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2017 LAD96V0
o�va�}�k��,�m�["8�0W�L&Z$��n
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(1) �0QW�}��^ÆObEAs|�
(2) �y�`�wEA�aWX�t�
(3) s|�[2�`W�p�[
F�+�aWX�t�
(4) ,3�oW�`[�EA�aWX�t�14j�p�`�}W}K��yG�kW�i"#j�p�`pz5W#℄�jL�o�p�`��+WDUa*>%Hb�Nyr���/`Ye�o [1,2] -�QYe�o [3]. Hgyrb�A/~R*� (hazards function) ���oW [4,5]. M�A���p�`�}��)/�`W�Y*� (means function) �~R*��+�YWm�F���A��G�℄aA/�Y*�>�5*� (rates function) ��o [6]. �m�yW,hxo�0k�Gj�p�`�}�%�/��o [8], #P6wG:j�mb"#W�v_-��o"T�X*=�Ea�A�/��oy;��+WDUgÆ�yW�Xt�5�o [9−11] -:t�5�o [12−14].YvA�g�[E��1W�,�+ n��\��,[�X5�W�vN∗

i (t)=[ i��,A�� t!w��`WB��AGk��Q!'a�t�A+VW�[E��1�,��A N∗
i (t),
F8f�1�O[ i�,Ws|�[= Ci,v Ni(t) = N∗

i (t∧Ci),

Yi(t) = I(Ci ≥ t), Ua a ∧ b = min(a, b), I(·) =�t*��v Zi(t) %� p >i"#$<a#�*YvAÆa Zi(·) /`O�s|�[ Ci 2 N∗
i (t) X5��G

E[dN∗
i (t)|Zi(t), Ci > t] = E[dN∗

i (t)|Zi(t)], t ≥ 0,j/:t�5�o Lin D Y, Wei L J X*>%�p�`W�/�:t�5�o [2]:

E{dN∗
i (t)|Zi(t)} = exp{β′

0Zi(t)}λ0(t) dt, (1.1)Ua β0 � p >�T;�/�a#� λ0(·) =�TA��5*��j/Xt�5�o� Schaubel X�y%�p�`�/�
X�5�o [15]:

E{dN∗
i (t)|Zi(t)} = β′

0Zi(t) dt+ λ0(t) dt, (1.2)

Liu Yu Tao, Sun Liu Quan, Zhou Yong *>�p�`�}O
Xj��o [16]:

E(Ni
∗(t)|Z) = u0(t) +Q(t, β0

TZ), (1.3)Ua� µ0(·) =�TAl�Y*�� β0 � p >�T;�/�a#� Q(t, x) =��5PvaWn6{��g*��\6w
j/k� x, Q(0, x) = 0,m�pT�N Q(t, x) = tx,



644 � % � | | � 41�\i"# Z(t) 2�[ t H����o (1.3) G=
E(Ni

∗(t)|Z) = u0(t) + β0
TZt. (1.4)G:
�pT�o (1.3) aVg��[ t ~=��"#�1$�g*� Q �i"#2�[ t �LA�W��3t$i"#j�p�`5W#℄�Hb}r�=Vg�\
��}I+W�}-[ÆTQ/�Wm�=�}{B/�W�g*��3�G:'�o�%�i"#j�p�`W#℄��+�GW*=t-�wt�MA�o (1.3)a� Liu X\�2%i"#WXt#℄m8�2Qi"#W:t#℄�mA�y!'a��yW�,
F�+k�i"#W#℄�Ua+gi"#W#℄�XtW�,7�gi"#W#℄�:tW�>GAgi"#W#℄P�XtW-�:tW�nIVS��/f�	L&X*>%��Xt�:t�5�o [17]:

E[dNi
∗(t)|Zi(t)] = g{β′

0Wi(t)} dt+ h{γ′0Xi(t)}λ0(t) dt, (1.5)Ua� β0 - γ0 }&%� p1 - p2 >;�L�a#� g(·) - h(·) =�T�L*��Qi�i"# Wi(t) jAl�Y*��+XtW#℄�mi"# Xi(t) �+:tW#℄�!��l/�o (1.3) - (1.5) W�[�G:*>�p�`�}O��Xt:tj��o��o,rm�%i"#j�p�`W#℄��["8F+��3��2%i"#
F�+WXt-:t#℄���o"T�X�w��(% LiuX*>W
Xj��o�
2 �(�Æ��v Wi(t) - Xi(t) }&%� p1 - p2 >i"#� Zi(t) = (Wi(t)

