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Abstract We propose a joint modeling approach for the analysis of recurrent event
data with a terminal event, where an additive-multiplicative rates model is specified for
the recurrent event process, the Cox hazards frailty model is specified for the terminal
event, and the shared frailty is used to account for the association between the two
processes. An estimating equation approach is developed for estimating the model
parameters. The asymptotic properties of the proposed estimators are established.
Simulation studies are constructed to examine performances of the proposed estimators
under finite samples. Finally, we use the proposed method to analyze a medical cost
study of chronic heart failure patients.
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���. ����������

�, �������
���
�
����Æ
	. ��, �����, 
�����, ��

����, ���
���
 [5]. ������������������
	��
���
������. � �, ��������� Æ�!
����!, �!"�����
	�
� (�" [2, 6, 12, 14, 30, 34, 35]). ��� !������ !"" Cook # Lawless [5] �

Kalbfleisch # Prentice [10] 
��"#.

�!
���, !�����#$
	 (�$%) %$&&�$�#%$. ��, �%��
������, �&%�$%,  !%����'&'��#$". '#, #$
	('���
���
	��(��())). ��Æ)������(#$
	���
	��, !"**
�*$)%: ��� , *+� #&*+� [19, 22]. ��� +''!+(���,-��

	##$
	*��(+�,'#,)*��(+��!%$,����#-!%$�+(�
�'-�*. [9, 20, 32, 36]. ���  !��..�/.+(���.	/, ��
	'&��
/0'&, '#01 !�/0..+�,�. *+� "-����
	(#$
	�*+)
), .�*��()�/)0*.. [6, 7, 27, 37]. 0��12/, ��
	�����3��(
$%���24, 31� "��51�(2 [11]. &*+� "-���3���
	���

�, '#!",4��+(���*.��
	(#$
	�()�. ))� !672��3
5!""" [4, 19, 20, 22, 29, 33, 34]. ��, Cook # Lawless [4] 4�"�3�����
��
3���
	4-#��� . Kalbfleisch 
� [11], Qu, Sun # Liu [25] � Ye, Kalbfleisch #

Schaubel [33] +',4+(��, 4�"��684"�� , 7�+(��!"51��
	
�.	��##$
	55��(+�.&*+� �,-�����3����
	�.	�
��� �9)(:�83�, '#� "�!"51*�/.���3.	/, ��
	.	

���*+��.

� &*+� ,)
��� !4..������
	.	��##$
	55�9)
6��� [11, 33]; 7�� .*6�� �/067, Pan # Schaubel [22] ���
	�.	�

�;9"7�� , '�#$
	55�<1"6�� ; Zeng # Cai [34] ��"!7���

 , ��#$
	55�'<1"6�� . Chen, Shen# Chuang [3] ���
	��4�"�
�()6�+(���8� Aalen !7� , '�#$
	55�.."6�� . 0�,)�

/)/�01�)29�3. Qu, Sun # Liu [25] ���
	��##$
	55�4;9"7
�� , �+',4��+(��,-.�*��()�, /�01�)29�3. :', Lin #

Ying [16] 4�: �;+���, ���=!���6���, 7
'!���7���. >? Sun

# Kang [29] ���
	��4�"��(+(���!7!6� , 0�5 +(���":
"��89�� �6����,'"��
	(#$
	�()��,)�� ��.*<7
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"��B�. �!
;��, ���>>+�)?.�*��()�.

9"���
	�.	��4�"��(6�+(���!7!6� ,'�#$
	�!
"��(6�+(���6�� . !7��+(���,-��
	(#$
	�()�. D

'!E;01 &�@A, 1,"�F"�#()�"��01, <G/�"01�)29�3.

2 c=de
@ ÑR(t)*
�A� (0, t]B�����, X(t)= (Z(t)T ,W (t)T )T* p+qBC
��� [10].

C D CD#$
	
� (��, %�$%
�), C CDDE
�. E0>?��, #$
	��

%$"��
	��
, HD t > D 
, dÑR(t) = 0. C T = C ∧ D � Δ(t) = I (T ≥ t),

7� a ∧ b = min(a, b), I(·) *D���. 5 DE���, ÑR(t) �-�-�%$, @�, F

)C NR(t) = ÑR(t ∧ T ) CD
�A� (0, t] �;+%$,���
	��. $�#, 'C
ND(t) = ÑD(t∧ T ) CD;+%$,�#$
	��, 7� ÑD(t) = I(D ≤ t). .@F)%$,

" n�E97�F�29,��AG* {NR
i (t), ND

i (t), Ti,Δi(t),Xi(t), 0 ≤ t ≤ Ti, i = 1, . . . , n}.
@ υ ���( X(t) E9#-!%$,�:H+(��. I� Kalbfleisch 
� [11] � Ye 


� [33] �"#, /. Z(t), D = s � υ, ���
	'&, "-�/�&*+��� :

dΛR(t | υ) = P{dÑR(t) = 1 |X(t), D = s, υ}, s ≥ t.

>? dΛR(t | υ) !�+F ��� X(t) #+(�� υ, 0-+F #$
	 D = s ≥ t. �'�
?GB, �/.����.	/, +(��,-"��
	'&(#$
	'&�()�. '#

F)D!"&C dΛR(t | υ) = P{dÑR(t) = 1 |X(t), D ≥ t, υ}, �'H0�/. X(t) # υ .	

