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Wit (T, 1) = Wy (2, 1), x €(0,1), t>0,

we (0, 1) = qu(0, 1), t>0,

w(l,t) = u(t), t >0, (1.1)
w(z,0) =wo(x), wi(z,0)=wi(z), 0<z<1,

y(t) = w(0,1),

Horb, w AR,y AR, (wo,wi) MVHIRRE. X ¢ =00, FEER
fEx=04BH, 7 v=1 @S EBRKEE. 2 g # 0B, HBLFKMHN Robin
BMFFAM, FRE v = 0 F—DRAMIBHKB TIER. 2 ¢ > 0 ERRIZE AR
J15 g <0, R (L1) (u=0) ZLHFIAREEN, HHERZIERFEAR
. EZY PR (1], BRSNS IZ R R ERERZ TR TIZ M,
mn [2-5] F5E. (1] 2T Backstepping 197 ERI T RGE (1.1) Zk~ 50 340 57 3 B2 AL
A3 2016 4 5 A 25 HIEF]. 2017 48 117 28 HUEHEUH.
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Rty Hh R R A% . SC (6] FIRAHIE B it 7 H B B s R AL 88 i i S i
fiil#F. Backstepping B AE N 7 R A2 & Ly W E 20 W [7-9]. TR
BEHRIFAWMAEF AL, A ESCEREEF OB SR S SRR E 8. &L, (10, 11]
F R RFAEZR (1 7 25 UERA T — 285 BOE SR (1 30 S UL B % 9 R R AR IR Bh e fa g . b —
B, [12] BT 8 A A AR R A S A [ L 00 g — 4R B B AR MR IR AE
B S0 Ay g % B )R] A AR O B, AR T PHER R G B A B B 43 1 A 2% 50F B SE 36 2 1Y
FRBNRAM, JFi% S E BN RS HR W REZRHEAT T 204, XF A RIRF AL, [13]
o, 380 1 S g 3 FE o B R i P R BRI R R T R 2 S RS, R, [14] b
W T —MF i LB R AR EW I E, RIS RGN R3S R 4
HEAGIE MG RGEHITRE.

e PL AR, ASCHETE T — AN 1 I 2 AL B ) B B AP A AR R 4T (1.1)
FaE. HFRAERA LS H—Fah s, X 5H0EE 1N BT 0 3h, A SORH
BEN REHRRN — T EATORE.  BHRT AR — B Xl 7 R SR A S B Wi A2 I
[15]. 3 [16] M fE &, FATATLI R RS (1.1) Bitan T 5 s

u(t) = az(1,t),

HftaeR, z(x,t) WL
zi(z,t) + z5(x,t) =0, z € (0,1), t>0,
2(0,t) = w(0,1t), t >0,
z(x,0) = zo(x), 0<z<1,

XH z0(z) RFEICEOWE, HilEMBERM wo(0) = 20(0), wo(1) = azo(1). A
RENRG (11) AR RFEWT:

Wi (x,t) = Wwee (2, 1), z € (0,1), t>0,

wy(0,t) = qw(0,t), w(l,t) =az(1,t), t >0,

zi(x, 1) + 2z(z,t) = 0, z € (0,1), t>0,

2(0,t) = w(0, 1), t>0, (12)
w(z,0) = wo(z), wi(z,0)=wi(z), 0<z<1,

z(x,0) = zo(x), 0<z<1.

[16] A 3 LB it I REAS (A5 R SE (1.1) FEAT IRAGIT R AR E . BIFE o = 5
T, RS (1.2) AIRWIEFRE. HA5RRWIAUUE i 1 A7 B i th B it REAS 3 7 72
FRORRE. AXHEAARPITES T RE (12). #E—%, R THRAZSH ¢ WA
o, P S AR o (3 AR GEHE ROR U I Y BUE T L

ARSCHE BN T RN RS (1.2) EAT0A. oG, Ed A Hi R R A —4
FRM RS, HR, FIAETLREFLSA Riesz ZEM 71, F RG0S EEGIIE.
=, i T ERFEEFRE NG o WIETERE. K5, B, FKR%
(18 R AR E YEROIE . BeJR, BUERE— Ik T 458 L.
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2 T|MRGHH

HEATHIAF RS (1.2) F

w(0,t — x), t>x,
z(x,t) = { (2.1)
zo(z —t), t<uwm.
Fx b, FBWT R
Zpu(,t) = Zyi (2, 1), z € (0,1), te(0,00),
{ Z4(0,t) = —w(0,1), t €0, 00),
Z(0,t) = w(0,1), t € ]0,00).

