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1 ?@
���	
������
�������	��	A�B
��,

��������

���C��	A���. ������	
� Korteweg-de Vries (KdV)�� [39, 44], Benjamin-

Bona-Mahoney (BBM) �� [3] 
 Camassa–Holm (CH) �� [4] �. 1993 �, Camassa � Holm

���������, ��� Euler �������D�������� CH ��

ut − utxx + 2ωux + 3uux = 2uxuxx + uuxxx, (1.1)

���� ����������!
"#���E$ [4, 13, 27, 29, 30]. Olver� Rosenau [40] �

�� KdV �������D����AB, %&����� (1.1). ���, 1981 �, Fokas �

Fuchssteiner [19, 20] ���'��D�(� ����, !)����* ω, �� (1.1) �+� 

!� [4, 20]. 
 Camassa � Holm "F�A���,-"��.#��	)�/$ � CH �

�!� �0
��	#1, $C u %%&2���3&, ω ��	4'(���3&�'�(

�. ��*� ω, CH ��)�"*)	5*+ [4], ,G6+�, )�-,.- [6, 31, 38] ��H.

. ω = 0 �, CH ��)� ce−|x−ct| 7/�0/0D# (Peakon) [2, 4, 34]. 4�1�230D#
�%��, ��/4$�1$��5�, 
890/0D#�67:+� [14, 15, 33].

2008 �, Constantin � Ivanov [11, 28] �;2<�3(�����	4C/$���5�2
Camassa–Holm 	
 (CH2):{

ut − utxx − Aux + 3uux + κρρx = 2uxuxx + uuxxx,

ρt + (ρu)x = 0,
(1.2)

$C u(t, x) %%��3&, ρ(t, x) %%=2�&, 82 A ≥ 0 �6� ��7&�>?. .

ρ ≡ 0, A
.= 0 �, 	
 (1.2)  9<8I� CH �� (1.1). 2011 �, Chen � Liu [5] 8� Ivanov

��:/;���;@5�2 Camassa–Holm 	
 (GCH2):{
ut − utxx − Aux + 3uux + κρρx = σ(2uxuxx + uuxxx),
ρt + (ρu)x = 0,

(1.3)

. |x| → ∞ �, u → 0, ρ → 1. σ ��	�"2<(�, %%&290=F�. . σ = 0 �, &2

%�A:< 0; . σ = 1 �, 	
 (1.3) J9<8I5�2 CH 	
. . κ = −1 �, A:;3&
�!!�. ��	
���H���(�>?�
@, ÆB [11, 17, 21–23, 26, 40, 41].

2001 �, Dullin, Gottwald � Holm [16] A Euler �� B, 8���<ACD, /$���

�= 1+1 EF��!����� (DGH ��):

mt + c0ux + umx + 2mux = −γuxxx, x ∈ R, t > 0, (1.4)

$C m = u − α2uxx %%�2, γ/co <C&DE���, c0 =
√

gh (c0 := 2ω) %%">�G?

H�������3&. DGH �� (1.4) )�I���.-
 J-K�	 Lax � [16]. $F,

DGH ��GH5=>L� !��: KdV ��� CH ��. @MH���ABN, IMH��

��ABN. OJ�����=�(A�� !�����, P� KdV ����&5�0D#,

Q)K�� Camassa–Holm ��=R�0/#. SDE m = u − α2uxx, DGH �� LT<C

H�D7/

ut − α2utxx + 2ωux + 3uux + γuxxx = α2(2uxuxx + uuxxx), (1.5)
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. α2 = 0 �, �� (1.5)  9< KdV ��

ut + 2ωux + 3uux + γuxxx = 0.

. γ = 0 �, �� (1.5)  9< CH ��.

Dullin–Gottwald–Holm ��F<�=A�� !�0I���, ��6\JRK]ÆL�
M�;S'L. 2005 �, Tian �M [43] ^4� DGH ���6+�_�, �N_�
BO_�,

%�Q� � DGH���BO�P; Lu �M [36] #Q�;@ DGH ���6+�_�; ��T,

Liu � Yin [35] 8� Kato +	���;@ DGH ���6+�
0/0I��67:+�_�.