/, dΛR(t | υ) !CD� t 
,�3��*
���
	'&�*+��. *"I ��, ���

'&, F)"-�/�!7!6*+��� :

dΛR(t | υ) = υ
[
exp{γTZ(t)}dΛR

0 (t) + βTW (t)dt
]
. (2.1)

@�/. X(t) # υ /, dΛD(t | υ) = P{dÑD(t) = 1 |X(t), D ≥ t, υ} CD#$
	55�
�. "-�/� Cox � :

dΛD(t | υ) = υ exp{αTX(t)}dΛD
0 (t), (2.2)

7� α * p+ q B�F"�, dΛD
0 (t) *ID��655���. *"JK� I, F)..� 

(2.1) (� (2.2) ���� X(t) (7. :', /�'4��01 !!"ELJE,3G� 
(2.1) # (2.2) ���-7�18. HC, I� Ye, Kalbfleisch # Schaubel [33], F)..+(��

υ JK4-* 1,  2* θ �FI�F, 7� θ ID. >?�J.. υ �4-* 1, G0�*"�
 �!KL�. �/. X(·) �.	/, ..DE
� C ( {ÑR(·), ÑD(·),D, υ} E9.

3 HIJK
*"MK I, C η = (γT , βT )T . �&+(�� υ �M�%$,,  !�� (2.1) # (2.2)

�L'! Liu 
� [21] � Andersen # Gill [2] � !, F)!"<101 &, �L1, η # α

�01.:',�;+�, υ �-!%$�,@�-�EL'!L�'K� !. /��/. D ≥ t

# X(t) .	/, +'�� (2.1) # (2.2) �+(��M.	�L, !1��)) η # α �*+
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� . � υ JKFI�F�../, 
1M!1

dΛR(t) = P{dÑR(t) = 1 |X(t), D ≥ t} = ψ(t)−1
[
exp{γTZ(t)}dΛR

0 (t) + βTW (t)dt
]
, (3.1)

dΛD(t) = P{dÑD(t) = 1 |X(t),D ≥ t} = ψ(t)−1 exp{αTX(t)}dΛD
0 (t), (3.2)

7�
ψ(t) = E

[
υ |X(t), D ≥ t

]
=

[
1 + θ

∫ t

0

exp{αTX(t)}dΛD
0 (t)

]
.

.;
dMR

i (t) = ψi(t)dNR
i (t) − Δi(t)

[
exp{γTZi(t)}dΛR

0 (t) + βTWi(t)dt
]
,

dMD
i (t) = ψi(t)dND

i (t) − Δi(t) exp{αTXi(t)}dΛD
0 (t),

7�
ψi(t) ≡ ψi(t; θ, α,ΛD

0 ) =
[
1 + θ

∫ t

0

exp{αTXi(t)}dΛD
0 (t)

]
.

�� .@/, '! (3.1) # (3.2)!"&C MR
i (t)# MD

i (t)�N4-'&. @�, /. ψ(t), %

N " [2, 21] � !, !"� ΛR
0 (t), ΛD

0 (t), η # α �L<1�/01 &
n∑

i=1

[
ψi(t)dNR

i (t) − Δi(t)
{

exp{γTZi(t)}dΛR
0 (t) + βTWi(t)dt

}]
= 0, 0 ≤ t ≤ τ,

n∑
i=1

[
ψi(t)dND

i (t) − Δi(t) exp{αTXi(t)}dΛD
0 (t)

]
= 0, 0 ≤ t ≤ τ,

n∑
i=1

∫ τ

0

[
Di(t; η) − D̄(t; η)

][
ψi(t)dNR

i (t) − Δi(t)βTWi(t)dt
]

= 0,

n∑
i=1

∫ τ

0

{
Xi(t) − X̄(t)

}
ψi(t)dND

i (t) = 0,

7�, τ ���@.���#OL P (Ti ≥ τ) > 0, Di(t; η) �) ���#"��NOP/��
#( dΛR

0 (t) O),

X̄(t) =
∑n

i=1 Δi(t) exp{αTXi(t)}Xi(t)∑n
i=1 Δi(t) exp{αTXi(t)} .

-7� Di(t; η) �NM η 01�)��-7, I� Lin # Ying [16] �35, F)PQ

Di(t; η) =
(
ZT

i (t),
W T

i (t)
exp{γTZi(t)}

)T

.

.; D̄(t; η) =
(
Z̄T (t; η), W̄ T (t; η)

)T , 7�
Z̄(t; η) =

∑n
i=1 Δi(t) exp{γTZi(t)}Zi(t)∑n

i=1 Δi(t) exp{γTZi(t)} , W̄ (t; η) =
∑n

i=1 Δi(t)Wi(t)∑n
i=1 Δi(t) exp{γTZi(t)} .

�
, η �01 &�*:
n∑

i=1

∫ τ

0

[
Zi(t) − Z̄(t; η)

][
ψi(t)dNR

i (t) − Δi(t)βTWi(t)dt
]
,

n∑
i=1

∫ τ

0

[
Wi(t)

exp{γTZi(t)} − W̄ (t; η)
][
ψi(t)dNR

i (t) − Δi(t)βTWi(t)dt
]
.
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:', �� ψi(t) +:P)ID"� θ, α � ΛD
0 (t). *"01 θ, C ÑR

i (t) # Di �L'.;, 0

�+F �� i, i = 1, . . . , n. .;
ω1i(t) = E[ÑR

i (t) |Xi(t), Di = t], ω2i(t) = E[ÑR
i (t) |Xi(t), Di > t].

�� ../, 
1M!1

ω1i(t) = (θ + 1)ψi(t)−1

∫ t

0

[
exp{γTZi(t)}dΛR

0 (u) + βTWi(u)du
]
,

ω2i(t) = ψi(t)−1

∫ t

0

[
exp{γTZi(t)}dΛR

0 (u) + βTWi(u)du
]
.