F# Z(x,t) FEXIF 2 € (0,1), t € [0,00) LHEX, T Z(x,t) B t € (—1,00) W2
Zpo(,t) = Zyy(z,t), 2 €(0,1), te(—1,00),
{ Z.(0,) = z}(—t), te[-1,0),
Z(0,t) = zo(—t), te[-1,0),
Horf 2 R 20(2) KT 2 FEC W Z(2,0) ZERX Q = {(z,1) : x € [0,1], t € [0,00)}
EwyfEA

w(0,t — ), t>x,

Z(x,t) = z(x,t) = {

zo(z —t), t<uwm.
ZS
w(z,t) = w(z,t) — aZ(x,t), (2.2)
We(x,t) = wi(x,t) — aZe(x,t). (2.3)

B o =0 W, BATH @(0,1) = w(0,t) —az(0,t) = (1 — a)w(0,t), t > 0. FIk 2(z,t) EE N

{ ! w(0,t — x), t>x,
2(z,t) =4 1—a (2.4)
zo(x — t), t <z
M (2.2), (2.3), (2.4), &S (1.2) &K
{Dtt(x,t)—ﬁ)m(x,t):(), x e (0,1), t>0,
@,(0,1) = 1%’@{5(0,15) + 3 fa@t(o,t), >0,
w(l,t) =0, t>
w(z,0) = wo(x), We(z,0) = w (z), 0<x <1, (2.5)
zi(z,t) + 2z (2, t) =0, z € (0,1), t>0,
1
Z(O,t) = mw(o,t), t> 0,
2(z,0) = zo(x), 0<z<1,
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XH

wo(z) = wo(z) — aze(x), wi(z) = wi(z) + azj(x), 0<z<I.

oo £ 1R, S (2.4) TTLAEE]
1

w(z, ) = @z, 1) + a{ LIS (2.6)
20(96 —t), t <.
wi(2,1) :ﬁt(;v,t)—i-a{ LU 2.7)
—zo(z —t), t<uw.

B, AT B RS (2.5) KW E RS (1.2) By R P AR RE 1.

2.1 H¥E
LA X = Hp(0,1) x L2(0,1), Ferft Hy(0,1) = {f(z) € H'(0,1)|f(1) = 0}. & X5¥
T A D(A) — X W

{ Alf.9)=(9.1"),  V(f,9) € D(A),
D(A) = {(f,9) € (H2(0,1) x HE(0,1)) N X[F(0) = = (0) + 7
WRSE (25) @ WAHE X TS TR e

Z(t) = AZ(t),t >0,
{ Z(0) = Zy.

KE Z(t) = (@(-, 1), We(,1)).

531 HgeRg#Fa— 10, A FEENE X EWERT, FI A REERH
2 o(A) = 0p(A), 0p(A) A A BIARIE(E HRZ LA faf BLAY .

it XFV(f01) € X,/ A(f,9) = (9, f7) = (fr.00), 775

o(z) = fi(x), ﬂ@—@+GmﬁKAszM%

2EpuR, S SLAEIRER
1 ry
__a g
{Clq+1a10 q+1_a//glsdsdy

1—
Cy = ¢ ¢ //91 ) dsdy.
a—1 a—1—g¢q

F A X — H?2(0,1) x H'(0,1) f#78. H4E Sobolev Bk A EFE 19, A1 f£ X B R
B, WM o(A) =o0,(A) BERAERMAEER 12, JELE.

EE1 HageRHa#1 ¢g#a—-10, AERT—1 X BB Co- FHE.
D(A) = X. MFAEBWEFTER (o, 1) € X, REE (2.5) F (0, w,) FAEME—H i
W (@(-,-), we(-,-)) € C((0,00), X). #E—2, K (wo,w1) € D(A) B, (w,w;) BIETE
(W(+, ), we(+,+)) € CH0,00; X) N C(0,00; D(A)).
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i EX X ERRED

