σi
,
Xi+1

σi+1
≤ b

σi+1

)}
."% lim

i→∞
P

(
Xi

σi

≤ b
σi

)
= Φ

(
b
σ

) ��Z 1,

lim
N→∞

1

N

N−1∑

i=0

P
(Xi

σi
≤ b

σi

)
= Φ

( b

σ

)
,

lim
N→∞

1

N

N−1∑

i=0

P
( Xi

σi+1
≤ b

σi+1

)
= Φ

( b

σ

)
."�Z 1 ��Z 2,

lim
N→∞

1

N

N−1∑

i=0

P
(Xi

σi
≤ b

σi
,
Xi+1

σi+1
≤ a

σi+1

)

=






Φ
( b

σ
,
a

σ
; ρ1

)
, |ρ1| < 1,

Φ
( b

σ

)
, ρ1 = 1,

Φ
( b

σ

)
− Φ

(
− a

σ

)
= Φ

( b

σ

)
+ Φ

(a

σ

)
− 1, ρ1 = −1, a > −b,

0, ρ1 = −1, a ≤ −b,

lim
N→∞

1

N

N−1∑

i=0

P
(Xi

σi
≤ a

σi
,
Xi+1

σi+1
≤ b

σi+1

)

=






Φ
( a

σ
,
b

σ
; ρ1

)
, |ρ1| < 1,

Φ
( b

σ

)
, ρ1 = 1,

Φ
( a

σ

)
− Φ(− b

σ
) = Φ(

a

σ
) + Φ

( b

σ

)
− 1, ρ1 = −1, a > −b,

0, ρ1 = −1, a ≤ −b.
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 41HW�B6�RZGB�B��"% χ = {Xt} 2/?	^�j��64bP�&
EJb4b [12]:

lim
N→∞

1

N
D

a,b
N (χ, 2) =






2
[
Φ

( b

σ

)
− Φ

( a

σ
,
b

σ
; ρ1

)]
, |ρ1| ≤ 1,

0, ρ1 = 1,

2Φ
(
− a

σ

)
, ρ1 = −1, a > −b,

2Φ
( b

σ

)
, ρ1 = −1, a ≤ −b.

(4)p a = b = 0, (4) .�W
lim

N→∞

1

N
D

a,b
N (χ, 2) =

1

π
cos−1 ρ1. (5)

(5) .2RZ 1 JH^��2 Cheng 3 [10] HJ7s�O�E (1) .�R 1 �!� E(Da,b
N (χ)) |�!� E(Da,b

N (χ, j)), j = 2, 3, · · · , N + 1,<�XQ!� P
{
Xi ≤ b, b ≤ Xi+1, · · · , Xi+j−2 ≤ a, Xi+j−1 ≥ a

}
. BF>

ρρρ =





1 ρ1 · · · ρn−1

ρ1 1 · · · ρn−2

...
...

. . .
...

ρn−1 ρn−2 · · · 1




.

ρi = lim
t→∞

E(Xt)E(Xt+i) (1 ≤ i ≤ n − 1) 2AR>'�!�2	_J��BF> ρρρ 2
iR'�!�2
'U~�y1J2�awP��6=S [a, b] �P�9�t (��M�
a = E(Xt) + ε

2 , b = E(Xt) − ε
2 , ε ≪ 1), +G�j χ t3= [a, b] �JQ�DX ('t3=

[a, b] TJQq�3� N → ∞), ! D
a,b
N (χ, 2) >M D

a,b
N (χ) 
&�;�

D
a,b
N (χ)

.
= D

a,b
N (χ, 2).7ZP�1` BCR ' ρ1, σ J�ox.	

lim
N→∞

1

N
D

a,b
N (χ) =






2
[
Φ

( b

σ

)
− Φ

(a

σ
,
b

σ
; ρ1

)]
, |ρ1| < 1,

0, ρ1 = 1,

2Φ
(
− a

σ

)
, ρ1 = −1, a > −b,

2Φ
( b

σ

)
, ρ1 = −1, a ≤ −b.

(6)H�M�B AR(P ) �j�2	^Z2/?	^'��	�Q�?b� (N → ∞),<�XQ�j=ChT�;��4�4'J	��$E�lr 1 t3= [a, b] T�<I�Tj� (6) .J*`��X% a, b J�E�
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4 adrf��2nr (ZCR) �}!q�i9 ρ1, ���}!b& σ2, 2=r#�}!q�i9
ρ1, ��}!b& σ2, GL\^2

(i) 9N Cheng[10] Jx.� lim
N→∞

1
N DN (χ) = 1

π cos−1 ρ1, 7 ρ1 J}!W
ρ̂1 = cos

( π

N
DN(χ)

)
.

(ii) O	 (6) .�℄!9E>��^�P�}! σ2.O8	
(a) �6}!2Jb}!�
(b) �6}!23'R ρ1 6= 1 JN-j�GJ��� ρ1 = 1, 7

lim
N→∞

1

N
E(Da,b

N )(χ, 2) = 0,b& σ2 b^}!� ` n w x
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The Band-crossing Rate of Pth-oraer Autoregressive Processes

WANG Xin† CHENG Ximing

(School of Science, Beijing Information Science and Technology University, Beijing 100192, China)

(†E-mail: bitimath@163.com)

Abstract Zero-crossing rate (ZCR) is an important research content in time series analy-

sis, and it is widely used in speech recognition, signal detection and other scientific research

field. So far, many statistical scholars have proposed a series of research achievements, such

as the relationship between asymptotic zero-crossing rate of 2th-oraer autoregressive process

and 1th-oraer asymptotic correlative function, and the relationship between the mean square

asymptotic zero-crossing rate and the characteristic roots of P th-oraer autoregressive pro-

cesses, etc. In this paper the concept of asymptotic band-crossing rate (BCR) of P th-oraer

autoregressive processes is introduced and the relationship between the asymptotic BCR

of 2 consecutive points and the 1th-oraer asymptotic correlative function is investigated.

In most cases, it brings about little error for taking the asymptotic BCR of 2 consecutive

points as the asymptotic BCR as long as the band is chosen narrow enough. Further the

links between the asymptotic BCR and the 1th-oraer asymptotic correlative function and

the variance are set up.
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band-crossing rate
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