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1 ���? 1959 �� Berge[1] H4b�p%*a-}℄H�=SOW (�U�/^ Berge�=SOW), �^,�hJ�?WD#'lmW.{hJ;H9?�Hvb�pX�HtH�R+�3�SdkWhX�HOWO�� Berge �=SOWH#;�n
x� 1.1 (Berge �=SOW [1]) % X 3 n _�6Q, Rn WH�� Y 3 m _�6Q, Rm WH�� u : X × Y → R 3^�H��S'# S : X → P0(Y ) ^��
P0(Y ) #0 Y WB.aQ��K� ∀x ∈ X, S(x) H.aQ���D�S'#

K(x) = {y ∈ S(x) : u(x, y) = max
v∈S(x)

u(x, v)}, ∀x ∈ X3!�^�H�H.aQV�S�p��OW 1.1 Wh,;�'#3�p�S'#�%�3!�^�HH.aQV�SH�S'#��0!�^��S'#H	"� Berge �=SOWHX���e��e 2016 � 5 < 10 �7D�2018 � 1 < 23 �7D�il�
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�pH.V�SH!�^�H�S'#3eO�S%�pX8�?�-FhX8�?3^�H��h,;S	3qOH�S'# 1997 ��
Komiya[2] 8o?.r_�6Q, Rn W�:bHphJ�T4H�HX8�?9?%�hX8�?S0zOHL�!`�SLX!`U�3}ÆH�Hp:�A��/^
Berge�=S�OW�KomiyaX* Berge�=S�OWKvb Kakutani*PMOW�A� Zhou[3] q4b Berge �=S�OWHf�p-8Kv� 2001�� Park Komiya[4]3 [2] .r_WH Berge �=S�OW:�Y}E��HZ�Q,W�%3�%*E�{[wH*PMOW� Brouwer *PM� Schauder*PM�Kakutani*PMOWJKv�

2016��2J [5] =℄ Berge�=S�OWH�tH�X* Nash ��OWQ7C4b Brouwer *PMOW� Kakutani *PMOW KKM "W�H{:�3&PH��^�\HKvR3-*PMOWYC4 Nash ��OW��xKv�8b4q� [5] Htjs(bH�mm� [5] �DEb Nash ��OW5?WD#!HWalras J�OW
(.�'#3�S'#>S'#) J{l�: [5] H�Y��f3X* Berge �=S�OW Nash ��OW�P�xB5AHMg�?�Q7Kv Von-Neumann "W�}!d*J/� Gale-Nikaido-Debreu "WHY}OWJ:��/-0�U:�3?s�HL/nFEH��7H{:�R3~H�
2 �n 8o�ir��{0�S'#H.{j�"W [6,7].x� 2.1 % X  Y 3_pZ�Q,� P0(Y ) #0 Y WB.aQ��K�
F : X → P0(Y ) 3�p�S'#� x ∈ X .

(1) / F ? x 3!�^�H���S Y WH��K� G, G ⊃ F (x), 9? x HKd6 O(x), - ∀x′ ∈ O(x) . G ⊃ F (x′);

(2) / F ? x 3n�^�H���S Y WH��K� G, G ∩ F (x) 6= ∅, 9? x HKd6 O(x), - ∀x′ ∈ O(x), . G ∩ F (x′) 6= ∅;

(3) / F ? x 3^�H��� F ? x &!�^�H/n�^�H�
(4) / F ? X !3^�H��� F ? X WHq�M&!�^�H/n�^�H�
(5) / F 3�p�'#��� F HW Graph (F ) = {(x, y) ∈ X × Y : y ∈ F (x)} 3

X × Y WH����� 2.1[7] �� F : X → P0(Y ) 3�'#� Y 3���D F �3�p!�^�H�S'#�x� 2.2[8] % X 3Z�Q,� f : X → R 3�p,S�?�
(1) / f ? x0 ∈ X 3!a^�H���SB.H x ∈ X , -F f(x0) < f(x), .