′, Xi(t)
′)′ = p >i"#$<a#�Ua p = p1 + p2. G:*>W�p�`O�/�Xt:tj��o�+�Op�


E[N∗
i (t)|Zi(t)] = u0(t)g{a

′
0Xi(t)} +Q(t, β′

0Wi(t)), (2.1)Ua β0 - α0 }&%� p1 - p2 >�T;�L�a#� µ0(t) ��TAl�Y*��
g(·) ��T�L*�� Q(t, x) �5PvaWn6{��g*��N g(x) = 1 ���o (2.1) z��o (1.3); N Q(t, x) = x ���o (2.1) z��o
(1.5). 
^G:*>W�o�(%�geÆW�/��o�A�p�`�}O�
�0W�}� {Ni(·), Yi(·),Wi(·), Xi(·), i = 1, · · · , n}, a�nO$<


Mi(t; θ0) = Yi(t)
[
Ni(t) − {µ0(t)g(α

′
0Xi(t)) +Q(t, β′

0Wi(t))}
]
,�T� Mi(t; θ0) ��Y= 0 W�B$<�j/ÆaW θ = {α′, β′}′, µ0(t) W��qi�N�O&y<Wm


n∑

i=1

Yi(t)
[
Ni(t) − {µ0(t)g(α

′Xi(t)) +Q(t, β′Wi(t))}
]

= 0, 0 ≤ t ≤ τ, (2.2)



5S d�'�HTR�o���o�_N��Ws9si�>n 645Ua τ ���5PvaW4��T p(Ci ≥ τ) > 0._my< (2. 2) TQ

µ̂0(t; θ) =

n∑
i=1

Yi(t)[Ni(t) −Q(t, β′Wi(t))]

n∑
i=1

Yi(t)g{α′Xi(t)}
. (2.3)=%�N θ0 = {α′

0, β
′
0}

′, !'�Ny<W�[�G:
�TQO&�Ny<

n∑

i=1

∫ τ

0

Yi(t)
[
Ni(t) − {µ0(t)g(α

′Xi(t)) +Q(t, β′Wi(t))}
]
Zi(t) dHn(t) = 0p×1, (2.4)Ua� τ > 0, Hn(t) � [0, τ ] t\DWd*��d� (2.3) Jo� (2.4) a*}℄LWJ�=�
�TQ


n∑

i=1

∫ τ

0

Yi(t)
[
Ni(t) −Q(t, β′Wi(t))}

]
{Zi(t) − Z(t;α)} dHn(t) = 0p×1, (2.5)Ua

Z(t;α) =

n∑
i=1

Yi(t)g{α
′Xi(t)}Zi(t)

n∑
i=1

Yi(t)g{α′Xi(t)}
.' Newton-Raphson `Jr
�_>y< (2.5) Wm�O= θ̂ = (α̂′, β̂′)′, C µ0(t) WX!�N= µ̂0(t) ≡ µ̂0(t; θ̂).

3 �Æ����*3=%�y θ̂ - µ̂0(t) Wbvt_��DYvO&/`8�

(C1) {Ni(·), Yi(·), Zi(·), i = 1, · · · , n, } �3}-�Ua Zi(·) = (Wi(·)

′, Xi(·)
′)′.

(C2) P{Ci ≥ τ} > 0, Zi(t) ���+n"#�
(C3) g(·) =nB�z
;*�� g{α′

0Xi(t)} ,= 0 \+n�
(C4) Q(t, x) �/ t L_\D��/ x ��L_\D\�/ x WniNO��z�
(C5) d*� Hn(t) H3�℄WA [0, τ ] t
�/��{�BW+n*� H̃(t).

(C6) A �{V�{M�Ua
A = E

{∫ τ

0

Yi(t)[Zi(t) − z(t)][ġ{α′
0Xi(t)}Xi(t)

′µ0(t) dH̃(t), Q̇{t, β′
0Wi(t)}Wi(t)

′ dH̃(t)]
}
,Ua� E %���T:� z(t) � Z(t) WDV� ġ(t) = dg(t)/dt, Q̇(t, x) = ∂Q(t, x)/∂x.
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M̂i(t; θ̂) = Yi(t)

[
Ni(t) − {µ̂0(t)g(α̂

′Xi(t)) +Q(t, β̂′Wi(t))}
]
,

Â = n−1
n∑

i=1

∫ τ

0

Yi(t)
[
Zi(t) − z(t)

][
ġ{α̂′Xi(t)}Xi(t)