��� DGH ����/;, �U J��5�2 Dullin–Gottwald–Holm (DGH2) 	
{
ut − utxx − Aux + 3uux = 2uxuxx + uuxxx − γuxxx − ρρx,

ρt + (ρu)x = 0
(1.6)


;@5�2 Dullin–Gottwald–Holm (GDGH2) 	
{
ut − utxx − Aux + 3uux = σ(2uxuxx + uuxxx) − γuxxx − ρρx,

ρt + (ρu)x = 0.
(1.7)

Guo [24, 25] �M�� 	
���`a�/$. DGH2 	
� GDGH2 	
� !�
)KI

���.-.

�;@5�2 Dullin–Gottwald–Holm ���	
���VW�, XBRS/;� GDGH2

	
�M0R#
YTbc{
ut − utxx − Aux + k1uux = σ(2uxuxx + uuxxx) − γuxxx − k4ρρx,

ρt + k2uρx + k3ρux = 0,
(1.8)

$C k1, k2 � k3 <�*(�, k4 = ±1. . k1 = 3, k2 = k3 = k4 = 1 �, 	
 9< GDGH2

	
 (1.7); . k1 = −1, σ = ρ = γ = 0 �, 	
 9< BBM ��; . k1 = 3, γ = ρ = 0, σ = 1

�, 	
 9< CH ��.

UV#�-K J�dZW9���_�. (��X#�:� Darboux DE, [BO�:,

�YD2:�. 2010 �I, Yuen [45, 46] 8��YD2:���5�2 Camassa–Holm 	
�5

�2 Degasperis–Procesi ���	
�M0RYT#. J], 8�>��:-K�5�2 CH 	


�UV# [47]

u(t, x) = c(t)x + b(t), ρ(t, x) = c1(t)x2 + c2(t)x + c3(t).

V,� 0'��
@, XBN�8��YD2:, .\>��:�>?�:�� GDGH2

	

$/;7/�M0R#�.-, �H
YTbc.

2 OPQRSTUV
XZ���/;�;@5�2 Dullin–Gottwald–Holm 	
�M0R#
YTbc{

ut − utxx + k1uux = σ(2uxuxx + uuxxx) − γuxxx − k4ρρx,

ρt + k2uρx + k3ρux = 0,
(2.1)

$C k1, k2 
 k3 ��*�(�, k4 = ±1.

WX 2.1 []� a(s) � Emden ��⎧⎨
⎩ ä(s) − ξSign(a(s))

k1|a(s)|k = 0,

a(0) = a0 �= 0, ȧ(0) = a1

(2.2)



140 � � � � < = > 62�
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f(η) =
ξ

k4

√
−k4

ξ
η2 +

(
k4

ξ
α

)2

, (2.3)

η = x/ak2/k1(s), k = (2k2 + 2k3 − k1)/k1, s = k1t, $C ξ, a0 
 a1 <�*(�. �J, \[

k1 > 0, �JH.4:

(1) . 0 < k < 1 �, ] 0 < (2k2 + 2k3 − k1)/k1 < 1.

(1a) ^ ξ < 0, e��f�9 S, lims→S− a(s) = 0 
I;

(1b) ^ ξ > 0, a0 > 0, e��f�9 S, lims→S− a(s) = 0 
I.
�.

a1 ≤ −
√

2ξa1−k
0 /k1(1 − k) = −

√
ξa1−k

0 /(k1 − k2 − k3),

^e a(s) �_5�, ,G lims→+∞ a(s) = +∞;

(1c) ^ ξ > 0, a0 < 0, e��f�9 S, lims→S− a(s) = 0 
I.
�.

a1 ≥
√

2ξ|a0|1−k/k1(1 − k) =
√

ξ|a0|1−k/(k1 − k2 − k3),

^e a(s) �_5�, ,G lims→+∞ a(s) = −∞.