lim sup
y→x0

f(y) < f(x);

(2) / f ? X !3!a^�H���Sq�p x ∈ X R3!a^�H�
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(3) / f ? x0 ∈ X 3na^�H���SB.H x ∈ X , -F f(x) < f(x0), .

f(x) < lim inf
y→x0

f(y);

(4) / f ? X !3na^�H���Sq�p x ∈ X Rna^��
(5) / f ?M x ∈ X 63a^�H��� f ? x 6&!a^�/na^��/ f? X !3a^�H��� f ? X WHq�M x ∈ X Ra^��% 2.1 �� f ? X !3!a^�H�{p -f ? X !3na^�H�\O�0Z�% 2.2 q�p! (n) �^�H�?�3! (n) a^�H�\O*I�O.nY�% X = [0, 2], �? fi : X → R, i = 1, 2 O��n


f1(x) =

{

1 − x, 0 ≤ x < 1,

−1, 1 ≤ x ≤ 2;
f2(x) =

{

x − 1, 0 ≤ x < 1,

2, 1 ≤ x ≤ 2.���K f1 ? x = 1 63!a^�V*3!�^�H�? f2 ?3 x = 1 63na^�V*3n�^�H�ntq4 Berge �=S�OW Nash ��OW�x� 2.1 (Berge �=S�OW)[2] % X 3 Rn WH�� K : X → P0(R
m) 3H.V�SH!�^��S'#�{p9?�p^��? u : X × Rm → [0, 1], -F

(i) K(x) = {y ∈ Rm : u(x, y) = max
v∈Rm

u(x, v)}, ∀x ∈ X ;

(ii) ∀x ∈ X, y → u(x, y) 3}ÆH�x� 2.2 (Nash ��OW)[8] % N = {1, 2, · · · , n}3FW����Sqp i ∈ N , Xi3 Rni WaQHV��� fi :=
N
∏

i=1

Xi → R 3a^�H�� ∀x−i ∈ X−i, f(xi, x−i) {0 xi 3}ÆH��W −i = N \ {i}, D9? x∗ ∈ X, -F
fi(x

∗
i , x

∗
−i) = max

ui∈Xi

fi(ui, x
∗
−i), ∀ i ∈ N.�W x∗ /^'l Γ = (X1, · · · , Xn; f1, · · · , fn) H�p Nash ��M�

3 	ozpuÆ�|�ozpuÆ}!d*J/}�!d*J/?6W*PMWm�?WD#�'lm�RVm ,�JhJH�1W3p�.[HtH�irX* Berge �=S�OW Nash ��OW�E�?s�HL/nH�S�x� 3.1 (}!d*J/) % X ⊂ Rm 3aQ.<�V���S'#G : X → P0(X)^��� ∀x ∈ X, G(x) 3 X WHaQ�V�� ϕ : X × X → R ngnL/

(1) ϕ ? X × X !3a^�H�
(2) ∀x ∈ X, y → ϕ(x, y) 3}ÆH�
(3) ∀x ∈ X, ϕ(x, x) ≤ 0,
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 �ye�)d(� Berge �;R~NV3 Nash ��NV 283D9? x∗ ∈ X, - x∗ ∈ G(x∗) � ∀ y ∈ G(x∗), . ϕ(x∗, y) ≤ 0., ∀x, y ∈ X,g f1(x, y) = −‖x− y‖,p��f1 : X ×X → R ^��� ∀ y ∈ X, x →

f1(x, y) 3ÆH��3}ÆH�
∀x ∈ X, O� F (x) = {y ∈ G(x) : ϕ(x, y) = max

u∈G(x)
ϕ(x, u)}, - [8] WHOW 3.1,

F (x) 3aQ.<�V��� F 3!�^�H�>- Berge �=S�OW�9?^��? f2 : X × X → R, -F ∀x ∈ X, y → f2(x, y) 3}ÆH�� F (x) = {y ∈ X : f2(x, y) =

max
u∈X

f2(x, u)}.03irFE'l Γ = (X, X, f1, f2), rG [9] WHOW 4.1.2, 'l Γ �9? Nash��M�!9? (x∗, y∗) ∈ X × X, -F
f1(x