@�
ω1i(t)
ω2i(t)

= θ + 1. (3.3)

(3.3)9!Q.�N��
	'&(#$
	'&�R8(+��� [11]. �'�?GB: R�

, t �
#$
	���'�����, 0��
, t +:3 55��������
. I�

(3.3) 9, '! Kalbfleisch 
 [11] � !, F)!"<1) θ �01 &�/:
n∑

i=1

∫ τ

0

{
NR

i (t) − (θ + 1)Q(t)ω2i(t)
}
dND

i (t) = 0,

7�
Q(t) =

∑n
i=1 ω2i(t)−1Δ∗

i (t)N
R
i (t)∑n

i=1 Δ∗
i (t)

,

Δ∗
i (t) = Δi(t){1 −ND

i (t)} CD�� i � t 
,+:3 55S�, �#� t 
,*G�
#$

	.

@ ζ = (ηT , αT , θ,ΛR
0 ,Λ

D
0 )T . .; & U(ζ) = (UT

1 , U
T
2 , U3, U4, U5)T = 0 �5.* ζ �0

1, 7�
U1 =

n∑
i=1

∫ τ

0

{
Di(t; η) − D̄(t; η)

}{
ψi(t)dNR

i (t) − Δi(t)βTWi(t)dt
}
,

U2 =
n∑

i=1

∫ τ

0

{
Xi(t) − X̄(t)

}
ψi(t)dND

i (t),

U3 =
n∑

i=1

∫ τ

0

{
NR

i (t) − (θ + 1)Q(t)ω2i(t)
}
dND

i (t),

U4 =
n∑

i=1

{
ψi(t)dNR

i (t) − Δi(t)
[
exp{γTZi(t)}dΛR

0 (t) + βTWi(t)dt
]}
, 0 ≤ t ≤ τ,

U5 =
n∑

i=1

{
ψi(t)dND

i (t) − Δi(t) exp{αTXi(t)}dΛD
0 (t)

}
, 0 ≤ t ≤ τ.

@ ζ̂ =
(
η̂T , α̂T , θ̂, Λ̂R

0 , Λ̂D
0

)T
* U(ζ) = 0 �5. 5 ���"��014+F 7,�"�, @

�, F)4�"�NQ�#)��O75!:

Of 0 PQP- θ(0), α(0) � ΛD(0)
0 (t);

Of 1 @ ψ
(0)
i (t) = ψi(t; θ(0), α(0),ΛD(0)

0 ). * ψ
(0)
i (t) 74 U1 = 0, U2 = 0, U4 = 0 #

U5 = 0, :GM51,6R01 η(1), α(1), ΛR(1)
0 (t) � ΛD(1)

0 (t);

Of 2 /. η(1), ΛR(1)
0 (t)� ψ

(1)
i (t)= ψi(t; θ(0), α(1),ΛD(1)

0 ),M5 U3 = 01,6R01 θ(1);
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Of 3 /�#P 1 ##P 2 E,SS.

g 1 �P- θ(0), α(0) # ΛD(0)
0 (t) �PQ)
N-7� !, F)�/���T���;

����, Q θ(0) = 0, α(0) = 0, ΛD(0)
0 (t) * Nelson–Aalen 01. F)'Q&"7,�PT-, �

-QUM!�SS. � U�O7'&SS, R�!"T�&2 ≤ 10−3 *O7#$6R.

@ ξ = (ηT , αT , θ)T , ξ̂ = (η̂T , α̂T , θ̂)T , �C ξ0 = (ηT
0 , α

T
0 , θ0)

T CD ξ �S-. /�UV'

101�VW�3.

Th 3.1 �RW�UR.	 (C1)–(C4) /, ξ̂, Λ̂R
0 (t) � Λ̂D

0 (t) XY33��#V�. 7
,

ξ̂ �(8 ξ0, #� t ∈ [0, τ ] B, Λ̂R
0 (t) # Λ̂D

0 (t) XY33�MSS, ΛR
0 (t) # ΛD

0 (t).

.G 3.1 H0"01 ξ̂, Λ̂R
0 (t) � Λ̂D

0 (t) ����, V��#W)��(8�. L/�, F)

/� ξ̂, Λ̂R
0 (t) # Λ̂D

0 (t) �VW�F.

Th 3.2 �RW�UR.	 (C1)–(C4) /,
√
n(ξ̂ − ξ0) +�FSS ��4-* 0,  2

* Γ−1Σ(ΓT )−1 �
VUXYZ��, 7� Σ # Γ �.;�RW�. $�#S,
{√

n(Λ̂R
0 (t) −

ΛR
0 (t)),

√
n(Λ̂D

0 (t) − ΛD
0 (t)), t ∈ [0, τ ]

}
(SS,��N4-�[Z'&.

��S, '! plug-in  !!"1, 2�(801. 0�, Σ �P) Hadamard N�, '#

7CT9+��W, '", �[29/'! plug-in  !01 Σ !�-Q.. @�, F)�!"
bootstrap  !01 ξ̂ �� 2\X. D:, /U2�29�Y)#U2��Y
, 01�Y]
*. �V 4 ^��T���, F)��D29* 200 # 400 
, 100 � bootstrap � 2\X0
1Æ+�]*.

4 dijk
9^'!X�_Y�T&C'4 !�)\29�3. @��� Z JKG`W�* 0.5 �

XZ'�F, W JK (0, 1) B�4Z�F. C X = (Z,W )T . +(�� υ Y
 "�* (1, θ) �

FI�F, �@[ θ = 0 �� 0.5.

/.+(�� υ #��� X, #$
� D 5� (2.2) Y
, 7� ΛD
0 (t) = 0.5t, "�

α0 = (α01, α02)T = (0.5,−0.5)T . ��
	Y
 ��* υ
(
λ0(t) exp{γ0Z}+β0W

)
�/0'&,

7� λ0(t) ≡ 2, "� γ0 = −0.5, β0 = 0.5. DE
�Y
 (0, 8) B�4Z�F, �C τ = 6. �


DE�)\* 30%. �����24����\* 2.5. /��T 500 �, 29[�* n = 200

� 400. ���T/U2 100 �01VW 2.