(2) . k > 1 �, ] (2k2 + 2k3 − k1)/k1 > 1.

(2a) ^ ξ > 0, e��f�9 S, lims→+∞ a(s) = +∞ 
I;

(2b) ^ ξ < 0, a0 > 0, e��f�9 S, lims→S− a(s) = 0 
I.
�.

a1 ≤ −
√

2ξa1−k
0 /k1(1 − k) = −

√
ξa1−k

0 /(k1 − k2 − k3),

^e a(s) �_5�, ,G lims→+∞ a(s) = +∞;

(2c) ^ ξ < 0, a0 < 0, e��f�9 S, lims→S− a(s) = 0 
I.
�.

a1 ≥
√

2ξ|a0|1−k/k1(1 − k) =
√

ξ|a0|1−k/(k1 − k2 − k3),

^e a(s) �_5�, ,G lims→+∞ a(s) = −∞.

YX 2.2 `g���

ρt + k2uρx + k3ρux = 0, (2.4)

5�CH7/�#

ρ(t, x) =
f(η)

ak3/λ(λt)
, u(t, x) =

ȧ(λt)
a(λt)

x, (2.5)

��*� f(η) ≥ 0 ∈ C1, $C η = x/ak2/λ(λt), a(λt) > 0 ∈ C1, λ <�*(�.

Z[ hi, a�� (2.5) _b (2.4) �

ρt + k2uρx + k3ρux

=
∂

∂t

(f( x
ak2/λ(λt)

)

ak3/λ(λt)

)
+ k2

ȧ(λt)
a(λt)

x
∂

∂x

(f( x
ak2/λ(λt)

)

ak3/λ(λt)

)
+ k3

f( x
ak2/λ(λt)

)

ak3/λ(λt)
∂

∂x

(
ȧ(λt)
a(λt)

x

)

=−k3
f(η)ȧ(λt)

a(k3/λ)+1(λt)
−

˙f(η)
ak3/λ(λt)

k2xȧ(λt)
a(k2/λ)+1(λt)

+ k2
ȧ(λt)
a(λt)

x
1

ak3/λ(λt)

˙f(η)
ak2/λ(λt)

+k3
f(η)

ak3/λ(λt)
ȧ(λt)
a(λt)

= 0.

a (2.5) _b (2.1) C DGH ��, �

ut + k1uux + k4ρρx

= λx

(
ä(λt)
a(λt)

− ȧ2(λt)
a2(λt)

)
+k1

(
ȧ(λt)
a(λt)

) (
ȧ(λt)
a(λt)

x

)
+k4

f(η)
ak3/λ(λt)

ḟ(η)
ak3/λ(λt)

1
ak2/λ(λt)

,



1� MEEN: UOP GDGH2 VWPKXYFGQHZ[ 141

e. λ = k1 �, �/ 9<

k1
ä(k1t)
a(k1t)

x + k4
f(η)ḟ(η)

a(2k3+k2)/k1(k1t)
=

k4

a(2k3+k2)/k1(k1t)

(
ξ

k4
η + f(η)ḟ(η)

)
.

O<]� a(s), s = k1t ,G Emden �� (2.2). OJ, �/9< 0, SJ �

ρ(t, x) =
f(η)

ak3/k1(k1t)
, u(t, x) =

ȧ(k1t)
a(k1t)

x

%&,G/;�5�2 DGH 	
.

\J, j�����_� J9<X#(�����`]_�.

^ ξ/k4 < 0, ⎧⎨
⎩

ξ

k4
η + f(η)ḟ(η) = 0,

f(0) = −α ≤ 0;
(2.6)

^ ξ/k4 > 0, ⎧⎨
⎩

ξ

k4
η + f(η)ḟ(η) = 0,

f(0) = α ≥ 0.
(2.7)

S(���� (2.6), (2.7)  �

f(η) =
ξ

k4

√
−k4

ξ
η2 +

(
k4

ξ
α

)2

.

)a.

