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1 _[��Mwn�jb^PsI&:





ut − ∆u = au− buv, x ∈ Ω, t > 0,

vt − ∆v = cu− duv − ev, x ∈ Ω, t > 0,

∂u

∂n
= 0,

∂v

∂n
+ αv = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0 ≥, 6≡ 0, v(x, 0) = v0 ≥, 6≡ 0, x ∈ Ω

(1.1)�{�TPA��15E^>��5� Ω g R
n (n ≥ 1) �PT�iV��Cr?gi

C2+θ (θ ∈ (0, 1)) |P"�V ∂Ω. �`8bf�� Ω E���P;� n � ∂Ω XPF��g2
�.'s a, b, c, d, e� αj���u0, v0 ∈ C(Ω)�7b�C����:�[PwVqp.�ju�&: (1.1) }��g Kastenberg� Chambré[1] �8Pt&:��,�� 2017 . 7 | 12 OkK�2018 . 4 | 2 OkKA|~�
∗ �9+InH,W (61761002, 11601011), �m"/BH43nLS�1( (2018XYZSX03) ��m"/BH�B#11(`q (ZDZX201804) &"1(�



53 /R0��3J�R{�i`℄pF%9�SOFdr7 597`eVbf�����s u � v s �dt�)�P�[q�jb^P�[� (1.1) �P�V�CZ�%t�)�&+;zP;�?�jb^q�Vi%LK'�5� α > 00�LK''s�+J�Xo�V�CE�%�:�^n`8PA<�^/y�� Dirichlet, Neumann R&�|:�V�C)�&: (1.1) 15�:��bI�:WM�A [2–18] R��_�b�I���nM (1.1) PT�|u'
�Q
López-Gómez[6,7], Li[10], Wang[13−15] � Chen[16−18] R�Xoy�LPCbs�-!P}�D Dirichlet �V�CP&:�?j a �s8)s��Q�Arioli[5] #� Dirichlet �V�C)p1h�4T�Ge$_)PA��� López-Gómez[6] !PM&:P�{<�2u'
 





−∆u = au− buv, x ∈ Ω,

−∆v = cu− duv − ev, x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

(1.2)�fs8ng� López-Gómez +N�'
 (1.2) �TPA��1�T�R��w �
Antón� López-Gómez[7] \T'}�� (1.2)Pq=pj}A<�"G��q [6] |uPR��^4/�b�M�` [5–7]PR�3�\T'$6��W�Q [8, 9, 11, 18]R�J�f �y��D)��V�CP&: (1.1) Y��I�M���Q=�yo�
(1.1) �P)��V�CE���:N^,`PA<�℄<`n5�{�TPA��1E^>�PM.i�P�	7R�&ZoW��Sp#�jb�4�?+�\T'uy�jb^P0
����n<���I}�u'







−∆u = au− buv, x ∈ Ω,

−∆v = cu− duv − ev, x ∈ Ω,

∂u

∂n
= 0,

∂v

∂n
+ αv = 0, x ∈ ∂Ω.

(1.3))��0 (1.3)PT�T (u, v)��T�S u� v Yg ΩXP��s?6� u≫ 0, v ≫ 0. �I�fs8��#��P!PR��:L 1.1 '
 (1.3) iT��TH?ZH
0 < a <

bc

d
. (1.4)\T'�Sj a �s8)s���A� (1.3)�TP!V��sÆ C+ ⊂ R× [C1(Ω)]2, aN

(a;u, v) = (0; 0, 0) ∈ C+, PaC+ =
(
0,
bc

d

)
,5� Pa ��v)�n�:A�`MZ")Cr D ⊂ Ω 1X[n D Po+�s V , 6 λ(−∆ + V,D)�v) −∆ + V �9= Neumann �V�C)P!�
��+J� λ1 := λ(−∆,Ω) = 0.