′µ̂0(t) dH̃(t), Q̇{t, β̂′Wi(t)}Wi(t)
′ dH̃(t)

]
,

U(θ) =

n∑

i=1

∫ τ

0

Yi(t)
[
Ni(t) −Q(t, β′Wi(t))}

]
{Zi(t) − Z(t;α)} dHn(t).�� 3.1 A/` (C1)–(C6) O� θ̂ - µ̂0(t) �EA\<�W�*\ θ̂ � θ0 W��YX/�N� µ̂0(t) A [0, τ ] tH3�℄
�/ µ0(t).�� 3.2 A/` (C1–C6) O� n1/2(θ̂ − θ0) bv�C�Y= 0 \iy2{M=

A−1
∑
A−1 WO&}-�iy2MWX/�N= Â−1

∑̂
Â−1, Ua A a�//` (C6),

∑̂
= n−1

n∑

i=1

[ ∫ τ

0

{Zi(t) − Zi(t)}M̂i(t; θ̂) dHn(t)
]⊗2

,j/k�a# ν, ν⊗2 = νν′.�� 3.3 A/` (C1)–(C6)O�n1/2{µ̂0(t)−µ0(t)}p
�/���Y= 0W Gauss$<�\A (s, t) �Wiy2*�=
Γ(s, t) = E{ψi(s)ψi(t)},'�N#J-�T#�
�TQiy2*�W��X/�N=

Γ̂(s, t) =
1

n

n∑

i=1

ψ̂i(s)ψ̂i(t).Ua
ψ̂i(t) =

M̂i(t; θ̂)

n−1
n∑

i=1

Yi(t)g{α′Xi(t)}
− B̂(t; θ̂)Â−1

∫ τ

0

{Zi(t) − Zi(t)}M̂i(t; θ̂) dHn(t),

B̂(t; θ̂) =

1
n

n∑
i=1

Yi(t)[ġ{α
′Xi(t)}Xi(t)

′µ̂0(t), Q̇{t, β′Wi(t)}Wi(t)
′]

1
n

n∑
i=1

Yi(t)g{α′Xi(t)}
.

4 � ,�=%�+Y%m�oW('�G:1$�B�IWyr\�+V��O�oa�N#Wt_�A�ya�G:a Wi ∼ B(n, 0.5), Xi ∼ U(0, 1). s|�[ C ∼ U(1, 6),

τ = 3 =�p�`W{6�s�[�j/ÆaWi"#W (t), X(t) �p�`WpzB�A�o (2.1) O1$+�$<3z�Ua�a g(x) = exp(x), µ0(t) = t - 1.5 log(1 + t),



5S d�'�HTR�o���o�_N��Ws9si�>n 647�g*� Q(t, x) �2 b^Æ Q(t, x) = tx - Q(t, x) = tex. {a��m#= 200 ��e��I 1000 B�d*�a Hn(t) = t.% 1 Æ>% θ0 = (α0, β0)
′ 2�N# θ̂ = (α̂, β̂)′ Q�YWN2 (Bias), ��W$ly2 (SSE), �N θ̂ Wbvy2WQ�Y (SEE) -A/O&v�W 95% Ww���5 CP.C%a
��>�NH3�HNW�w���5 CP �{4gv^le= 95% W^l�Q�'&�N Q(t, x) = tx, µ0(t) = 1.5 log(1 + t) ��JY α0, β0 2�NYWN2b{4�w���5 CP ��gv 95% W^le�e#{4W+�� 1 IX θ0 �L" θ̂ V?Hk"IX α0 = 0.1 IX β0 = 0.5

Q(t, x) µ0(t) Bias SSE SEE CP Bias SSE SEE CP

tx t 0.0102 0.0718 0.0710 0.954 0.0700 0.1884 0.1364 0.941

1.5 log(1 + t) 0.0103 0.0750 0.0743 0.952 0.0728 0.1862 0.1359 0.949

tex t 0.0225 0.0765 0.0731 0.952 0.1161 0.1486 0.1226 0.942

1.5 log(1 + t) 0.0174 0.0729 0.0708 0.950 0.1129 0.1546 0.1277 0.954t,W��j/� α0 W�Nl#Æ� β0 +g�N2Xj��w���5 CP ��gv 95% W^le�tW���G:*>�oW�Nyr�f/���Ne#�f+�Na'W�L*� g(x) = 1, Q(t, x) = x ���oz68=℄LW�/�
X�Y�o