#�-Kkc,b^]� a(s), ξ, a0, a1 �d], $,G Emden ��. eH6, �l�%f

7H#��H.

WX 2.1 _Z[ +	�)��<5T. �J, RS k > 1 ((2k2 +2k3 −k1)/k1 > 1, k1 > 0)

�f7, . 0 < k < 1 �, )�=R.

`ab hi)� (2a).

(1) . ξ > 0, Sign(a(s)) = 1 �, a(s) <�c]�, 
�`g�h a(s) > 0. � Emden ��

(2.2) 5d%�eJ ȧ(s) I!�,  �i25*��

1
2
(ȧ(s))2 +

ξa1−k(s)
k1(k − 1)

= E

(
=

1
2
(a1)2 +

ξa1−k
0

k1(k − 1)

)
. (2.8)

SG? a0 > 0, ξ > 0, k > 1  c E > 0, e
1
2
(ȧ(s))2 = E − ξa1−k(s)

k1(k − 1)
≥ 0, (2.9)




a(s) ≥
[

ξ

k1(k − 1)E

] 1
k−1

> 0, (2.10)

] a(s) 5�H(.

(1.1) . a1 > 0, a(s) �fgm, ,G s → +∞ �, a(s) → +∞;

(1.2) . a1 < 0, 5�JH5df7:

(1.2a) a(s) i�fgj, I�fgm.
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�J=f7, \[5��f�9 σ > 0, k� ȧ(σ) ≥ 0 
I. . s > σ, ȧ(s) > 0, ,G
s → +∞ �, a(s) → +∞.

(1.2b) a(s) �e�fgj.

C@ a(s) d�HV(, ,G s → +∞ �, ȧ(s) → 0, n

s =
∫ s

0

ds =
∫ a0

ainf

1√
2E − 2ξa1−k(s)

k1(k−1)

da.

Sf!��H c, �/odpl. 
. s → +∞ �, �/gd"(, ] ��mh.

q 1 nr (1) hi� a(s) Æjosq

(2) . ξ > 0, Sign(a(s)) = −1 �, a(s) <Hc]�, 
�`g�h a(s) < 0.

S��/ (2.10)  c
a(s) ≤ −

[
ξ

k1(k − 1)E

] 1
k−1

< 0,

]]� a(s) ��(, 
�(< − (ξ/k1(k − 1)E)1/(k−1). %& J�< a1 > 0 � a1 < 0 5df
7��^4, ):4 (1) =R.

i� �.4 (2a).

`jb $F)� (2b).

(3) . ξ < 0, Sign(a(s)) = 1 �, a(s) <Hc]�, 
�`g�h a(s) > 0.

kPi25*�� (2.8),  �< E > 0 � E < 0 5df7.

(3.1) E > 0, .\i25*�� (2.8)  �

ȧ(s) ≤ −
√

2ξa1−k(s)
k1(1 − k)

l ȧ(s) ≥
√

2ξa1−k(s)
k1(1 − k)

,




a(s) ≥
[

ξ

k1E(k − 1)

] 1
k−1

= ainf ,

S\[ ξ < 0, k > 1, E > 0  c ainf < 0.

(3.1a) ȧ(s) ≤ −
√

2ξa1−k(s)/k1(1 − k) ≤ 0.

a(s) �fgj. S, a0 > 0, ȧ(s) < 0, e a(s) �+m��f�9 S I4 s k0p.

(3.1b) ȧ(s) ≥
√

2ξa1−k(s)/k1(1 − k) ≥ 0.

a(s) �fgm. SHc]��H c, . s → +∞ �, ,G a(s) → +∞.
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(3.2) E < 0, .\i25*�� (2.8)  �

−
√

2ξa1−k(s)
k1(1 − k)

≤ ȧ(s) ≤
√

2ξa1−k(s)
k1(1 − k)

,

S\[ ξ < 0, k > 1 
 E < 0,  c ainf > 0.