∗, y∗) = max
x∈X

f1(x, y∗), f2(x
∗, y∗) = max

y∈X
f2(x

∗, y).-
f1(x

∗, y∗) = −‖x∗ − y∗‖ = max
x∈X

−‖x − y∗‖ = −min
x∈X

‖x − y∗‖ = 0,8V x∗ = y∗. >-
f2(x

∗, y∗) = max
y∈X

f2(x
∗, y),8V. y∗ ∈ F (x∗), 03 y∗ ∈ G(x∗), F x∗ ∈ G(x∗), �

0 ≥ ϕ(x∗, x∗) = max
y∈G(x∗)

ϕ(x∗, y),! ∀ y ∈ G(x∗), . ϕ(x∗, y) ≤ 0. K��rGa^�5^�H{l�irFE��H}!d*J/�!3Ym 3.1.�� 3.1 % X ⊂ Rm 3aQ.<�V���S'# G : X → P0(X) ^���
∀x ∈ X, G(x) 3 X WHaQ�V�� ϕ : X × X → R ngnL/


(1) ϕ ? X × X !3^�H�
(2) ∀x ∈ X, y → ϕ(x, y) 3}ÆH�
(3) ∀x ∈ X, ϕ(x, x) ≤ 0,D9? x∗ ∈ X, - x∗ ∈ G(x∗) � ∀ y ∈ G(x∗), . ϕ(x∗, y) ≤ 0.q?ir3OW 3.1 B�bY}�FEnOW 3.2.x� 3.2 % X  Z R3 Rm WHaQ�V���W X �3.<H��S'# F : X → P0(Z) !�^��� ∀x ∈ X, F (x) 3 Z WHaQ.<�V���S'#

G : X → P0(X)^��� ∀x ∈ X, G(x)3 X WHaQ�V���? ϕ : X×X×Z → R3a^�H�� ∀(x, z) ∈ X×Z, y → ϕ(x, y, z)3}ÆH�∀x ∈ X, ∀z ∈ F (x), ϕ(x, x, z) ≤ 0,D9? x∗ ∈ X, - x∗ ∈ G(x∗), �9? z∗ ∈ F (x∗), - ∀ y ∈ G(x∗) . ϕ(x∗, y, z∗) ≤ 0., % U = co F (X), �W co F (X) #0 F (X) HV���N U 3aQV���rG
Berge �=S�OW�9?�p^��? f : X × U → [0, 1], -F

(i) F (x) = {z ∈ U : f(x, z) = max
u∈U

f(x, u)}, ∀x ∈ X ,
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(ii) ∀x ∈ X, z → f(x, z) 3}ÆH�O�'# g : X × X → R �n


g(x, y) = −‖x − y‖, ∀ (x, y) ∈ X × X,p� g ? X × X 3^�H�� ∀ y ∈ X, x → g(x, y) 3ÆH�8V3}ÆH�>F� ϕ : X × X × Z → R 3a^�H��7 ϕ ? : X × X × U → R �3a^�H�� ∀ (x, z) ∈ X × U, y → ϕ(x, y, z) 3}ÆH�03irFE'lx� Γ = (X, X, U, f, g, ϕ), rGOW 2.3, 9? (x∗, y∗, z∗) ∈ X ×

X × U -F
f(x∗, z∗) = max

z∈U
f(x∗, z), (3.1)

g(x∗, y∗) = max
x∈X

g(x, y∗), (3.2)