598 ` d p F F  41hX[ Banach q= Y := C1(Ω),

E :=
{
u ∈ Y :

∂u

∂n
(x) = 0, x ∈ ∂Ω

}
,

F :=
{
u ∈ Y :

∂u

∂n
(x) + αv(x) = 0, x ∈ ∂Ω

}
.��P!P�3q=Ig X := E × F .

2 b5gQ�Pm*�8'
 (1.3) A��TP�P�C�`L 2.1 ;Z (u, v)�'
 (1.3)PT��T�Sz�. (u, v) ≥ (0, 0), (u, v) 6= (0, 0),� u≫ 0, v ≫ 0 ?
a = λ(−∆ + bv), ‖v‖∞ := max

x∈Ω
|v(x)| <

c

d
. (2.1)\T'� (1.4) 1��v S u = 0, �g (1.3) P v- n4oN

−∆v + ev = 0, x ∈ Ω,
∂v

∂n
+ αv = 0, x ∈ ∂Ω,gn e > 0 ? −∆ � Robin �V�C)�iw�
��℄< v = 0; �Tn��S v = 0,�g (1.3) P v- n4oN cu = 0, ? u = 0. ng�'
 (1.3) PMTp1hpwT

(u, v) �n Ω X�.
u ≥ 0, 6≡ 0, v ≥ 0, 6≡ 0. (2.2)℄� (1.3) P u− n4R<n

(−∆ + bv)u = au, x ∈ Ω,
∂u

∂n
= 0, x ∈ ∂Ω,yWg (2.2),!�
�P�T�W1!�
�sP>��oN u≫ 0 ? a = λ(−∆+ bv).;Z x0 ∈ Ω aN v(x0) = ‖v‖∞ > 0, � −∆v(x0) ≥ 0, �g (1.3) P v− n4oN

(
c− dv(x0)

)
u(x0) ≥ ev(x0) > 0.? ‖v‖∞ = v(x0) <

c
d , 	�# (2.1) 1��g (2.1) 1!�
�P��o�

0 = λ1 < λ(−∆ + bv) = a < λ(−∆ + bc/d) = bc/d,� (1.4) Y1��1 �℄� e > 0 ?
{

(−∆ + e)v = (c− dv)u > 0, x ∈ Ω,

∂v

∂n
+ αv = 0, x ∈ ∂Ω,



53 /R0��3J�R{�i`℄pF%9�SOFdr7 599yWgu����P>.C�t�� v ≫ 0. ��)�� ��8#X� 1.1 P6s�(s_BPP4�_��`L 2.2 a = 0 g?1hT (0, 0) 9s88'
 (1.3) �TP`T#D.P�Ts8)s��v +J� (1.3) R<n





(−∆ + e+ 1)u = (a+ e+ 1)u− buv, x ∈ Ω,

(−∆ + e+ 1)v = cu− duv + v, x ∈ Ω,

∂u

∂n
= 0,

∂v

∂n
+ αv = 0, x ∈ ∂Ω.

(2.3)℄� e > 0, yW!�� Neumann�V�C)�%g Robin�V�C)�v) −∆+ e+1Yo,�X[v) F : R ×X → X �
F(a, u, v) :=

(
u

v

)
− (−∆ + e+ 1)−1

(
(a+ e+ 1)u− buv

cu+ v − duv

)
, (u, v) ∈ X. (2.4)�
T:A�<9 (−∆ + e + 1)−1 7�d −∆ + e + 1 � Neumann �V�C)P,v)�Q�d� Robin �V�C)P,v)�+J� F g`T#P?�.

