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�������������������D����������������������,

��������� [7–10, 15].  !", ����E���#���� !" $, �%���

Schrödinger �� [5, 11, 13]���� Ginzburg-Landau �� [18, 19, 21, 22, 25, 26]���� Landau–

Lifshitz �� [12]���� Landau-Lifshitz-Maxwell �� [23]����!#$"&'�� [28] ��

��%'�� [20].

!#&'�����()F#�!#(����, $���������)���'���

G���"%!". !#&'D� $!#'�(�**+Æ )*��++,, -.H�/�
,Æ-, .,Æ-,/0�!Æ*+Æ�. !#&'D�011-'�(�E&'D�.!, /

[1, 3, 4, 6, 14, 16, 17, 27, 29–40] 23�!#'�(�E!#&'D�/2�0142. 5�I
3�#3$�45� [16, 29, 30, 39, 40] 	445� [14, 17, 33, 35–38] 60!#&'���'��)

*7)�89 $. 567,/ [29, 30]23�JK�!#&'��!#&'D8$-�6:, /

[31] 0�45�69(JK7�;<7)�=>. / [36, 37] 8?�9�:9)�(JK!#&
'���Æ )*.

;/ $$445� R
n 6�(JK���!#&'��!#&'D�8$-:

utt + αut + (−Δ)su + λu + f(x, u) = g(x, t) + h(x)
dw

dt
, x ∈ R

n, t ≥ τ, τ ∈ R, (1.1)

<=:;@*

u(x, τ) = uτ (x), ut(x, τ) = u1τ (x), x ∈ R
n, t ≥ τ, (1.2)

-E s ∈ ( 1
2 , 1), α, λ �<)�, τ >=<A*B, g(x, t) ∈ L2

loc(R, L2(Rn)) �*+,C�>�7,

h(x) ∈ Hs(Rn), w ��?@=?L Wiener @�, (A-7 f * R 6AB�,�DMB*0�
C�.

;/D 2 EFG(JK!#'�(��!#&'D������C���� Sobolev H+

�LEDI. D 3 EJK9L-9)�(JK���!#&'��0"�,�MFG��!#
'�(�. D 4 E0N7)�EH�, OIP%�NQF6:Æ /-. D 5 E23!#&'D
�8$G�-.

;/J% ‖ · ‖ 	 〈·, ·〉 �6>= L2(Rn) H+�K�HR
. Hilbert H+ X �K�S*

‖ · ‖X . 1 ≤ p ≤ ∞ *, Lp(Rn) H+�K�S* ‖ · ‖p. NT c 	 ci (i = 1, 2, . . .) �6>=,I�

<)�, !ÆJD�Æ�LMÆ.

2 OPQR
;E23(JK!#'�(�, !#&'D��NDI [1, 2, 31].

UV (X, ‖ · ‖X) ��FW� Hilbert H+, B(X) * X � Borel σ- O�, (Ω,F , P ) �PX

H+Y (Ω,F , P, {θt}t∈R) *�FPX'�(�.

ST 2.1 V Ω1 ��F(H-Q. ZR�FK[ θ1,t : R × Ω1 → Ω1, \U
(i) θ1,0 *$ Ω1 6�SIK[;

(ii) θ1,t+s = θ1,t ◦ θ1,s, ∀ s, t ∈ R,

LT (Ω1, {θ1,t}t∈R) ��FG�'�(�.

ST 2.2 ] θt : Ω2 → Ω2 � (B(R) × F2,F2)- WUK[, �\U
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(i) θ(0, ·) *$ Ω2 6�SIK[;

(ii) θ(s + t, ·) = θ(t, ·) ◦ θ(s, ·), ∀ s, t ∈ R;

(iii) Pθ(t, ·) = P , ∀ t ∈ R,

LT (Ω2,F2, P, {θt}t∈R) ��FG�'�(�.