!/

1
((f1,91), (f2,92))1 = | (@) fi(x) + g1(z) g2
1
+6/(Lﬂwﬁ@EX5+m@ﬁﬂ5Nw+h@ﬁ@1

(x)dx

HA (f1,91), (f2,92) € X, max {0, afi((; 11))2} < B <1 1R

Wﬁmﬁz(bﬁﬂéIﬂ@F+U%M%m+ﬁ®ﬁ?®

5 5 AIE A S PR R
MFERH (f.9) € D(A), 4
(A(f,9), (f:9))1 = (g, f"), (fs9)h
1 1
—1;¢WHIB+f%mRBax+ﬁA<1—w@%maa+f%M?Gmdw

+9(0)£(0),
it
Re(A( ). (7))
—re( @l + 90 - LV ORN B Fyne s payeas
+ Re(g(0)7(0)
= L Re(f(0)500)) OF = 2190~ 2| =L 70) + 2900
+5 [ @) +17 @) ar + Re(o(0)TO)
=2 [l + @z = 8O + 52RO - 55O
o
51=%(2%a+6+6%) 522—(1(1(+m+1, 53=2(1ﬁ32a)2.

szﬁﬁmax{oafiiz? }<B <L 6 >0 #F g#£0FH G >0 &

€= ‘5 >0, FH Young AZEFRFN Holder ANZERFH

Re(A(f.g). (f:9)1
_5/|g 41 de— (61— 18219 19O + (22— 5,) o)

2|
<5+ 8) [Co@ 1 ae
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FEMAELE M =5 + 120 550/ - g) f#i78

# =0, (2.9) BARIL. H (29) T A M REEBGIT. B3I 1 TH, ARE
AT, AL BRI M € p(A). B Lumer-phillips E# (W [17, 102 T1)) W15
A= M HERT = Co- BBE. HUHE Co- LRENH RSN EH (17, 65 T1)) WA A4 X
EART A Co kB BEMTY g 4 a— 1B, MTFEEMGERE (G0, 0) € X, REH
EME—MRRIEE ((1), @0 (, 1)) € C((0,00), X). FEH,

2 B
THEEAIX RS (2.5) F @ HEATE .
I 2 Al 28) 4. Rikq#a—1, M 0#XNco(A) =0,(A) BHNHEE
AR ET R AN = 0. AN H (2.10) 52 X
ik B AMFET R A(f,9) = Mf,9). Bt g(x) =Af B f #2

f'(@) = X f(x),

F1(0) = T F(0) + T—g(0).
F(1) =o.
HTT T X o A R A
AN = A+ @) + (A —2a\ — q)e > = 0. (2.10)
TEE.
5138 3 4 C FRE B
min {[¢* ~1|[z€C, |/ =, 0<r<;} e — 1),
it & z=x+iy, r= a2 +y2, P(z)=|e? —1|2*e —2cos(2y)e®® + 1. Fk—
ek, BITAEE y>0. EE re(0,3), % p(a) =e' —2cos(2vr? —22)e* + 1. A

IEH p(x) & [—r, r] EAYRATEIERER . X p(x )ﬁ%?ﬁ

pV(z) = 4e2® (ezm —cos(2Vr? — a?) —

—— sin(2 r2 — x2))
r?—ux

FIRAT RBAE [—r,r] LR RERIT
. o~ (20)F
e —1 -2 = Z o

k=2
oo 92k (2 _ 2k
1—cos(2vrZ—2%) =Y (-1)*~V (EQk)'I) :
k=1
& 92k+1 4 (T —:E2)k
2z — sin(2vr? — x (k D
e/ Sy P
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XF e 0,r], BRA pV(z) > 0; X F 2 € [0, H

2 3 2 _ .2 2 _ .22 3o(p2 _ 2
1) (2x) (2x) 4(r* —a2%)  16(r* —z) 2%x(r® — x®)
p(x) > 51 + 30 + 51 1 + > 0.

E

SI38 4 47 HEH, o 5B, ANREEMAMECREEIHERZR A

1 1
)\k:—ln|2a—1|+k’ﬂ'i—|—0(—), Ii| — oo,
2 |k (2.11)
Fi(z) = (fe(2), M fr(2))-
Horr X
k, a> -,
W= 1 ?
k+ = S kez
+ 5’ a < 3’ € 4,
fk(x) — e)\k(lfm) _ e*)\k(lfm)
1
= Ky (1 — @) cos(k'n(1 — z)) + iKa(1 — z) sin(k'm(1 — 2)) + O (W) Ik — oo,
Ki(z) = [2a — 1|2 —|2a — 1|73, Ko(z) =|2a — 1|2 + |2a — 1|7 %.