S (2.9) 
 0 < a(s) ≤ [
ξ

k1E(k−1)

] 1
k−1  c a(s) ��(, 
�m9< 0, e a(s) �+4 s k

"pn.

i� �.4 (2b).

(4) . ξ < 0, Sign(a(s)) = −1 �, a(s) <�c]�, 
�`g�h a(s) < 0.

� Emden �� (2.2) C, q b(t) = −a(t), a0 < 0,  �⎧⎨
⎩ b̈(s) − ξSign(a(s))

k1|b(s)|k = 0, k1 > 0,

b(0) = b0 > 0, ḃ(0) = b1.

):4 (2b) =R,  �.4 (2c). )a.

kPi25*�� (2.8),  J�o ri ξa1−k(s)/k1(k − 1) �D9sr.

q 2 p ξ=−1, k1=1 G k = 1
2
tPsuvt q 3 p ξ=1, k1=1 G k = 1

2
tPsuvt

q 4 p ξ = 1, k1 = 1 G k = 2 tPsuvt.
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3 lmn GDGH2 opnqrst
;@5�2 DGH 	
uv�q V = u∂u + x∂x, )� u(t, x) = c(t)x 7/�M0R#. X

Z-KCH#�7/

u(t, x) = c(t)x + b(t), (3.1)

$C c(t) = ȧ(k1t)/a(k1t).

WX 3.1 /;� GDGH2 	
 (2.1), 5�CH�uUV#⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

ρ2(t, x)= max
{∫ t

0
μ(s)G(s)ds+k

μ(t)
− 2

k4

[
ḃ(t)+k1b(t)

ȧ(k1t)
a(k1t)

]
x

−k1

k4

ξ

a(2k2+2k3)/k1(k1t)
x2, 0

}
,

u(t, x) =
ȧ(k1t)
a(k1t)

x + b(t),

(3.2)

$C H(t) = 2k3c(t), G(t) = 2k3
k4

b(t)[ḃ(t) + k1b(t)c(t)], μ(t) = e
∫ t
0 H(s)ds; a(t), b(t) �U,GJH

����⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d2

dt2
a(k1t) =

ξ

a(2k2+2k3−k1)/k1(k1t)
,

d2

dt2
b(t) + (k1 + k2 + 2k3)

ȧ(k1t)
a(k1t)

d

dt
b(t) + k1(k1 + k2)

ξ

a(2k2+2k3)/k1(k1t)
b(t)

+(k1k2 + 2k1k3 − k2
1)

ȧ2(k1t)
a2(k1t)

b(t) = 0,

d

dt
[ρ2(t, 0)] + 2

ȧ(k1t)
a(k1t)

ρ2(t, 0) = 2
k3

k4
b(t)

[
ḃ(t) + k1b(t)

ȧ(k1t)
a(k1t)

]
,

(3.3)

$C ξ, k1, k2, k3 
 k4 <�*(�.

Z[ hi)� (3.2) r�	/D. RS3& u ���N, (2.1) 9<

ut + k1uux + k4ρρx = 0,

a (3.2) C3&N u(t, x) _b/;� GDGH2 ��,  �

[ċ(t)x + ḃ(t)] + k1[c(t)x + b(t)]c(t) +
k4

2
∂

∂x
ρ2 = 0,

]
k4

2
∂

∂x
ρ2 = −[ḃ(t) + k1b(t)c(t)] − [ċ(t) + k1c

2(t)]x.

�/5d', x !�,
k4

2

∫ x

0

∂

∂s
ρ2ds = −[ḃ(t) + k1b(t)c(t)]

∫ x

0

ds − [ċ(t) + k1c
2(t)]

∫ x

0

sds,

k4

2
[ρ2(t, x) − ρ2(t, 0)] = −[ḃ(t) + k1b(t)c(t)]x − [ċ(t) + k1c

2(t)]
2

x2,

9W �

ρ2(t, x) = ρ2(t, 0) − 2
k4

[ḃ(t) + k1b(t)c(t)]x − [ċ(t) + k1c
2(t)]

k4
x2. (3.4)
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a u _b`g���, �

ρt + k2[c(t)x + b(t)]ρx + k3ρc(t) = 0,

�/5d%eJ ρ,
1
2
(ρ2)t +

k2[c(t)x + b(t)]
2

(ρ2)x + k3ρ
2c(t) = 0. (3.5)