C 1 L48�* γ, β, α # θ �'4 !��Ta&, 7�Zb"��&2 Bias (01-(
S-�2); 01�[62 SEE,29�[62 SE #� UX�F1M� 95%
&\c� CP .

a&C0'4�� !�Ta&C�Æ::'101�VWO&�,VW 201+�]*, 95%


&\c�'��8G.

*"��, F)'"-" naive 01 !, H01
, ]#$
	.*(��'&E9�D
E
�3G [21]. ��@[(C 1 L48�(7. C 1 /�"��a&, KC 1 �a&!"Q
,, naive 01 !])�#$
	(��'&E9�12/ (H θ = 0) �(8�. ��N12
/, �"� γ, β # α �01, '4 !( naive  !4�8G�, #L��01 2�G�\).

�!��5 G�'!"#$
	(��'&E9�]^. :', DE9.	-G9 (H θ �= 0)


, naive 01 !�VW)&�, 0F)'4 !+:C�Æ:.
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_`de^_ naive de^_
n θ `� Bias SE SEE CP Bias SE SEE CP

200 0 γ −0.0044 0.1229 0.1264 0.956 −0.0069 0.1195 0.1223 0.958

β −0.0162 0.2739 0.2768 0.946 −0.0150 0.2721 0.2712 0.940

α1 0.0085 0.1674 0.1742 0.960 0.0059 0.1633 0.1717 0.960

α2 −0.0231 0.2897 0.2996 0.956 −0.0219 0.2880 0.2961 0.956

θ 0.0035 0.0569 0.0551 0.934

0.5 γ −0.0282 0.2527 0.2851 0.972 −0.1879 0.2249 0.2496 0.950

β −0.0398 0.5659 0.5779 0.950 −0.0192 0.3450 0.3450 0.946

α1 0.0017 0.2558 0.2710 0.976 −0.1103 0.1749 0.1805 0.976

α2 −0.0374 0.4694 0.4775 0.960 0.0910 0.3216 0.3158 0.960

θ −0.0024 0.1277 0.1362 0.948

400 0 γ 0.0016 0.0818 0.0849 0.968 0.0000 0.0820 0.0829 0.958

β −0.0222 0.1910 0.1924 0.938 −0.0214 0.1898 0.1903 0.932

α1 0.0046 0.1235 0.1217 0.944 −0.0033 0.1223 0.1203 0.944

α2 0.0042 0.2117 0.2062 0.928 0.0054 0.2106 0.2049 0.928

θ 0.0027 0.0356 0.0371 0.960

0.5 γ −0.0031 0.1724 0.1814 0.948 −0.1725 0.1536 0.1599 0.872

β 0.0049 0.3874 0.4043 0.954 0.0154 0.2301 0.2421 0.950

α1 0.0171 0.1851 0.1817 0.954 −0.0997 0.1296 0.1263 0.954

α2 −0.0017 0.3091 0.3113 0.952 0.1093 0.2235 0.2190 0.952

θ −0.0033 0.0969 0.0919 0.932

a 1 _`^_^ naive _=Afgh

<G, +'�-�T�i&'4 !�FI�F..ba
�C�. "-/�$N12:

(i) υ JK (0, 2) B�4Z�F;

(ii) υ JK4-* 1,  2* 0.5 ���UX�F;

(iii) υ̃ JK4-* 10 �/0�F, C υ = υ̃/10.

7,@[(C 1 L48�(7, 7�
γ0 = −0.5, β0 = 0.5, α0 = (α01, α02)T = (0.5,−0.5)T .

C 2 *�Ta&. Ka&!"Q�, '4�� !�B�$N@[/+:C�8G, �C0
F)� !�+(���F..ba
 (_]�B�'"-�12/), 9)�.�Q��.

c^d_ `� Bias SE SEE CP

j`ef γ −0.0344 0.3079 0.3647 0.978

β 0.0319 0.6674 0.6958 0.948

α1 0.0041 0.2845 0.3322 0.960

α2 −0.0031 0.4875 0.5030 0.952

g�abef γ 0.0193 0.2082 0.2282 0.952

β −0.0673 0.4784 0.4762 0.948

α1 0.0173 0.2275 0.2380 0.952

α2 −0.0670 0.4197 0.4069 0.944

hcef γ −0.0073 0.1610 0.1639 0.946

β −0.0162 0.3600 0.3602 0.940

α1 0.0046 0.2009 0.1919 0.936

α2 −0.0167 0.3313 0.3309 0.948

a 2 c^d_efkijd`aleefgh (n = 200) _`^_^ naive _=Afgh
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5 lmbn
9^*'4�� !c!,��b�?d%%���cmk�dl���.����emn

eg)���ch
)i, Æ) 1475 �fg� 60–89 j*��%��]^. ��%�� 2004 f

�P����o)?d%#Lk"fc. ��%��pg%$al
�*�%�� 2006 f 7 h
31 h<G��������
�������$%
�. �%$��, ) 297 �%� (\ 20%)

$%, 7,%�4�DE". ���%�4$�"$�4[: �L, Ni#fg. P#��C0,

�������Y
�%�im )6[�$%�.H%�$% (#$
	)(����� (��


	) )(��()� [18, 28]. F)!'4�� !�$%55�(��
	55�$nj8�
�, o��L, Ni#fg$�����%�$%�������QU.