ST 2.3 V (Ω1, {θ1,t}t∈R), (Ω2,F2, P, {θt}t∈R)�MFG�'�(�. ZRK[ Φ : R
+×

Ω1 × Ω2 × X → X, \U0 ∀ωi ∈ Ωi (i = 1, 2), t, τ ∈ R
+:

(i) Φ(·, ω1, ·, ·) : R
+ × Ω2 × X → X � (B(R+) × F2 × B(X),B(X))- WU�;

(ii) Φ(0, ω1, ω2, ·) � X 6�SIK[;

(iii) Φ(t + s, ω1, ω2, ·) = Φ(t, θ1,τω1, θτω2) ◦ Φ(τ, ω1, ω2, ·);
(iv) Φ(t, ω1, ω2, ·) : X → X �`S�,

LT Φ � X 6NTG�'�(� (Ω1, {θ1,t}t∈R) 	 (Ω2,F2, P, {θt}t∈R) �`S cocycle.

V D � X 6��(HG�D- Dωi∈Ωi(i=1,2) �-Q`a�-X:

D = {D = {D(ω1, ω2) ⊆ X : D(ω1, ω2) 
= ∅, ω1 ∈ Ω1, ω2 ∈ Ω2}}.
YU�,a D1 	 D2 \UD1(ω1, ω2) = D2(ω1, ω2), ∀ωi ∈ Ωi (i = 1, 2),LTD1 	 D2�VI�.

ST 2.4 V D * X 6���(H!#D-`a�-X. ZR0bU D = {D(ω1, ω2) :

ω1 ∈ Ω1, ω2 ∈ Ω2} ∈ D , b8$�FNT D �<.� ε \U-Q {B(ω1, ω2) : B(ω1, ω2) �

Nε(D(ω1, ω2)) ��F(HD-, ∀ω1 ∈ Ω1, ω2 ∈ Ω2} WXT D , LT D ��Fcc�.

ST 2.5 V D = {D(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} * X 6��(HD-�-Q. ZR8$

x0 ∈ X \U P -a.e. ωi ∈ Ωi (i = 1, 2),

lim
t→∞ e−βtd(x0,D(θ1,tω1, θtω2)) = 0, ∀β > 0,

LT D $ X 6NTG�'�(� (Ω1, {θ1,t}t∈R) 	 (Ω2,F2, P, {θt}t∈R) �dB�.

ST 2.6 V D * X 6���(H!#D-`a�-X. ZRK[ Φ : R×Ω1×Ω2 → X,

\U0Y� τ ∈ R, t ≥ 0, P -a.e. ωi ∈ Ωi (i = 1, 2), �

Φ(t, θ1,tω1, θtω2, ϕ(τ, ω1, ω2)) = ϕ(t + τ, ω1, ω2),

LT Φ �ZEef. d>, ZR8$ D = {D(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} ∈ D , \U0 ∀ t ∈ R,

P -a.e. ωi ∈ Ωi (i = 1, 2), ϕ(t, ω1, ω2) bXT D(θ1,tω1, θtω2), LT ϕ � Φ ��F D- ZEef.

ST 2.7 V B = {B(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} � X ���(HD-�-Q. ]

Ω(B,ω1, ω2) =
⋂
τ≥0

⋃
t≥τ

Φ(t, θ1,−tω1, θ−tω2, B(θ1,−tω1, θ−tω2)), ωi ∈ Ωi (i = 1, 2),

LT-Q {Ω(B,ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} * B � Ω- �[-, SI Ω(B).

ST 2.8 V D * X 6���(H!#D-`a�-X, K = {K(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈
Ω2} ∈ D . ZR ∀B ∈ D , P -a.e. ω1 ∈ Ω1, ω2 ∈ Ω2, b8$ T = T (B,ω1, ω2) > 0, e�

Φ(t, θ1,−tω1, θ−tω2, B(θ1,−tω1, θ−tω2)) ⊆ K(ω1, ω2), ∀ t ≥ T,

LT K * Φ ��F D- fg&\-.