.\ (3.4) � (3.5), !kP x �v�\!%=N
1
2
(ρ2)t +

k2

2
[c(t)x + b(t)](ρ2)x + k3ρ

2c(t)

=
1
2

{
∂

∂t
[ρ2(t, 0)] − 2

k4

∂

∂t
[ḃ(t) + k1b(t)c(t)]x − ∂

∂t

[ċ(t) + k1c
2(t)]

k4
x2

}

+
k2

2
[c(t)x + b(t)]

{
− 2

k4
[ḃ(t) + k1b(t)c(t)] − 2

k4
[ċ(t) + k1c

2(t)]x
}

+k3c(t)
{

ρ2(t, 0) − 2
k4

[ḃ(t) + k1b(t)c(t)]x − [ċ(t) + k1c
2(t)]

k4
x2

}

=
1
2

∂

∂t
[ρ2(t, 0)] + k3c(t)ρ2(t, 0) − k2

k4
b(t)[ḃ(t) + k1b(t)c(t)]

+
{
− 1

k4

∂

∂t
[ḃ(t) + k1b(t)c(t)] − k2

k4
c(t)[ḃ(t) + k1b(t)c(t)]

−k2

k4
b(t)[ċ(t) + k1c

2(t)] − 2k3

k4
c(t)[ḃ(t) + k1b(t)c(t)]

}
· x

+
{
− 1

2k4

∂

∂t
[ċ(t)+k1c

2(t)]−k2

k4
[ċ(t)+k1c

2(t)]c(t)−k3c(t)[ċ(t)+k1c
2(t)]

k4

}
· x2

= 0. (3.6)

w	 �⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

d

dt
[ρ2(t, 0)] + 2k3c(t)ρ2(t, 0) − 2k3

k4
b(t)[ḃ(t) + k1b(t)c(t)] = 0,

d

dt
[ḃ(t) + k1b(t)c(t)] + (k2 + 2k3)c(t)[ḃ(t) + k1b(t)c(t)] + k2b(t)[ċ(t) + k1c

2(t)] = 0,

d

dt
[ċ(t) + k1c

2(t)] + 2(k2 + k3)c(t)[ċ(t) + k1c
2(t)] = 0.

(3.7)

H��U� (3.7) �w	����9W. (3.7) Cr�	�� sLT<CH�D7/⎧⎨
⎩

d

dt
[ρ2(t, 0)] + ρ2(t, 0)H(t) = G(t),

ρ2(0, 0) = α2,

$C H(t) = 2k3c(t), G(t) = 2k3
k4

b(t)[ḃ(t) + k1b(t)c(t)].

S(�Dx: #���1(����

ρ2(t, 0) =

∫ t

0
μ(s)G(s)ds + k

μ(t)
,

$C μ(t) = e
∫ t
0 H(s)ds. ��T, �

ρ2(t, x) =

∫ t

0
μ(s)G(s)ds + k

μ(t)
− 2

k4

[
ḃ(t) + k1b(t)

ȧ(k1t)
a(k1t)

]
x − k1

k4

ä(k1t)
a(k1t)

x2. (3.8)
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$F, (3.7) Crt	�� 9W<
b̈(t)+k1ḃ(t)c(t)+k1b(t)ċ(t)+(k2+2k3)c(t)ḃ(t)+(k2+2k3)k1b(t)c2(t)+k2b(t)ċ(t)+k1k2b(t)c2(t)

= b(t) + (k1 + k2 + 2k3)ḃ(t)c(t) + (k1 + k2)b(t)ċ(t) + (2k1k2 + 2k1k3)b(t)c2(t)

= b̈(t)+(k1+k2+2k3)
ȧ(k1t)
a(k1t)

ḃ(t)+k1(k1+k2)b(t)
ä(k1t)
a(k1t)

+(k1k2+2k1k3−k2
1)b(t)

ȧ2(k1t)
a2(k1t)

= 0.