i AT RE] AMAETCHEEM T, RIOZBAMEE. 280 cREL o # 3, a # 1
i, 4 FO) =6 —2a+1, GO\ = 245 % |AN = r < § B, AT 3 4

PO+ AN = |20 = 1)(22* = 1)] > [20 - 1]]e” 22N — 1,

TAETH K > 0,2 |k > K B, 1A [GOw +AN)| < 200 e 1 h 5k ey
. FEHPEER ANTER AN =7, re <3 H [2a—1|1—e1)2r, = C% B,
#

GO\ + AN)] < [2a = 1](1 — e H)2rg < [(2a — 1)(el 722N = 1) < [F(\ + AN)|

ACSL. H Rouché H: [N > [Ag| B, FEHHFXE Up = {X: A= X| < 7} b,
FA) + GO\ MEEANEE FO) ME. a=180, ZRBR. Hit, AMNKRLEHERE
WHBEFRRHN M = $1n |20 — 1 + K'mi + O(), [Nl — oo, AHRLEYATE T B3 7 75
(2.11). JEEE.

S SCBERET (K R w(A) = nf Hogllet|. T At EF S(A) := sup Re.

A€o (A)
RE2 ®atl/2 qta— 18,

L AMARMEERARBE RN, AM—47 FFERE {on ez BB X B —4] Riesz
i, AHE 2= Cuor, Vze X, HIFEFE c1,c0 > 0 15

kez
2
2 2
c < < .
1 § |Cx|” < H E Ckfkal <e g |C|
kez kez kez
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2. w(A) = S(A). Hitt, ¥FEZEH >0,

Tz =Y Cpe'ey. (2.12)

keZ

i AE X = HL(0,1) x L2(0,1) T EHT A:
{ Af,9) = (9.1),
D(A) = {(f.9) € X|A(f,9) € X, J(0) = —3—g(0)}.
H [19] FIXE R AETCH { Fu(@) ez AA—41 HE(0,1) x L?(0,1) B Riesz %
N, = %m 120 — 1| + K'mi,
Fi(w) = (fu(@), A fi(w)), (213)

ﬁ(;p) = e)‘;c(lfz) — e*A;c(lfz)_

B {F(2) brez AR —41 HL(0,1) x L2(0,1) 1f4 Riesz %.
K (211), (2.13) FFAEERH M > 0, 78

o0

S IR - Bl < 3 5 < oo

M+1 M+1
X HILH AR AR R AL, RS FE 3 F (18] e 6.3 Il FAEREL My > M
FA BT SRR E { P (2) 117, B8 {Fr(2)}35, 11 U {Pk() 17 RBP4 AL X
(f)—2H Riesz %, ARHE [19, FH 2.2) W @M 2.1 84, I EMAHE. 5.

AT A BIATEAE R SE35.

S5 # qg> -1, ZHWRE 0 < a < min{l,q+ 1}, a # % MFEEEE m >0
fFi5 Re N, < Mm=5ay < 0. Fq< -1, XFEE M eo(A) F m >0, NFFE o #15
Re), < —m %L

ik A BAGEE M X RAETCH 2 -

£1(0) = 1fafk(0)+ 1ia/\kfk(0), (2.14)
fr(1) = 0.
5 fu(x) %€ X RAERBAR
AN fe(@)2 =~ (01 = —— Al fu O — [ f(@)]2.

1—a 1—a
B fx(@)] = 1, MHZENF
{ 2(Rey ) (Imhy,) = —ﬁ(lmxk)m(om,

((Redi)? = (my)?) = =17 |fu(O)2 = 7= (ReA)If(0)* — | ()1
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A E

_ 2
{ a|f7€(0)| 7 Im )\ 75 0;

(2 —2a)
—a 2 a 2 9
[ () s h 0+ @) /2 a0,

TIEFAER R mo > 0 15 | fi(0)] = (e —e )| > mo M FAEE k € Z BOL. BRFE
A {73 [ £(0)] = 0. W Re A, = 0, Tm Ay = br, b —4E%0. @3t (2.14) ALABE] f(2) =0
T JE. @it Cauchy-Schwarz R, FATRE] T2 12(0) < 725 f2O) + | f(@)]3, k € Z.
B EACN (215) A[fEE ¢ > -1, WH 0 < a < mln{l q+ 1} HEFETE m > 0,
ReAw < mg=gey < 0. # ¢ < =1, MW RIATFLE o % 7502 < 0,0 <a < 1. IEH.