C Zi1 *%���L4[ (j� = 1, k� = 0). I� Sun 
� [28] �lK, .; Zi2 *f

g4[, � 60–69, 70–79 # 80–89 fg��LQ-* 0, 1 # 2. '" Zi = (Zi1, Zi2)T . C Wi *

Ni4[ (nN� = 1, :nN� = 0). @ τ *%�<opg%$
�. VW 2'! 100 �/
U201. 01a&�C 3 'D. a&C0: Ni#fg4�%������'&�55�)),

0��L�/)pk��. 9�S, nN�%�������55��p, 'm�n)([�5
5�. '�%��$%'&'l, �L#fg� 0.05 q2/4)pk��, 0�Ni@mn/)
pk��. 9�S, j�%�(mf%�4im )6[�$%55�. 5C 3 �a&!D

θ̂ = 0.3661(p-value < 0.0001),

HC0%�������'&(%��$%'&��pk�()�. '��H, %������
Yoq,  !'�)�[�$%55�. '#K (3.3) 9!D, � t 
,$%%������)\
�� t 
,p3 55%�� 1.37 r.

γ β α θ

es �q no es �q no ;qe
_`de^_

Est −0.0094 0.1082 −0.0691 0.2769 0.5056 −0.2765 0.3661

SEE 0.0275 0.0201 0.0240 0.1337 0.0887 0.1425 0.0501

p-value 0.7352 < 0.0001 0.0040 0.0384 < 0.0001 0.0524 < 0.0001

naive de^_
Est −0.0300 0.0729 −0.0511 0.2502 0.4707 -0.2597

SEE 0.0256 0.0184 0.0201 0.1233 0.0814 0.1331

p-value 0.2424 < 0.0001 0.0109 0.0425 < 0.0001 0.0510

a 3 trrru�sespvvtqu�r�Aef
s: Est at`�=det, SEE at^w=det

.*��, �-"-.�'&()��.	/, F)! naive 01 !���u"��. a

&va�C 3 �/48�. Ka&�!"Q�, u: naive  !'101�pk�(F)'4 
!�(W, 0�%����'&'l, naive  !�Ni@m�01�'4 !\[. '�%��

$%'&'l, naive  !��L@m�01'�'4 ![. (�T���'wD�%N, �!
��@* naive  !s\".�'&*��()�, NM"01��&2. (�S, F)'4�

 !n!.�'&'Æ)���+(��,-"7()�, 1,"��8G�01.
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6 opqrs
9"4�"����
	(#$
	�68� , �'!E;01 &�@A, 1,""�

�2901, �/�"011)29�3. �T��a&C0, '4�� !C�Æ:. '#�+
(���F.@ba�12/, '4 !'9)�.�Q��. <G, '!'4 !�mneg
)�b�?d%%��ck!��$n";���.

E0>?��, � (2.1) # (2.2) t�,-"��
	(#$
	�U()�. :'�;+
�, .�*�!��H()�. ��N12/, ���
	'&, !""-/��� :

dΛR(t | υ) = υ−1
[
exp{γTZ(t)}dΛR

0 (t) + βTW (t)dt
]
,

#� (2.2) -�, 7� υ JK4-* 1,  2* θ < 1 �FI�F. !"&C
ψ∗(t) = E[υ−1 |X(t), D ≥ t] = ψ(t)/(1 − θ),

# ω1i(t)/ω2i(t) = 1 − θ. B9?GB, R�
, t �
#$
	���'�����, 0��

, t +:3 55��������]. @�, ��
	(#$
	�H()�. HC, * U1, U3

# U4 �� ψ(t) # 1 + θ �L6u* ψ∗(t)−1 # 1 − θ, 72S, �B"'K, F)!"<1"�
�01 &.

:', �;+�����, ��*.v����* Z(t) # W (t) p:��vw. +v���
;+xw, �&xU������
	����9)�)���, R*7F* Z(t); �&xU�
�����
	����9)�)�T���,  !�*7F* W (t). D:, �&����B�

([
, !"+'T8-7�� UL���*6���D�7���. 0�, D���;+x

w�-+�wx
, '!���U�����-7���+�y0�, �)B $�#���.

9"�!"E;01 &� !, @�'1,�01!�-�4")��, ��x16)�
�"�01, pE0u$�#���. HC, *"x0� T8�]*�, !""-��� z
2 dM̂R

i (t) # dM̂D
i (t) �yy#�- ! [13], 7� dM̂R

i (t) # dM̂D
i (t) !�L5 dMR

i (t) #

dMD
i (t) ��"�6u*701'1. 7G5�3#�-�T'�-1*�0���vw.

7 yt: uvwxyz
*"JN01�)29�3, F)../��UR.	:

(C1) {NR
i (·), ND

i (·), Ti,Xi(·)}, i = 1, . . . , n �E97�F�.

(C2) E{NR
i (τ)} �)z�, Pr (T ≥ τ) > 0.

(C3) Zi(t) � [0, τ ] BXY33*)z�2��.

(C4) �� η0 ���{MS B, OL η ∈ B, Γ(η) �:yz�, 7� Γ(η) � −∂Ũ(η)/∂ηT

�|\-, Ũ(η) �.;� (A.4) �/�.

*"C0'&�}I, F)..���(
� t O). ���(
� t ))�120�*q
z, 0C0'&�%N�.

Th 3.1 {{| @ ψi(t; ΛD) = ψi(t; θ, α,ΛD
0 ) � ΛR

0 (t; ΛD
0 ) = ΛR

0 (t;α, θ,ΛD
0 ). �z?m

� γ∗ ���� Z∗, .;
SkZ∗(t; γ∗) =

1
n

n∑
i=1

Δi(t) exp{γ∗TZ∗
i (t)}Z∗⊗k

i (t), k = 0, 1,
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7�, �z?m� a, a⊗0 = 1, a⊗1 = a. @

N̄D(t) = n−1
n∑

i=1

ψi(t; Λ̃D
0 )ND

i (t), N̄R(t) = n−1
n∑

i=1

ψi(t; Λ̃D
0 )NR

i (t),

� skZ∗(t; γ∗) * SkZ∗(t; γ∗) �|\ (k = 0, 1).