ST 2.9 V D * X 6���(H!#D-`a�-X. ZR0 {B(ω1, ω2) : ω1 ∈ Ω1,

ω2 ∈ Ω2} ∈ D , h tn → ∞ *, � xn ∈ B(θ1,−tnω1, θ−tnω2), Y0 P -a.e. ω1 ∈ Ω1, ω2 ∈ Ω2,

{Φ(tn, θ1,−tnω1, θ−tnω2,Xn)}∞n=1$XE8$\g�D]h,LT Φ$X6� D- fgÆ /�.
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ST 2.10 VD *X 6���(H!#D-`a�-X, A = {A (ω1, ω2) : ω1 ∈ Ω1, ω2 ∈
Ω2} ∈ D . ZR0 P -a.e. ω1 ∈ Ω1, ω2 ∈ Ω2, \U

(i) 0Y� ω1 ∈ Ω1, ω2 ∈ Ω2, {A (ω1, ω2)} �/�;

(ii) A 0 Φ�,Æ�,i0 a.e. ω1 ∈ Ω1, ω2 ∈ Ω2 	Y� t ≥ 0,� Φ(t, ω1, ω2,A (ω1, ω2)) =

A (θ1,tω1, θtω2);

(iii) A &' D ��j!#D-, i ∀B = {B(ω1, ω2) : ω1 ∈ Ω1, ω2 ∈ Ω2} ∈ D , a.e.

ω1 ∈ Ω1, ω2 ∈ Ω2, b�

lim
t→∞ d(Φ(t, θ1,tω1, θtω2, B(θ1,−tω1, θ−tω2)),A (ω1, ω2)) = 0,

-E d * X � Hausdorff iPX, d(Y,Z) = supy∈Y infz∈Z ‖y − z‖X , ∀Y,Z ⊆ X,

LT A * Φ � D- !#&'D (j D- fg&'D).

Z6 2.11 [39] V D * X �c!#-`a�-X, Φ � X 6G�'�(� (Ω1, {θ1,t}t∈R)

	 (Ω2,F2, P, {θt}t∈R) �`S cocycle. UV Φ 8$c D- fg&\- K, Y Φ $ X E� D-

fgÆ /�. kl Φ 8$G�� D- fg&'D A :

A (ω1, ω2)= Ω(K,ω1, ω2) =
⋃

B∈D

Ω(K,ω1, ω2) = {ϕ(K,ω1, ω2) : ϕ �Φ��;D- ZEef}.

^mFG�������H��� Sobolev H+�1_ [24]. V S � R
n 6` C∞ �nC

�`a� Schwartz H+, kl0 1
2 < s < 1, u ∈ S , ��� Laplace aD (−Δ)s WC1_*

(−Δ)su = F−1(|ξ|2s(Fu)), ξ ∈ R
n,

-E F � Fourier Æk.

(Fu)(ξ) =
1

(2π)
n
2

∫
Rn

e−ixξu(x)dx, u ∈ S ,

-E F−1 � Fourier oÆk.

S Hs *ZE s � Sobolev H+, -K�>=*

‖u‖Hs = (‖u‖2
L2(Rn) + ‖(−Δ)

s
2 u‖2

L2(Rn))
1
2 .

` (−Δ)s �1_, ��C^�l
�mJ [21].

[\ 2.12 UV f, g ∈ H2s(Rn), L^JaK∫
Rn

(−Δ)sf · gdx =
∫

Rn

(−Δ)s1f · (−Δ)s2gdx,

-E s1 	 s2 �(n)��\U s1 + s2 = s.