E[N∗

i (t)|Zi(t)] = u0(t) + β0
′Zi(t), (4.1)3��G:ai"# Zi1 ∼ B(n, 0.5), Zi2 ∼ U(0, 1). s|�[ C ∼ U(1, 6), τ = 3 =�p�`W{6�s�[��p�`WpzB�A�o (4.1) O1$+�$<3z�Ua�a µ0(t) = t, t

3

2 - 1.5 log(1 + t), {a��m#= 200 ��e��I 1000 B�d*�a
Hn(t) = t. � 2 IX β0 �L" β̂ V?Hk"IX β01 = 0 IX β02 = 0.2

µ0(t) Bias SSE SEE CP Bias SSE SEE CP

t −0.0007 0.0762 0.0762 0.949 0.0232 0.2176 0.1269 0.955

t
3

2 0.0011 0.0728 0.0728 0.952 0.0183 0.2267 0.1356 0.945

1.5 log(1 + t) 0.0003 0.0734 0.0734 0.950 0.0230 0.2171 0.1258 0.958C% 2 a3�
��>�NY2JYW Bias �f��=�N#H3�HNW�\w���5 CP �{4gv^le= 95% W^l�Q�!��G:*>�oW�Nyr�f/��
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5 ��A�Da�G:j�p�`�}*>%���/�j��o��o,r�2%i"#WXt-:t#℄�3�YaXt#℄��[W*���'���Ny<W�[�G:j�oa/�tr%�N�*R=%�N#WG��t_�{2�1$�Y�IG:pTJY2�NYWN2 (Bias){4�H3�HNW�\A/O&v�Ww���5
CP �{4gv 95% W^le��=G:!*W�Nyr�
rW�
6 
�	��*3�2�:� 3.1 9CA =%R= θ̂ - µ̂0(t) WEAt-<�t�\vR= U(θ) = 0 EA<�mz
�%�a�

Â(θ) = −
1

n
∂U(θ)/∂θ′,)/

n∑

i=1

∫ τ

0

Yi(t)µ0(t)g(α
′Xi(t)){Zi(t) − Z(t;α)} dHn(t) = 0p×1,!�

U(θ) =
n∑

i=1

∫ τ

0

{Zi(t) − Z(t)}Mi(t; θ) dHn(t),VgN�C
�TQ
Â(θ) =

1

n

n∑

i=1

∫ τ

0

{Zi(t) − Z(t)}Yi(t)

·
[
ġ{α′Xi(t)}Xi(t)

′µ0(t) dHn(t), Q̇{t, β′Wi(t)}Wi(t)
′dHn(t)

]

+
1

n

n∑

i=1

∫ τ

0

∂Z(t;β)

∂θ′
Mi(t; θ) dHn(t). (6.1))�℄YG�a3
T� Â(θ) �/ θ H3���℄
�/A{�B*� A(θ). �T�A(θ0) = A, Ua A) (C6)Æ>�H��) Â(θ) W�℄
�t�A(θ) W�zt- AWOat
�TQ
N n w�G��A θ0 W��(3�EA<�W θ̂ �T U(θ) = 08��)/ θ0 W(3
�k��!�3�
�TQ θ̂ WYX/t�A [17] aa� 2�j θ̂ W<�t-YX/ttr%R=�) θ̂ WEAt-<�t�
T µ̂0(t)WEAt-<�t��� [16]aa� 3.1WR=
T µ̂0(t) WX/t�)/ Yi(t){Ni(t)−Q(t, β′Wi(t))} 
��j8-Wp�>G
��8�) t WL_*�y8W�":b�
�W�\ β W!+8}��
�W�C)YG�a3�A t ∈ (0, τ), 
�TQ 1

n

n∑
i=1

Yi(t)g(α
′Xi(t)) - 1

n

n∑
i=1

Yi(t){Ni(t) −Q(t, β′Wi(t))}



5S d�'�HTR�o���o�_N��Ws9si�>n 649H3��}&
�/ E[Yi(t)g(α
′Xi(t))] - E[Yi(t){Ni(t) − Q(t, β′Wi(t))}]. H�)� (2.