F(a, 0, 0) = 0, ∀ a ∈ R.gu���o� F(a, u, v) = 0 H?ZH (u, v) g'
 (1.3) PT�T�\T'�
F(a, u, v) = L(a)

(
u

v

)
+ R(a, u, v),5�

L(a)

(
u

v

)
=

(
u

v

)
− (−∆ + e+ 1)−1

(
a+ e+ 1 0

c 1

) (
u

v

)?
R(a, u, v) = (−∆ + e+ 1)−1

(
buv

duv

)
.PXlL`MZP a ∈ R, i

L(a) = F(u,v)(a, 0, 0).g Ascoli-Arzelà X��aWP Schauder �5o�
R(a)

(
u

v

)
:= (−∆ + e+ 1)−1

(
a+ e+ 1 0

c 1

) (
u

v

)
, (u, v) ∈ XgT�Y.�v)�?aN L(a) = IX −R(a) 1� 0 ��P Fredholm v)�5� IX �d? X L X P��v)��

L0 := L(0), L1 :=
dL

da
(0) = −(−∆ + e+ 1)−1

(
1 0

0 0

)
.



600 ` d p F F  41h?F5voN L0 P�q=�
N(L0) = span

{
(1, (−∆ + e)−1(c))

}
,5� 1 g`bn λ1 = 0 PÆk$P�!�
�s� (−∆ + e)−1 g −∆ + e � Robin �V�C)P,� �D0

L1

(
1

(−∆ + e)−1(c)

)
= −(−∆ + e+ 1)−1

(
1

0

)
6∈ R(L0). (2.5)f`X�S

−(−∆ + e+ 1)−1

(
1

0

)
∈ R(L0),�A� u ∈ E, aN

−(−∆ + e+ 1)−1(1) = u− (−∆ + e+ 1)−1
[
(e+ 1)u

]
.gu���o� u ∈ E ∩ C2+θ(Ω) ?

−∆u = −1, x ∈ Ω.f 1 2W<R�J � Ω X-soN ∫
Ω

1dx = 0. �a�? (2.5) 1��gn L0 g 0 ��P Fredholm v)��
L1(N(L0)) ⊕R(L0) = X, (2.6)	<�g Crandall-Rabinowitzs8X� [19]yBP�O�C�ng�g{X�o� a = 0g?1hT (0, 0) 9s88'
 (1.3) �TP`T#D.PT�s8)s��))s� a = 0 P�T��jZ`'�p�P a ∈ R, A� (2.3) P�TC {(an;un, vn)}, aN

lim
n→∞

(an;un, vn) = (a; 0, 0) ∈ R ×X.�g (2.3) P u− n4oN
(−∆ + e+ 1)

un

‖un‖∞
= (an + e+ 1)

un

‖un‖∞
− b

un

‖un‖∞
vn, x ∈ Ω,

∂un

∂n
= 0, x ∈ ∂Ω,R<S�

un

‖un‖∞
=(an + e+ 1)(−∆ + e+ 1)−1 un

‖un‖∞
− b(−∆ + e+ 1)−1

( un

‖un‖∞
vn

)

=(e+ 1)(−∆ + e+ 1)−1 un

‖un‖∞
+ (an − a)(−∆ + e+ 1)−1 un

‖un‖∞

+ (−∆ + e+ 1)−1
(
a

un

‖un‖∞
− bvn

un

‖un‖∞

)
.



53 /R0��3J�R{�i`℄pF%9�SOFdr7 601g (2.1) � (−∆ + e+ 1)−1 �9= Neumann �V�C)PY��o�A� {
un

‖un‖∞

} P) (N6�,\), aN`'� ψ ∈ E: ‖ψ‖∞ = 1, 1�
lim

n→∞

un

‖un‖∞
= ψ ≫ 0.�<�� n→ ∞ oN

ψ = (e+ 1)(−∆ + e+ 1)−1ψ + a(−∆ + e+ 1)−1ψ,2
−∆ψ = aψ, x ∈ Ω,

∂ψ

∂n
= 0, x ∈ ∂Ω.? a = 0, 	q a 6= 0 �a����C (2.6) ���g [20] X[PEs�s χ[L; ·] �. χ[L(a); 0] = 1. g [20, $�

12.3.1] �H)s a rz 0 _�[s ind(L(a), 0) I-℄�$
�g [21, X� 6.2.1] oN
(2.3) p1hTP��/ C0, z�. (0; 0, 0) ∈ C0. �f Rabinowitz[22] PF*s8���� (0; 0, 0) PÆr� C0 g	�)��/ C

+
0 � C

−
0 01�5� C

+
0 g�T�1� C

−
0 gwT�1�J�Q [21, 23] y�8P�_� C0 �. Rabinowitz Ges8X� [22] PE��Gg C

+
0 ���.���g [23, X� 1.1] oN�TPT�Ge��sÆ C+, z�. (0; 0, 0) ∈ C+. )�� ��'N [23, X� 1.1] P�C�g_� 2.2 P#�4o� (2.3) PTgv) F P�V�2g

L(a)

(
u

v

)
+ R(a, u, v) = 0, (2.7)PT�,V� L(a) g 0 ��P Fredholm v)�\T'�aNv) L(a) 6\�2aN

dimN(L(a)) ≥ 1 (2.8)P a ∈ R �1P/�g}VP�f`X� (2.8) 1�H?ZHA� (u, v) ∈ X\{0}, aN





(−∆ + e+ 1)u = (a+ e+ 1)u, x ∈ Ω,

(−∆ + e+ 1)v = cu+ v, x ∈ Ω,

∂u

∂n
= 0,

∂v

∂n
+ αv = 0, x ∈ ∂Ω.℄� u = 0 J�

(−∆ + e)v = 0, x ∈ Ω,
∂v

∂n
+ αv = 0, x ∈ ∂Ω,� v = 0, ℄<�i u 6= 0. ? (2.8) 1�H?ZH a g −∆ � Neumann �V�C)PT��
��	�#aN L(a) 6\P a ∈ R �1P/�g}VP�2 [23] P;Z (HL)�.�+J� R ∈ C(R ×X,X) �iV/XgYP?

lim
(u,v)→0

R(a, u, v)

‖u‖∞ + ‖v‖∞
= 0.



602 ` d p F F  41hng� [23] P;Z (HR) Q�.�1 �_� 2.1 ��� [23] P;Z (HP) Qg�.P�f`X�Sf PN � PR s �d E � F �pw�s�1P$�� X 1�T�iC Banach q=�5C
'g P := PN × PR kJ�g_� 2.1 o�S
(a, u, v) ∈ [R × (P\{0})] ∩ F−1(0),��i u≫ 0 1 v ≫ 0, ℄< (u, v) ∈ intP , ?;Z (HP) Q��.�m�_� 2.2 #�X[Pv) R(a), gVis#&*N a = 0 gaN 1 1�

R(a) P�
��?`b��
�sP�T)s��<��
N(L0) = N(IX − R(0)) = span

{
(1, (−∆ + e)−1(c))

}
.,��_� R(0) � R(0)(P\{0}) ⊂ intP = intPN × intPR Z[)&g>�P (A [23,

(1.4)]), Gg`�� a ≥ 0, �i
R(a)

(
[PN\{0}]× [PR\{0}]

)
⊂ intP = intPN × intPR. (2.9)f`X�`MZ�. a > −(e+ 1) P a ∈ R,(2.9) �1��� S�H a = 0 _Y1��	.W� [23, X� 1.1] Pi6��1��R� [23, X� 1.1] q_� 2.2 oN�`L 2.3 A� (1.3) �TPT�!V��sÆ C+, aN (0; 0, 0) ∈ C+, "?`MZP a 6= 0, i (a; 0, 0) 6∈ C+.k 2.1 s8���un41'
Mn�Pbf�%oA [24–29] R�

3 j℄D�8fMno 1.1 mvq _� 2.1 V#��C (1.4) P�P��P�1<X�P#� ��Bt# a = bc
d g?!x9-℄s8P�Ts8)s��g (1.4) o� PaC+ iV�l℄� C+ n R×X !V�yW (2.1) �A��TC