3 ]^_`abcdefghi cocycle

`T w *ZE/0H+ (Ω,F , P ) E��FoK@=.: Wiener @�, -ef w(·) XT
C(R, R), Y w(0) = 0 $ (Ω,F , P ) E�pUjbaD1_*

θtw(·) = w(· + t) − w(t), w ∈ Ω, t ∈ R.

kl (Ω,F , P, (θt)t∈R) *�FPX'�(�.
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0�pc�<� δ, '7d�ÆX z = ut + δu, kl�� (1.1), (1.2) �qT⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

du

dt
+ δu = z;

dz

dt
= (αδ − λ − δ2)u − (−Δ)su + (δ − α)z + g(x, t) − f(x, u) + h(x)

w(t)
dt

;

u(x, τ) = uτ (x), z(x, τ) = zτ (x),

(3.1)

-E zτ = u1+δuτ , s ∈ ( 1
2 , 1), α, λ*<)�, g ∈ L2

loc(R, L2(Rn)), h(x) ∈ Hs(Rn), x ∈ R
n, t ≥ τ ,

τ ∈ R. *�����rN�8$-	fg&'D�8$-, UV(A-7 f(x, u) \UZ^;
@: 8$<)� c1, c2, c3, c4 > 0, 0 ∀u ∈ R, x ∈ R

n, \U
|f(x, u)| ≤ c1|u|r + φ1(x), φ1 ∈ L2(Rn), (3.2)

uf(x, u) − c2F (x, u) ≥ φ2(x), φ2 ∈ L1(Rn), (3.3)

F (x, u) ≥ c3|u|r+1 − φ3, φ3 ∈ L1(Rn), (3.4)

|fu(x, u)| ≤ c4|u|r−1 + φ4, φ4 ∈ Hs(Rn), (3.5)

h n = 1, 2 *, 1 ≤ r < ∞. h n = 3 *, 1 ≤ r < 3, -E F (x, u) =
∫ u

0
f(x, s)ds. `�� (3.2) 	

(3.3) W�

F (x, u) ≤ c(|u|2 + |u|r+1 + φ2
1 + φ2). (3.6)

*� $�� (3.1) �Æ )*, e#3!#(�j�*f9�!#G��11(�. gq,

] v(t, τ, w) = z(t, τ, w) − hw(t), �� (3.1) W�*
du

dt
− v + δu = hw(t), (3.7)

dv

dt
= (αδ−λ−δ2)u−(−Δ)su + (δ−α)v + g(x, t)−f(x, u) + (δ−α)hw(t), (3.8)

<:;@

u(x, τ) = uτ (x), v(x, τ) = vτ (x), (3.9)

-E vτ (x) = uτ (x) − hw(τ).

`/ [2] E� Galerkin �rWC6:: aUV;@ (3.2)–(3.5) aK, L�� (3.7)–(3.9) $

VH+ X := Hs(Rn) × L2(Rn) E�h1�, ibU τ ∈ R, 0 P -a.e. w ∈ Ω, (uτ , vτ ) ∈ X, ��

(3.7)–(3.9) 8$G��rN

(u(t, τ, w, uτ ), v(t, τ, w, vτ )) ∈ C([τ,∞),X), Y (u(τ, τ, w, uτ ), v(τ, τ, w, vτ )) = (uτ , vτ ).

7�s, .NNT<:$ X E�`SY (F ,B(Hs(Rn) × B(L2(Rn))) WU�. T�, WC1_

�F cocycle Φ : R
+ × R × Ω × X → X,

Φ(t, τ, w, (uτ , vτ )) = (u(t + τ, τ, θ−τ w, uτ ), v(t + τ, τ, θ−τ w, vτ ) + hw(t)), (3.10)

-E (t, τ, w, (uτ , vτ )) ∈ R
+ ×R×Ω×X, L Φ NT (R, {θ1,t}t∈R) 	 (Ω,F , P, {θt}t∈R) $ X 6

��F`S cocycle. YU�, 0 P -a.e. w ∈ Ω 	 t, s ≥ 0, τ ∈ R:

Φ(t + s, τ, w, (uτ , vτ )) = Φ(t, s + τ, w,Φ(s, τ, w, (uτ , vτ ))). (3.11)

istVH+�K�1_*:

‖(u, v)‖X = (‖u‖2
Hs(Rn) + ‖v‖2)

1
2 .
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V B � X ��F�4(HD-, Y ‖B‖ = supΦ∈R
‖Φ‖X . UV D = {D(τ, w) : τ ∈ R, w ∈

Ω} � X ��X�4(HD-, �\U0bU τ ∈ R, w ∈ Ω,

lim
ξ→∞

e−σξ‖D(τ − ξ, θ−ξw)‖r = 0, (3.12)

-E r �$ (3.2) E231_.