Re)\k =

3 HHRREHEEMEFRRE D

TS RIASFRSE (12). & XAFE = {(f,9.h) € H(0,1)xL2(0, 1)< H'(0, 1) /(0) =
h(O). ah(1) = (1)} 5T A D(&) — H,
A(L.g.h) = (0.1, ~1), ¥ (f.g,h) € D(A)
{ D(&) = {(.9.h) € ElA(f..h) € B, £/(0) = af(0)},
MR (1.2) W5 R0 F R
(o), w1 1), 2 1)) = Al 1), (- 0), 2(,0).

EIE 3 4 H 2 Hilbert 250, AWMEEN. ¢#a—10, MAAEH EAR—
MNCo-HBET. ZH qg>—-1, B 0<a<min{l,g+1}, a # 1/2. WFEFEE m >0, C >0
15 T <Ce™, t>0. #F ¢ < -1, N FHEFE a e R R |Ti| — o0, t — .

i XFEEE (wt),we( 1), 2(,t)) € D(A), B (2.1), (2,2), (2.3) HHFTH
(w(-,t), we(-,t)) € D(A). EHItL, HFEH 2 A[HY ¢ #a—1, a #1/2 B, RE (2.5) F
W T AFAEME— IR ((@(-,-)), Wi (-, ) € CT(0,00; X) N C(0,00; D(A)) HATERIE NI

w(0,t) € HL_(0,00). &

foc
w(z, t) = i(x,t) + az(z,t),  wiz,t) = Bz, t) + az(z, b).
i (24) R (w(,t),we (1), 2(,1) R (1.2),
(w(:,t),we (), 2(+, 1)) € C(0, 00; H).
MR (2.12) RS FARLG (1.2) f#H 2
lw(,t),we (), 2(, )l < Ll (w(-, 0),we (-, 0), 2(,0)) [me™*, V¢ >0.

L HMSLTF ¢ MIEFE, o= w(A). HEEIE 1 IEWTTERE p(A) # 0. #E—H,
BT D(A) 76 H 8%, A7 H EAER—A Co- BB P #F g> -1, M0<a<
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min{l,q+1}, a # 3, REE (2.5) MRISBIEN. dTIH 5 TR/, # ¢ < -1, N FEE
a € R, R |Tt|| — oo, t — oco. JEEE.

4 HERHM

AT, FATET matlab F] AR ZED 7 BRI ARG (1.2) #EATEUERI R
U RGERRRE . 2 A2 A R] 254 20 3 B 0.005, 0.0025. it ZEMANIRE N ¢ =
—0.3, a =04, wy = 2% -2z, wi(z) = 20(x) = 0. RENLFHICH w(z,t), 2(x,t), ZEEH|H
) RGERBAUINE 1(a), (b), AR REFRIME 2(a). KE 2 (b), (c) TUAEFI RS
AR ASFIAE R WL 0. (5 FLE5 Rt — 2P Ik T A4S H (9 24518 L.

wix,t)

(a): ZEHIEY w(z,t) (b): 2(z,t)
1 R (14) HELR

~\\‘ ) 005 A“ a 2
‘ ‘\ > 00 002
\ \.. 04 v 004
(a): FZHHI w(z,t) (b): w(x, t) KHE 0 (c): bl u(t)

2 R4 (L4) HEAR
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5 &RiE

ARSCEIL T —AF TR (R (L 0 AL S5t 00 4y ef i Sz 5 2 1 i A it e — AR AN B8
5. RIE TR, MR RGN EE SNSRI, EdF AT
REEIR K Riesz ZEHJ7HE, REMEEEGIEN. #E—8, ASCEW T %5 %
ARG BARE, 4 XN B 2t o (9 HUETEH.
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Stabilization of a One-dimensional Wave Equation Based

on Boundary Displacement Observation
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Abstract In this paper, the stabilization of a one-dimensional wave equation with non-
collocated observation at its unstable free end and controller at another end is considered.
A novel output feedback control law with a constant time-delay only based on boundary
displacement observation is proposed. The well-posedness of the close-loop system is proved
by using operator semigroup theory and Riesz basis theory. The condition which guarantees
the exponential stability of the closed-loop system can be determined. The result’s relevance

is illustrated with a numerical simulation.
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