{
(an, un, vn)

}
⊂ R ×X , aN

lim
n→∞

‖un‖∞ = ∞.<��g (1.4) �A� {an} Pl�) (N6�,\), aN
lim

n→∞
an = a∗ ∈

[
0,
bc

d

]
. (3.1)�

ûn :=
un

‖un‖∞
, v̂n :=

vn

‖un‖∞
, n ≥ 1, (3.2)�i 





(−∆ + e+ 1)ûn = (an + e+ 1)ûn − bvnûn, x ∈ Ω,

(−∆ + e+ 1)v̂n = cûn − dvnûn + v̂n, x ∈ Ω,

∂ûn

∂n
= 0,

∂v̂n

∂n
+ αv̂n = 0, x ∈ ∂Ω.

(3.3)



53 /R0��3J�R{�i`℄pF%9�SOFdr7 603g (2.1), (3.1) � (3.2) o� (3.3) �UT�n4j\� L∞(Ω) �iV�?g Lp �5
[30] �`MZP p > 1, C {ûn} �

W 2,p
N (Ω) :=

{
u ∈W 2,p(Ω) :

∂u

∂n
(x) = 0, x ∈ ∂Ω

}iV�ng�A� {ûn} P) (N6�,\) 1'� û ∈ E, aN� E �1�
lim

n→∞
ûn = û. (3.4)\T'�`M�P p > 1, g (2.1)o� {vn} � Lp(Ω) iV��A�5) (N6�,\)1'� v ∈ Lp(Ω), aN� Lp(Ω) �iQ)Tl���1��

lim
n→∞

vn = v, (3.5)A [31].EE>N�s φ ∈ C∞(Ω). f φ 2W (3.3) �UT�n4�"� Ω X-soN
∫

Ω

∇ûn∇φ =an

∫

Ω

ûnφ− b

∫

Ω

vnûnφ

=an

∫

Ω

ûnφ− b

∫

Ω

vnûφ− b

∫

Ω

vn(ûn − û)φ, ∀n ≥ 1.�<�� n→ ∞, �g (3.4) � (3.5) oN
∫

Ω

∇û∇φ = a∗
∫

Ω

ûφ− b

∫

Ω

vûφ.	�# û g���� {
−∆û = a∗û− bvû, x ∈ Ω,

∂û

∂n
= 0, x ∈ ∂Ω

(3.6)PT�TT�+J� ‖û‖∞ = 1 ? û pw�gu���� û ∈ W 2,p(Ω) g (3.6) ��WZ[)PT�? v &Uzn p > 1. ℄< û ∈
⋂

p>1
W 2,p(Ω) g (3.6) PT�>T�ng�g!�
�P�T�oN

a∗ = λ(−∆ + bv), û≫ 0. (3.7)�Tn��6 (η1, ϕ1) �.���
{

−∆ϕ = ηϕ, x ∈ Ω,

∂ϕ

∂n
+ αϕ = 0, x ∈ ∂Ω

(3.8)P!�
�q!�
�s�?�. ϕ1 ≫ 0, ‖ϕ1‖∞ = 1, �g (3.3) PUd�n4o�8
−

∫

Ω

v̂n∆ϕ1 =c

∫

Ω

ûnϕ1 − d

∫

Ω

vnûnϕ1 − e

∫

Ω

v̂nϕ1

=c

∫

Ω

ûnϕ1 − d

∫

Ω

vnûϕ1 − d

∫

Ω

vn(ûn − û)ϕ1 − e

∫

Ω

v̂nϕ1, ∀n ≥ 1.