. a(k1t), ȧ(k1t) 5��, e b(t) 5�
�*@.

(3.7) Crw	�� 9W<
d

dt

[
k1

ä(k1t)
a(k1t)

−k1
ȧ2(k1t)
a2(k1t)

+k1
ȧ2(k1t)
a2(k1t)

]
+2(k2 + k3)

[
k1

ä(k1t)
a(k1t)

−k1
ȧ2(k1t)
a2(k1t)

+k1
ȧ2(k1t)
a2(k1t)

]
ȧ(k1t)
a(k1t)

=
d

dt

(
k1

ä(k1t)
a(k1t)

)
+ (2k1k2 + 2k1k3)

ä(k1t)
a(k1t)

ȧ(k1t)
a(k1t)

= k2
1

...
a (k1t)
a(k1t)

− k2
1

ä(k1t)ȧ(k1t)
a2(k1t)

+ (2k1k2 + 2k1k3)
ä(k1t)ȧ(k1t)

a2(k1t)

= k2
1

...
a (k1t)
a(k1t)

+ (2k1k2 + 2k1k3 − k2
1)

ä(k1t)ȧ(k1t)
a2(k1t)

= 0.

��/5d%eJ a2(k1t), �

k1a(k1t)
...
a (k1t) + (2k2 + 2k3 − k1)ȧ(k1t)ä(k1t) = 0,

9W �

ä(k1t) =
ξ

a(2k2+2k3−k1)/k1(k1t)
, (3.9)

wI, a (3.9) _b�/] )���.

\J,  �/;�;@5�2 Dullin–Gottwald–Holm 	
��uUV#⎧⎪⎪⎨
⎪⎪⎩

ρ2(t, x) = max
{∫ t

0
μ(s)G(s)ds+k

μ(t)
− 2

k4

[
ḃ(t)+k1b(t)

ȧ(k1t)
a(k1t)

]
x−k1

k4

ξ

a(2k2+2k3)/k1(k1t)
x2, 0

}
,

u(t, x) =
ȧ(k1t)
a(k1t)

x + b(t),

)a.

>UZ, . k1 = 3, k2 = k3 = k4 = 1 �,  J�� GDGH2 	
��uUV#⎧⎪⎪⎨
⎪⎪⎩

ρ2(t, x) = max
{

ρ2(t, 0) − 2
[
ḃ(t) + 3b(t)

ȧ(3t)
a(3t)

]
x − 3ξ

a4/3(3t)
x2, 0

}
,

u(t, x) =
ȧ(3t)
a(3t)

x + b(t).
(3.10)

. α = a0 = b1 = 1, a1 = 0 
 ξ = −1
3 < 0, GDGH2 	
5�YT#; . α = a0 = b1 = 1,

a1 = 0 
 ξ = 1
3 > 0, GDGH2 	
5��_#.
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q 5 ρ0(x) =
√

1 − 2x + x2 q 6 ρ0(x) = max{
√

1 − 2x − x2, 0}

4 lmn GDGH2 opnqrx
XZ
�>?�:-K�)� drift .-�#

u(t, x) =
ȧ(t)
a(t)

(x + d(t)) + b(t), (4.1)

$C b(t) � d(t) xkc,�9,  euZhv�y_�Cz�h](�>�.

hi, \bCH�C&DE

ρ(t, x) = ρ(t, x), u(t, x) = u(t, x), t = k1t, x =
k1

k2
x.

/;� GDGH2 	
 (2.1)  sLT<JH�D7/⎧⎪⎨
⎪⎩

k1ut +
k2
1

k2
uux +

k1k4

k2
ρρx = 0,

ρt + uρx +
k3

k2
ρux = 0.