�/.� ξ, C Λ̃R
0 (t; ξ) � Λ̃D

0 (t; ξ) �L* U4 = 0 # U5 = 0 �5.  !

Λ̃R
0 (t; ξ) =

1
n

n∑
i=1

∫ t

0

ψi(u; Λ̃D
0 )dNR

i (u) − Δi(u)βTWi(u)du
S0Z(u; γ)

,

# Λ̃D
0 (t; ξ) OL~� &

Λ̃D
0 (t; ξ) =

1
n

n∑
i=1

∫ t

0

ψi(u; Λ̃D
0 )dND

i (u)
S0X(u;α)

. (A.1)

(A.1) ��� Volterra ~� &, #��V��5 [24]. /. ξ, @/{ &

ΛD(t; ξ) =
∫ t

0

E{dN̄D(u)}
s0X(u;α)

(A.2)

�5* ΛD(t; ξ). >?,BK &'��� Volterra ~� &#)V��5OL
ΛD(t; ξ0) ≡ ΛD

0 (t).

.;
Λ(t; ξ) =

1
n

n∑
i=1

∫ t

0

exp{αTXi(u)} θdN
D
i (u)

S0X(u;α)
.

'! (A.1) # (A.2) !1

Λ̃D
0 (t; ξ) − ΛD(t; ξ) =

∫ t

0

[
Λ̃D

0 (u; ξ) − ΛD(u; ξ)
]
dΛ(t; ξ) + En(t; ξ),

7�
En(t; ξ) =

1
n

n∑
i=1

∫ t

0

dMD
i (u)

S0X(u;α0)
.

'!�M�)�.|, !D� t ∈ [0, τ ] # ξ ∈ B B, XYy:�MS) En(t; ξ) → 0. 5 B9
'��� Volterra ~� &, M5!1:

Λ̃D
0 (t; ξ) − ΛD(t; ξ) =

1
Pn(t)

∫ t

0

Pn(u−)dEn(u; ξ), (A.3)

7�
Pn(t) =

∏
s≤t

{1 − dΛ(s; ξ)}

CD) Λ(s; ξ) � [0, t] B�6~~� (�" [1, .G II. 6.3]) � Pn(u−) CD Pn(u) �|}{
��. '!6~~��VW�3 [8], �M�)�.| [23] �" [17, ,G A.1] !D: ) t ∈ [0, τ ]

# ξ ∈ B, Λ̃D
0 (t; ξ) XYy:�MSSS, ΛD(t; ξ).

@

ΛR(t; ξ) =
∫ t

0

E{dN̄R(u)} − βT s∗1W (u)du
s0Z(u; γ)

,
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# ΛR(t; η0) ≡ ΛR
0 (t), 7�, s∗1W (u) * SkW (t; 0) �|\-. %NS!D, � t ∈ [0, τ ] # ξ ∈ B

B, Λ̃R
0 (t; ξ) XYy:�MSS, ΛR(t; ξ).

�0AC0 ξ̂, Λ̂D
0 (t) � Λ̂R

0 (t) ����#V��, ]E0C0/K &��V��5H!
Ũ(ξ) =

(
Ũ1(ξ)T , Ũ2(ξ)T , Ũ3(ξ)

)T = 0, (A.4)

7�
Ũ1(ξ) =

n∑
i=1

∫ τ

0

{
Di(t; η) − D̄(t; η)

}{
ψi(t; Λ̃D

0 )dNR
i (t) − Δi(t)βTWi(t)dt

}
,

Ũ2(ξ) =
n∑

i=1

∫ τ

0

{
Xi(t) − X̄(t)

}
ψi(t; Λ̃D

0 )dND
i (t),

Ũ3(ξ) =
n∑

i=1

∫ τ

0

{
NR

i (t) − (θ + 1)Q̃(t)ω̃2i(t)
}
dND

i (t),

"�
ω̃2i(t) = ψ−1

i (t; Λ̃D
0 )

∫ t

0

[
exp{γTZi(u)}dΛ̃R

0 (u) + βTWi(u)du
]
,

# Q̃(t) * Q(t) �� ω2i(t) 6u* ω̃2i(t) '1.

@

Γ̂(ξ) = −n−1∂Ũ(ξ)/∂ξT .

 !, '!�M�)�.|� Λ̃D
0 (t; ξ̂) # Λ̃R

0 (t; ξ̂) ��MSS�, !1 Γ̂(ξ) ) ξ ∈ B �MS
S,��:YZ�� Γ(ξ). '!"&CXY33)

n−1Ũ(ξ0) → 0.

@�, Γ̂(ξ) ��M(8��.	 (C4) ?GB: D n {�)
, � ξ ∈ B B, Γ̂(ξ) :yz. 5~�
�.G (�" [26, V 221 }]) !D: � B �, D n {�)
, Ũ(ξ) = 0 ��V��5 ξ̂, H��
V��01

ξ̂, Λ̂D
0 (t) ≡ Λ̃D

0 (t; ξ̂) # Λ̂R
0 (t) ≡ Λ̃R

0 (t; ξ̂) (0 ≤ t ≤ τ).

� (A.4) '!|�w9, !1

n−1Ũ(ξ̂) − n−1Ũ(ξ0) = −Γ̂(ξ0)(ξ̂ − ξ0) + o(‖ξ̂ − ξ0‖).
@�XY33)

Γ̂(ξ0)(ξ̂ − ξ0) + o(‖ξ̂ − ξ0‖) = o(1).

5 � B �, Γ̂(ξ) �:yz�, BK
9?GB ξ̂ ��(8�. I� Λ̃D
0 (t; ξ) # Λ̃R

0 (t; ξ) ��M
SS�!D: ) t ∈ [0, τ ], Λ̂D

0 (t) # Λ̂R
0 (t) XY33�MS�LSS,

ΛD(t; ξ0) ≡ ΛD
0 (t) # ΛR(t; ξ0) ≡ ΛR

0 (t).