604 ` d p F F  41h� n→ ∞, gn lim
n→∞

v̂n = 0 n Ω XT�S1���
∫

Ω

û(x)ϕ1(x)(c − dv(x)) dx = 0.ng�� Ω �4!99�. v = c
d , 	R� (3.7) ���

a∗ = λ
(
− ∆ +

bc

d

)
=
bc

d
.-Xyo� a = bc

d H�?!x9-℄s8P�T)s��? PaC+ =
(
0, bc

d

)
. ��

4 dE8CGYU�P}�H a→ bc
d _�u'
 (1.3) �TPE^>��!PR�Q)�:L 4.1 `M�P a ∈ PaC+, � (a;ua, va) � (1.3) PT��T�aN

lim
a→a∗

‖ua‖∞ = ∞, (4.1)5� a∗ = bc
d g��UU(s�8��� Ω XT�S1� lim

a→a∗

ua = ∞, "?`MZ
p > 1, � Lp(Ω) �iQ)Tl���1��

lim
a→a∗

va =
c

d
.v ;Z {(an;un, vn)} ⊂ C+ � (1.3) P�TC�aN

lim
n→∞

an = a∗, lim
n→∞

‖un‖∞ = ∞.�g (3.2) W1|unX� 1.1 #�PY�}�o�� E ��i
lim

n→∞

un

‖un‖∞
= û≫ 0,"?� Lp(Ω) �iTl���1��

lim
n→∞

vn =
c

d
,5� û g`bn a∗ = λ

(
− ∆ + bc

d

) P!�
�s�oÆk$aN ‖û‖∞ = 1. ℄�XoR�`MZ�TC1���� E ��1�
lim

a→a∗

ua

‖ua‖∞
= û,?� Lp(Ω) ��.Tl����

lim
a→a∗

va =
c

d
.
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‖ua‖∞

, �H a → a∗ _ ûa → û ≫ 0, ?g (4.1) o�H a → a∗ _��
Ω T�S1� ua = ûa‖ua‖∞ → ∞. ��k 4.1 X� 4.1 �#H�jb^P�[ v B^n4� c

d _�t�)�P�[I(e℄�2�k 4.2 Sm�v�P;P�ViL?t�)&+;zP;�PA<��!o�jb^>�PiH�V�C�9= Neumann �V�C
∂u

∂n
= 0 =

∂v

∂n
, x ∈ ∂Ω.���,��P}��4�&*lL �P!PR�`nD Neumann �V�CP&:

(1.3) N1��k 4.3 Bie[12] M�&:





ut − ∆u = au− buv, x ∈ Ω, t > 0,

vt − ∆v = cu− duv − ev, x ∈ Ω, t > 0,

∂u

∂n
= 0 =

∂v

∂n
, x ∈ ∂Ω, t > 0,

u(x, 0) = u0 ≥, 6≡ 0, v(x, 0) = v0 ≥, 6≡ 0, x ∈ Ω

(4.2)�1�VP�X��{�# (4.2) A��T�.s1�V (u∗, v∗) H?ZH (1.4) 1��5�
(u∗, v∗) = (u∗(a), v∗(a)) :=

( ae

bc− ad
,
a

b

)
;"?H (1.4) 1�_ (u∗, v∗) gGeE^�XP�PXN

lim
a→bc/d

(u∗(a), v∗(a)) = (∞, c/d),	<��+�X� 4.1 Pi6��6 I V W
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Global Bifurcation of Positive Solutions of a

Mathematical Model Arising In Nuclear Engineering
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Abstract In this paper, we investigate the existence of positive solutions of a mathematical

model, which arises from nuclear reactor dynamics and has heat exchange with the outside.

The model is introduced to study the interactions between the density of fast neutrons and

the temperature in the reactor. From a mathematical point of view, the importance of this

model relies upon the fact that the associated variational systems are of non-cooperative

type and, consequently, the comparison techniques available for cooperative systems fail to

work out. By applying the bifurcation theory, a necessary and sufficient condition for the

existence of positive solutions is obtained, and the global bifurcation structure of positive

solutions is established. Meanwhile, the asymptotic behavior of positive solutions is analysed

carefully. Our results enrich and complement those available in the literature.
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bifurcation theory
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