(4.2)

a (4.1) _b (4.2) C`g���,  �

ρt + uρx +
k3

k2
ρux = ρt +

[
ȧ(t)
a(t)

(x + d(t)) + b(t)
]

ρx +
k3

k2

ȧ(t)
a(t)

ρ = 0.

S>?�:
dt

1
=

dx
ȧ(t)

a(t)
(x + d(t)) + b(t)

=
dρ

−k3
k2

ȧ(t)

a(t)
ρ
,

e# J%%<

Φ
(

x

a(t)
−

∫ t [
ȧ(t)
a2(t)

d(t) +
b(t)
a(t)

]
dt, ρa(t)

k3
k2

)
= 0, (4.3)

$C Φ ∈ C1.

yBz [1] �{B, � d(t) @dwx
q b(t) = ḋ(t), e (4.3)  9<

Φ
(

x − d(t)
a(t)

, ρa(t)
k3
k2

)
= 0, (4.4)
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{ 9<UV#�7/

ρ(t, x) =
f
(x−d(t)

a(t)

)
a(t)k3/k2

,

$C f ∈ C1.

WX 4.1 /;� GDGH2 	
 (2.1), 5��u>�#⎧⎪⎪⎨
⎪⎪⎩

ρ(t, x) =
f(η)

a(t)k3/k2
,

u(t, x) =
ȧ(t)
a(t)

(x − d(t)) + ḋ(t),
(4.5)

$C f(η) = ±√−k2ξη/k4 + η0, η =
(
(x − d(t))/a(t)

)2, η0, ξ <�3(�. b^]� a(t) ,G
Emden �$	


(a(t)k1/k2)′′ =
k2ξ

k1a(t)
2k3
k2

+2− k1
k2

, a(0) = a0 �= 0, ȧ(0) = a1,

d(t) ,G
d(t) =

∫ t c

a(t)k1/k2−1
dt,

$C a0, a1 � c <�*(�.

Z[ |x)� (4.5) ,G (2.1) C`g��. H�)� (4.5) ,G/;� GDGH ��. a

u(t, x), ρ(t, x) _b (4.2) C� DGH ��, w	 �

k1ut +
k2
1

k2
uux +

k1k4

k2
ρρx,

= k1
∂

∂t

(
ȧ(t)
a(t)

(x−d(t))+ḋ(t)
)

+
k2
1

k2
u

∂

∂x

(
ȧ(t)
a(t)

(x−d(t))+ḋ(t)
)

+
k1k4

k2
ρ

∂

∂x

(
f(η)

a(t)k3/k2

)

=
k1(x−d(t))

a(t)

[
ä(t)−

(
1−k1

k2

)
ȧ(t)2

a(t)
+

2k4

k2

f(η)ḟ(η)
a(t)1+2k3/k2

]
+k1

[
d̈(t)−

(
1−k1

k2

)
ȧ(t)
a(t)

ḋ(t)
]

.

q

ä(t) −
(

1 − k1

k2

)
ȧ(t)2

a(t)
=

ξ

a(t)1+2k3/k2
,

S0
�G?,  J�� Emden �$	


(a(t)k1/k2)′′ =
k2ξ

k1a(t)
2k3
k2

+2− k1
k2

, a(0) = a0 �= 0, ȧ(0) = a1.

q

d̈(t) −
(

1 − k1

k2

)
ȧ(t)
a(t)

ḋ(t) = 0,

 �

d(t) =
∫ t c

a(t)k1/k2−1
dt,

$C c <�*(�.
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n

ξ +
2k4

k2
f(η)ḟ(η) = 0,

e

f(η) = ±
√

−k2ξ

k4
η + η0, η =

(
x − d(t)

a(t)

)2

.

)a.

uyJ�| �	
, .z� k1, k2, k3 
 k4 dz9>L]�,  �� GDGH2, CH2, BBM

�$-	
>�7/�UV#. J=>�#<M0R#, %&)�YT�
�_5����H,

89�H}"�r 2 Z(}^4�, 
�=>�#�� {~~����CJyA��F�.

z{ |��}M�XB� �~�*Æ.
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