C|.

Th 3.2 {{| C Λ̃D
0 (t) = Λ̂D

0 (t; ξ0). !"&C
Λ̃D

0 (t) − ΛD
0 (t) =

n∑
i=1

∫ t

0

[Λ̃D
0 (u) − ΛD

0 (u)]dΛ(u; ξ0) +
1
n

n∑
i=1

∫ t

0

dMD
i (u)

S0X(u;α0)
.
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B9��� Volterra ~� &, M5!1

Λ̃D
0 (t) − ΛD

0 (t) =
1

P̂ (t; ξ0)

∫ t

0

P̂ (u−; ξ0)
∑n

i=1 dM
D
i (u)

nS0X(u;α0)
,

7�
P̂n(t; ξ0) =

∏
s≤t

{1 − dΛ(s; ξ0)}

CD) Λ(s; ξ0) � [0, t] �6~~�. '! Λ̃D
0 (t) ��MSS�, �M�)�.| [23] � Lin #

Ying �" [17, ,G A.1] !D, � t ∈ [0, τ ] B, �MS)
Λ̃D

0 (t) − ΛD
0 (t) =

1
n

n∑
i=1

φ1i(t) + op(n−1/2), (A.5)

7�
φ1i(t) =

1
P (t; ξ0)

∫ t

0

P (u−; ξ0)
dMD

i (u)
s0X(u;α0)

,

# P (t; ξ0) � P̂n(t; ξ0) �|\.

@

Λ∗(t; ξ0) =
1
n

n∑
i=1

∫ t

0

exp{αT
0 Xi(u)} θ0dN

R
i (u)

S0Z(u; γ0)
.

( (A.5) %N!1

Λ̃R
0 (t) − ΛR

0 (t) =
∫ t

0

{Λ̃D
0 (u) − ΛD

0 (u)}dΛ∗(u; ξ0) +
1
n

n∑
i=1

∫ t

0

dMR
i (u)

S0Z(u; γ0)

=
1
n

n∑
i=1

φ2i(t) + op(n−1/2), (A.6)

7�
φ2i(t) =

∫ t

0

φ1i(u)dΛ∗(u; ξ0) +
∫ t

0

dMR
i (u)

s0Z(u)
.

� (A.4) �, � Ũ1(ξ0) !�5*

Ũ1(ξ0) =
n∑

i=1

∫ τ

0

{
Di(t; η0) − D̄(t; η0)

}{
ψi(t; Λ̃D

0 )dNR
i (t) − Δi(t)βTWi(t)dt

}

=θ0
n∑

i=1

∫ τ

0

Δi(t) exp{αT
0 Xi(t)}

{
Di(t; η0) − D̄(t; η0)

}{
Λ̃D

0 (t) − ΛD
0 (t)

}
dNR

i (t)

+
n∑

i=1

∫ τ

0

{
Di(t; η0) − D̄(t; η0)

}
dMR

i (t).

C

H̃1(t) =
1
n

n∑
i=1

∫ t

0

θ0Δi(u) exp{αT
0 Xi(t)}

{
Di(u; η0) − D̄(u; η0)

}
dNR

i (u),
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# d̄(t; η0) # H1(t) �L� D̄(t; η0) # H̃1(t) �|\. !"C
Ũ1(ξ0) =

n∑
i=1

ϑ1i + op(n1/2), (A.7)

7�
ϑ1i =

∫ τ

0

{
Di(t; η0) − d̄(t; η0)

}
dMR

i (t) +
∫ τ

0

φ1i(t)dH1(t).

%NS,

Ũ2(ξ0) =
n∑

i=1

ϑ2i + op(n1/2), (A.8)

7�
ϑ2i =

∫ τ

0

{Xi(t) − x̄(t)} dMD
i (t) +

∫ τ

0

φ1i(t)dH2(t),

x̄(t) # H2(t) �L� X̄(t) # H̃2(t) �|\, #

H̃2(t) =
1
n

n∑
i=1

∫ t

0

θ0Δi(u) exp{αT
0 Xi(u)}

{
Xi(u) − X̄(u)

}
dND

i (u).

@

ω∗
2i(t) = ψ−1

i (t; ΛD
0 )

∫ t

0

[
exp{γTZi(u)}dΛR

0 (u) + βTWi(u)du
]
,

Q̃(t) =
∑n

i=1 ω̃
−1
2i (t)Δ∗

i (t)N
R
i (t)∑n

i=1 Δ∗
i (t)

,

# q(t) * Q̂(t) �|\. :G, 
1M!1

Ũ3(ξ0) =
n∑

i=1

∫ τ

0

{
NR

i (t) − (θ0 + 1)ω∗
2i(t)q(t)

}
dND

i (t)

− (θ0 + 1)
n∑

i=1

∫ τ

0

Q̃(t)
{
ω̃2i(t) − ω∗

2i(t)
}
dND

i (t)

− (θ0 + 1)
n∑

i=1

∫ τ

0

{
Q̃(t) − q(t)

}
ω∗

2i(t)dN
D
i (t). (A.9)

'! (A.5) # (A.6), %N (A.7) �C0!1: (A.9) 
9|}*�V}~*
− (θ0 + 1)

n∑
i=1

∫ τ

0

[
Q̃(t)

{
ψ−1

i (t; Λ̃D
0 ) − ψ−1

i (t; ΛD
0 )

}

×
∫ t

0

[
exp{βT

0 Xi(u)}dΛR
0 (u) + βTWi(u)du

]]
dND

i (t)

− (θ0 + 1)
n∑

i=1

∫ τ

0

Q̃(t)ψ−1
i (t; Λ̃D

0 ) exp{γT
0 Zi(t)}

[
Λ̃R

0 (t) − ΛR
0 (t)

]
dND

i (t)

= (θ0 + 1)
n∑

i=1

∫ τ

0

[
φ1i(t)dH3(t) − φ2i(t)dH4(t)

]
+ op(n1/2), (A.10)
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7� H3(t) # H4(t) �L� H̃2(t) # H̃3(t) �|\, #

H̃3(t) =
1
n

n∑
i=1

∫ t

0

θ0
[
exp{αT

0 Xi(s)}Q̃(s)ψ−1
i (s; Λ̃D

0 )ω∗
2i(s)

]
dND

i (s)

#

H̃4(t) =
1
n

n∑
i=1

∫ t

0

exp{γT
0 Zi(s)}Q̃(s)ψ−1

i (s; Λ̃D
0 )dND

i (s).