ϕ(x∗, y∗, z∗) = max
y∈X

ϕ(x∗, y, z∗). (3.3)- (3.1) OF z∗ ∈ F (x∗), - (3.2) OF
g(x∗, y∗) = −‖x∗ − y∗‖ = max

x∈X
−‖x − y∗‖ = −min

x∈X
‖x − y∗‖ = 0,8V x∗ = y∗. - (3.3) OF

0 ≥ ϕ(x∗, x∗, z∗) = ϕ(x∗, y∗, z∗) = max
y∈X

ϕ(x∗, y, z∗) ≥ max
y∈G(x∗)

ϕ(x∗, y, z∗),! ∀ y ∈ G(x∗), ϕ(x∗, y, z∗) ≤ 0, R+��a x∗ ∈ G(x∗). eD�� x∗ /∈ G(x∗), D.
ϕ(x∗, x∗, z∗) > 0, 5L/oT�039? x∗ ∈ X, - x∗ ∈ G(x∗), �9? z∗ ∈ F (x∗), -
∀y ∈ G(x∗) . ϕ(x∗, y, z∗) ≤ 0. K��% 3.1 ��OW 3.2 W*��S'# G, �g ϕ(x, y, z) = 〈z, x − y〉, �CL/�i�D ∃x∗ ∈ X, ∃ z∗, - ∀y ∈ X, . 〈z∗, x∗ − y〉 ≤ 0, 8V 〈z∗, y − x∗〉 ≥ 0. H3}�!d*J/�!3Ym 3.2.�� 3.2 (}�!d*J/) % X  Z R3 Rm WHaQ�V���W X �3.<H��S'# F : X → P0(Z) !�^��� ∀x ∈ X, F (x) 3 Z WHaQ.<�V�� ϕ = 〈z, x − y〉 ? X × X × Z → R 3^�H�D9? x∗ ∈ X, - z∗ ∈ F (x∗) �-
∀ y ∈ X . 〈z∗, y − x∗〉 ≥ 0.% 3.2 ��OW 3.2 W*��S'# F , �*Mj!` z, ∃x∗ ∈ X, - x∗ ∈ G(x∗),� ∀y ∈ G(x∗), . ϕ(x∗, y) ≤ 0. H3}!d*J/��/�OW 3.1.% 3.3 OW 3.2 T�b}!d*J/}�!d*J/�V}!d*J/}�!d*J/d$j^OW 3.2 HFY�
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4 Von Neumann��
Von Neumann 0 1937 �H4b Von Neumann "W��O- Kakutani *PMOWC4�V1,!�- Von Neumann"W�O�Y4 Kakutani*PMOW�. [6]. �7�

Von Neumann "W5 Kakutani *PMOWu�J+�q?**RH_[�q4f�pKv�x� 4.1 (Von Neumann "W) % X ⊂ Rm, Y ⊂ Rn 3_paQ.<�V��
E, F ⊂ X × Y 3_paQ���ng

(1) ∀x ∈ X, {y ∈ Y : (x, y) ∈ E} 3aQV��
(2) ∀ y ∈ Y, {x ∈ X : (x, y) ∈ F} 3aQV��D E ∩ F 6= ∅., ∀x ∈ X, G1(x) = {y ∈ Y : (x, y) ∈ E}, D G1 : X → P0(Y ) �Ob�p�S'#��K G1(x) 3���.<��7^V����Ww Graph (G1) = {(x, y) : y ∈ G1(x)}^���/-0 Y ��y�S'# G1 3!�^�H�rG Berge �=S�OW�9?�p^��? f : X × Y → [0, 1], -F
(i) G1(x) = {y ∈ Y : f(x, y) = max

u∈Y
f(x, u)}, ∀x ∈ X ,

(ii) ∀x ∈ X, y → f(x, y) 3}ÆH�
∀ y ∈ Y, G2(y) = {x ∈ X : (x, y) ∈ F}, D G2 : Y → P0(X) �Ob�p�S'#�RWOK G2 ^V����3!�^�H�rG Berge �=S�OW�9?�p^��?