S Dr *62D-X D �-Q, i Dr = {D = {D(τ, w) : τ ∈ R, w ∈ Ω} : D \U (3.12)}.
$;/E, h.�N��EH�*e# g \UZ^;@∫ t

−∞
eσξ‖g(·, ξ)‖2

L2(Rn)dξ ≤ ∞, ∀ t ∈ R, (3.13)

C�

lim
k→∞

∫ t

−∞

∫
|x|≥k

eσξ‖g(·, ξ)‖2
L2(Rn)dξ ≤ ∞, ∀ t ∈ R. (3.14)

4 kilmno
*�6:!#&'D�8$-, jk23N��EH�, C6: X E� Dr- fg&\-�

8$-	 Φ � Dr- fgÆ /-, e δ > 0 UucY\U α − δ > 0, λ + δ2 − αδ > 0. ]

2σ = min {α − δ, δ, c2δ}, (4.1)

-E c2 � (3.3) E�<)�, S Λ = (−Δ)
s
2 .

[\ 4.1 V h(x) ∈ Hs(Rn), (3.2)–(3.5) aKY B = {B(t, w) : t ∈ R, w ∈ Ω} ∈ Dr. 0

P -a.e. w ∈ Ω, t ∈ R, 8$�F*+ T = T (t, w,B) > 0, h<: (ut−τ , vt−τ ) ∈ B(t− τ, θ−tw) *,

0Y� t ≥ T, ���N (u(τ, τ, w, ut−τ ), v(τ, τ, w, vt−τ )) = (ut−τ , vt−τ ) \U
‖u(τ, t − τ, θ−tw, ut−τ )‖2

Hs(R) + ‖v(τ, t − τ, θ−tw, vt−τ )‖2 ≤ r1(t, w)

	

e−σt

∫ t

t−τ

eσξ(‖v(ξ, t − τ, θ−tw, vt−τ )‖2 + ‖u(ξ, t − τ, θ−tw, ut−τ )‖Hs)dξ ≤ r1(t, w),

-E
r(t, w) =

∫ 0

−∞
eσξ(|w(ξ)|2 + |w(ξ)|r+1)dξ,

r1(t, w) = c(1 + r(t, w)) + ce−σt

∫ t

−∞
eσξ‖g(·, ξ)‖2dξ.

pq $ L2(Rn) E, 3�� (3.1) M=H v IR
, ��
1
2

d

dt
‖v‖2 = (αδ − λ − δ2) 〈u, v〉 − 〈(−Δ)su, v〉 + (δ − α) 〈v, v〉

+ 〈g, v〉 − 〈f(x, u), v〉 + (δ − α) 〈h, v〉w(t).
(4.2)

` v = du
dt + δu − hw(t), W�

−〈(−Δ)su, v〉 = −1
2

d

dt
‖Λu‖2 − δ‖Λu‖2 + 〈Λh,Λu〉w(t), (4.3)
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I�, ��WÆ*
d

dt

(
‖v‖2 + (λ + δ2 − αδ)‖u‖2 + ‖Λu‖2 + 2

∫
Rn

F (x, u)dx

)
+ 2(α − δ)‖v‖2 + 2δ(λ + δ2 − αδ)‖u‖2 + 2δ‖Λu‖2 + 2δ 〈f(x, u), u〉

= 2(λ + δ2 − αδ) 〈h, u〉w(t) + 2 〈Λu,Λh〉w(t) + 2 〈f(x, u), h〉w(t)

+ 2 〈g, v〉 + 2(δ − α) 〈h, v〉w(t). (4.4)

l$30 (4.4) Jm=�t�77)H�.