@ dΦ(t) = E
{
ω∗

2i(t)
}
dND

i (t),

H̃5(t) =
θ0

∑n
i=1 exp{αT

0 Xi(t)}ψ−1
i (t; Λ̃D

0 )ω̃−1
2i (t)Δ∗

i (t)N
R
i (t)∑n

i=1 Δ∗
i (t)

,

H̃6(t) =
∑n

i=1 exp{γT
0 Zi(t)}ψ−1

i (t; Λ̃D
0 )ω̃−1

2i (t)ω∗−1
2i (t)Δ∗

i (t)N
R
i (t)∑n

i=1 Δ∗
i (t)

,

� H4(t) # H5(t) �L� H̃4(t) # H̃5(t) �|\. %NS, (A.9) 
9|}*�V$~*
(θ0 + 1)

n∑
i=1

∫ τ

0

[
φ1i(t)H5(t) + φ2i(t)H6(t)

]
dΦ(t)

− (θ0 + 1)
n∑

i=1

∫ τ

0

[
ω∗−1

2i (t)Δ∗
i (t)N

R
i (t)

E{Δ∗
i (t)}

− q(t)
E{Δ∗

i (t)}
Δ∗

i (t)
]
dΦ(t) + op(n1/2). (A.11)

I� (A.9)–(A.11), !1

Ũ3(ξ0) =
n∑

i=1

ϑ3i + op(n1/2), (A.12)

7�
ϑ3i =

∫ τ

0

{
NR

i (t) − (θ0 + 1)ω∗
2i(t)q(t)

}
dND

i (t)

− (θ0 + 1)
∫ τ

0

[
φ1i(t)dH3(t) + φ2i(t)dH4(t)

]

+ (θ0 + 1)
∫ τ

0

[
φ1i(t)H5(t) + φ2i(t)H6(t)

]
dΦ(t)

− (θ0 + 1)
∫ τ

0

[
ω∗−1

2i (t)Δ∗
i (t)N

R
i (t)

E{Δ∗
i (t)}

− q(t)Δ∗
i (t)

E{Δ∗
i (t)}

]
dΦ(t).

C

ϑi = (ϑT
1i, ϑ

T
2i, ϑ3i, ϑ

T
4i)

T

� Γ = Γ(ξ0). I� (A.7), (A.8), (A.12), 5|�w9!1
n1/2(ξ̂ − ξ0) = n−1/2Γ−1

n∑
i=1

ϑi + op(1). (A.13)

'!
V�?|\.G, n1/2(ξ̂− ξ0) +�FSS 4-* 0, � 2* Γ−1Σ(ΓT )−1 �UXYZ
��, 7� Σ = E{ϑiϑ

T
i }.

/�C0 n1/2{Λ̂D
0 (t) − ΛD

0 (t)} # n1/2{Λ̂R
0 (t) − ΛR

0 (t)} �(SS�3. F)>?,
Λ̂D

0 (t) − ΛD
0 (t) =

{
Λ̂D

0 (t; ξ̂) − Λ̂D
0 (t; ξ0)

}
+

{
Λ̂D

0 (t; ξ0) − ΛD
0 (t)

}
. (A.14)
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Υ̂1(t; ξ) = ∂Λ̂D
0 (t, ξ)/∂ξ.

'!�M�)�.|, !C0 Υ̂1(t; ξ) ) t ∈ [0, τ ] # ξ ∈ B XY33�MSS,��:YZ
�� Υ1(t; ξ). '!|�w9� (A.5), (A.13) # (A.14),

n1/2{Λ̂D
0 (t) − ΛD

0 (t)} = n−1/2
n∑

i=1

Ψ1i(t) + op(1),

7�
Ψ1i(t) = −Υ1(t; ξ0)Γ−1ϑi + φ1i(t).

%NS, '!|�w9� (A.6) # (A.13) !1:

n1/2{Λ̂R
0 (t) − ΛR

0 (t)} = n−1/2
n∑

i=1

Ψ2i(t) + op(1),

7�
Ψ2i(t) = −Υ2(t; ξ0)Γ−1ϑi + φ2i(t),

� Υ2(t; ξ0) * ∂Λ̂R
0 (t; ξ)/∂ξ �|\. C

Ψi(t) = (Ψ1i(t),ΨT
2i(t))

T .

@*� ��/.� t, Ψi(t) (i = 1, . . . , n) �E97�F�N4-YZ��, 5
V�?|\.
G!1 n1/2{Λ̂D

0 (t) − ΛD
0 (t)} # n1/2{Λ̂R

0 (t) − ΛR
0 (t)} +z?)\B�FSS,N4-�
VU

XYZ��. ~@* Ψi(t) !CD*) t �~����#�6~�89, @�'��{� [31].

5�D n1/2{Λ̂D
0 (t) − ΛD

0 (t)} # n1/2{Λ̂R
0 (t) − ΛR

0 (t)} '��{�, #(SS,��N4-�[
Z'&, #� (s, t) 3�� 2��* E{Ψi(s)Ψi(t)T}. C|.
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