g : Y × X → [0, 1], -F
(i) G2(y) = {x ∈ X : g(x, y) = max

v∈X
g(v, y)}, ∀, y ∈ Y ,

(ii) ∀ y ∈ Y, x → g(x, y) 3}ÆH�03irFE'l Γ = (X, Y, f, g), -0 f, g ^��D�a^��rG Nash ��OW�9? (x∗, y∗) ∈ X × Y -F
f(x∗, y∗) = max

y∈Y
f(x∗, y), g(x∗, y∗) = max

x∈X
g(x, y∗),�7�y∗ ∈ G1(x

∗), ! (x∗, y∗) ∈ E, x∗ ∈ G2(y
∗), 8V (x∗, y∗) ∈ F . y E ∩F 6= ∅.K��% 4.1 OW 4.1#vb Nash��OWOC4 Von Neumann"W�V Von Neumann"W5 Kakutani*PMOWJ+�/rG [5], Kakutani*PMOW5 Nash��OWJ+��7 Nash ��OW5 Von Neumann "WJ+�

5 Gale-Nikaido-Debreu�����|v�
Gale-Nikaido-Debreu "W3?WD#WH
�WmO�� 1952 � Arrow-Debreu%*}�'l��MH9?�Kvb��J�H9?��! WalrasJ�OW��3 Gale-

Nikaido-Debreu "W [9]. ntirX* Berge �=S�OW5 Nash ��OW�Q7C
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T : X → P0(Y ) 3�p!�^�H�S'#�� ∀x ∈ X , T (x) 3aQ.<�V��
f : X × Y → R a^�� ∀ y ∈ X , x → f(x, y) ? X !3}ÆH� ∀x ∈ X , ∀ y ∈ T (x),. f(x, y) ≤ 0, D9? x∗ ∈ X , 9? y∗ ∈ T (x∗), - ∀x ∈ X , . f(x, y∗) ≤ 0., % U = co T (X), �W co T (X) #0 T (X) HV���N U 3aQV���rG
Berge �=S�OW�9?�p^��? g : X × U → [0, 1], -F

(i) T (x) = {y ∈ U : g(x, y) = max
u∈U

g(x, u)}, ∀x ∈ X ,

(ii) ∀x ∈ X, y → g(x, y) 3}ÆH�f�_t� f : X × Y → R 3a^�H��7 f ? : X ×U → R �3a^�H��
∀ y ∈ Y, x → f(x, y) 3}ÆH�03irFE'lx� Γ = (X, U, g, f),rGNash��M9?�OW�9? (x∗, y∗) ∈

X × U, -F
g(x∗, y∗) = max

y∈U
g(x∗, y), (5.1)

f(x∗, y∗) = max
x∈X

f(x, y∗), (5.2)- (5.1) OF y∗ ∈ T (x∗), R+. f(x∗, y∗) ≤ 0, - (5.2) OF ∀x ∈ X, f(x, y∗) ≤

f(x∗, y∗) ≤ 0. K��7a�X*"W 5.1 C4 Gale-Nikaido-Debreu "W�
Gale-Nikaido-Debreu �� %.��S'# ζ : P → P0(R

l) ? P !3!�^�H�∀ p ∈ P , ζ(p)3 Rl WHaQ.<�V���ng�Walrask
∀ p ∈ P , ∀ z ∈ ζ(p),. 〈p, z〉 ≤ 0, De-�UJ�+n�9?�!9? p∗ ∈ P , 9? z∗ ∈ ζ(p∗), V z∗ ≤ 0., g X = P , Y = Rl, ∀ p ∈ P , ∀ z ∈ Rl, O� f(p, z) = 〈p, z〉, D f : P × Y → R^��8V3a^�H� ∀ z ∈ Rl, p → 〈p, z〉 ? P !3ÆH�8V3}ÆH� ∀ p ∈ P ,