3) 
�TQ�N t ∈ (0, τ) �� µ̂0(t; θ) H3��
�Q µ0(t; θ), Ua�
µ0(t; θ) =

E[Yi(t){Ni(t) −Q(t, β′Wi(t))}]

E[Yi(t)g(α′Xi(t))]
,H�� µ̂0(t; θ̂) ≡ µ̂0(t) H3��
�/ µ0(t; θ) ≡ µ0(t). R��:� 3.2 9CA )$�E��
T


U(t; θ̂) − U(t; θ0) =
∂U(t; θ∗)

∂θ′
(θ̂ − θ0) = −nÂ(t; θ∗)(θ̂ − θ0),Ua θ∗ = θ0 + m(θ̂ − θ0), m ∈ (0, 1).?) Â(θ) W�℄
�t� θ̂ WX/t�F A WOat
T


n
1

2 (θ̂ − θ0) = −n− 1

2 Â−1(t; θ∗)[U(t; θ̂) − U(t; θ0)] = n− 1

2A−1U(t; θ0) + op(1). (6.2)) [17]aa� 1
T�n−1/2U(t; θ0) p
�/)�YW Gauss$<�\iy2M=
∑

= E
[ ∫ τ

0

{Zi(t) − Zi(t)}M̂i(t; θ̂) dHn(t)
]⊗2

.YMR=$<��/� [3] a�1 6.2 WR=�C7�)� (6.2)
T� n1/2(θ̂− θ0) bv�C�Y= 0 WO&}-�\iy2M=
A−1

∑
A−1, #
�� Â−1

∑̂
Â−1 X/�N�R��:� 3.3 9CA �P

µ̂0(t) − µ0(t) = {µ̂0(t; θ̂) − µ̂0(t; θ0)} + {µ̂0(t; θ0) − µ0(t)}, (6.3)='$�E���� (6.3) ,f[�_
�j=
n1/2{µ̂0(t; θ̂) − µ̂0(t; θ0)} =

∂µ̂0(t; θ0)

∂θ′
n1/2(θ̂ − θ0), (6.4))/

µ̂0(t; θ) =

n∑
i=1

Yi(t)[Ni(t) −Q(t, β′Wi(t))]

n∑
i=1

Yi(t)g{α′Xi(t)}
,VgN�
T

∂µ̂0(t; θ0)

∂θ′
= −B(t; θ). (6.5)?)� (6.2) 
T

n
1

2 (θ̂ − θ0) =n− 1

2A−1U(t; θ0) + op(1)

=A−1n− 1

2

n∑

i=1

∫ τ

0

Yi(t){Zi(t) − Z(t;α0)}Mi(t; θ0) dHn(t) + op(1),

(6.6)



650 � % � | | � 41��A�)� (6.4)–(6.6) 
T
n1/2{µ̂0(t; θ̂) − µ̂0(t; θ0)}

= − B(t; θ0)A
−1n− 1

2

n∑

i=1

∫ τ

0

Yi(t){Zi(t) − Z(t;α0)}Mi(t; θ0) dHn(t) + op(1),

(6.7),�y;
5O
n1/2{µ̂0(t; θ0) − µ0(t)} = n1/2

n∑

i=1

Mi(t; θ0)

n−1
n∑

i=1

Yi(t)g{α′
0Xi(t)}

+ op(1). (6.8){2)� (6.3)–(6.8) 
T
n1/2{µ̂0(t; θ̂) − µ̂0(t)} = n− 1

2

n∑

i=1

ψi(t) + op(1). (6.9)j/9��W t, ψi(t)�=�W� 0=�YW�Ba#�C)� (6.9)
T n1/2{µ̂0

(t; θ̂)−µ0(t)} bv/�Y= 0W�3}-W�B"#U-�?)k6akDVa�
T� n1/2{µ̂0(t; θ̂)− µ0(t)} �+V>}-
�Q���Y= 0 W Gauss $<�)/ ψi(t)�qW�H� n1/2{µ̂0(t; θ̂)−µ0(t)}��qW�\p
�Q���Y= 0W Gauss$<�#A (s, t) �Wiy2*�
�j=
Γ(s, t) = E{ψi(s)ψi(t)}.#W��X/�N)a� 3.3 Æ>W Γ̂(s, t).� � % '
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A Class of Additive-Multiplicative Transformation

Model for Recurrent Events Data
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Abstract Recurrent event data appear frequently in longitudinal studies. Based on the

data of single types of recurrence events in biomedicine, a semi-parametric transformation

model is proposed, which contains some important semiparametric models. At the same

time, the model allows covariates to have additive and multiplicative effects, and additive

effects change over time. By using the idea of generalized estimating equations, the unknown

and nonparametric functions in the model are estimated and the consistency and asymptotic

normality of estimators are proved. Finally, the numerical simulation method is used to

verify the quality of the estimation. The result indicates that the model we proposed is

feasible.

Key words recurrent event data; additive-multiplicative effects; transformation model;

estimating equation
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