∀ z ∈ ζ(p), . 〈p, z〉 ≤ 0, "W 5.1 H*%L/�R0Z�-"W 5.1, 9? p∗ ∈ P , 9?
z∗ ∈ ζ(p∗), - ∀ p ∈ P , . 〈p, z∗〉 ≤ 0.�nUKv z∗ ≤ 0. *\K[�% z∗ ≤ 0 *0Z�D9?y i0, - z∗i0 > 0. g
p = (p1, · · · , pl), �W pi0

= 1, A i 6= i0 +� pi0
= 0, D p ∈ P , V 〈p, z∗〉 = z∗i0 > 0, oT�K��

Gale-Nikaido-Debreu ��t�}x� % P ⊂ Rm, Q ⊂ Rn 3_paQ.<�V�� f : P ×Q → R ^��� ∀ q ∈ Q, p → f(p, q) }VH��S'# S : P → P0(Q) !�^�� ∀ p ∈ P, S(p) 3aQ�V��� ∀ p ∈ P, ∀ q ∈ S(p), . f(p, q) ≥ c, D9? p∗ ∈ P,9? q∗ ∈ S(p∗), -F ∀ p ∈ P, . f(p, q∗) ≥ f(p∗, q∗) ≥ c., % U = co S(P ), �W co S(P ) #0 S(P ) HV���N U 3aQV���rG
Berge �=S�OW�9?�p^��? g : P × U → [0, 1], -F

(i) S(p) = {q ∈ U : g(p, q) = max
u∈U

g(p, u)}, ∀ p ∈ P ,
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(ii) ∀ p ∈ P, q → g(p, q) 3}ÆH�
∀ p ∈ P, ∀ q ∈ U, % h(p, q) = −f(p, q), D h ? P × U !^��8V3a^�H��
∀ q ∈ U, p → h(p, q) 3}ÆH�03irFE'lx� Γ = (P, U, g, h),rG Nash��M9?�OW�9? (p∗, q∗) ∈

P × U, -F
g(p∗, q∗) = max

q∈U
g(p∗, q), h(p∗, q∗) = max

p∈Q
h(p, q∗),B�� q∗ ∈ S(p∗), 03. f(p∗, q∗) ≥ c./-0

h(p∗, q∗) = −f(p∗, q∗) = max
p∈P

−f(p, q∗) = −min
p∈P

f(p, q∗),�7 f(p∗, q∗) = min
p∈P

f(p, q∗), B� f(p, q∗) ≥ f(p∗, q∗) ≥ c. K��
6 ��

Nash ��3a�j'lh
�Hj�O�����Sn�ir-=℄at�dkWH�{_[�*PMWm� Ky Fan *J/��=SOW�!d*J/JtHJUKv'lmW Nash ��MH9?��V?�fW�=℄ Berge �=S�OW Nash ��OWQ7C4b�{at�hJH:�� Von Neumann "W�}!d*J/�}�!d*J/� ?WD#WH Gale-Nikaido-Debreu "W Y}OWJ�f[�8�fHKv�1WO�L4�?6W!�^�H.aQV�H�S'#+�Mj Berge�=S�OWO�3.{hJ`�^�pX8�?�\\O�-�{hJHKv!Fs-8�"�� �fjFk|�Z=2159HEm�℄�R+k|'m^(H�.1�� q � � �
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An Inverse of Berge Maximum Theorem
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Abstract By constructing an appropriate payoff function, quasi-variational inequality,

generalized variational inequality, Von Neumann Lemma and the extension of Gale-Nikaido-

Debreu Lemma, can be derived from Nash equilibrium theorem, with the aid of the inverse

of the Berge maximum theorem. Moreover, an important method is provided that an upper

semicontinuous and convex compact set-valued mapping problem is converted into a binary

function. Our results and proofs are all new.
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