` Cauchy–Schwarz ,�JW�

2(λ + δ2 − αδ) 〈h, u〉w(t) ≤ (λ + δ2 − αδ)‖u‖2 + c‖h‖2|w(t)|2, (4.5)

2 〈Λu,Λh〉w(t) ≤ δ‖Λu‖2 + c‖Λh‖2|w(t)|2. (4.6)
` (3.2), (3.4) W�

2 〈f(x, u), h〉w(t) ≤ 2‖φ1‖ ‖h‖|w(t)| + c

(∫
Rn

|u|r+1

) r
r+1

‖h‖r+1|w(t)|

≤ 2‖φ1‖ ‖h‖|w(t)| + c

(∫
Rn

(F (x, u) + φ3)
) r

r+1

‖h‖r+1|w(t)|

≤ 2‖φ1‖ ‖h‖|w(t)| + δc2

∫
Rn

F (x, u)dx + δc2

∫
Rn

φ3(x)dx

+ c‖h‖r+1
Hs |w(t)|r+1. (4.7)

I�, P% Young ,�J	 Hölder ,�J0 (4.4) Jm=�rIM77)H�, W�

2 〈g, v〉 + 2(δ − α) 〈h, v〉w(t) ≤ (α − δ)‖v‖2 +
1

2(α − δ)
‖h‖2|w(t)|2 +

1
2(α − δ)

‖g‖2. (4.8)

` (3.3) �

2δ 〈f(x, u), u〉 ≥ 2δ
(

c2

∫
Rn

F (x, u)dx +
∫

Rn

φ2(x)dx

)
. (4.9)

` (4.5)–(4.9), W�
d

dt
(‖v‖2 +

(
λ + δ2 − αδ)‖u‖2 + ‖Λu‖2 + 2

∫
Rn

F (x, u)dx

)
+ (α − δ)‖v‖2

+ δ(λ + δ2 − αδ)‖u‖2 + δ‖Λu‖2 + δc2

∫
Rn

F (x, u)dx

≤ c(1 + |w(t)|2 + |w(t)|r+1) +
1

2(α − δ)
‖g‖2. (4.10)

` (4.1) D

δc2

∫
Rn

F (x, u)dx ≥ 2σ
∫

Rn

F (x, u)dx + (2σ − δc2)
∫

Rn

φ3(x)dx. (4.11)

gq, ` (4.11) �
d

dt

(
‖v‖2 + (λ + δ2 − αδ)‖u‖2 + ‖Λu‖2 + 2

∫
Rn

F (x, u)dx

)

+ σ

(
‖v‖2 + (λ + δ2 − αδ)‖u‖2 + ‖Λu‖2 + 2

∫
Rn

F (x, u)dx

)

≤ c(1 + |w(t)|2 + |w(t)|r+1) +
1

2(α − δ)
‖g‖2. (4.12)
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P% Gronwall ,�J$ [t − τ, t] 6
�, �% θ−tw "nk w, W�

eσt

(
‖v‖2 + (λ + δ2 − αδ)‖u‖2 + ‖Λu‖2 + 2

∫
Rn

F (x, u)dx

)

+ σ

∫ t

t−τ

eσξ(‖v‖2 + (λ + δ2 − αδ)‖u‖2 + ‖Λu‖2)dξ

≤ eσ(t−τ)

(
‖vt−τ‖2 + (λ + δ2 − αδ)‖ut−τ‖2 + ‖Λut−τ‖2 + 2

∫
Rn

F (x, ut−τ )dx

)

+
1

2(α − δ)

∫ t

t−τ

eσξ‖g(·, ξ)‖2dξ + c

∫ t

t−τ

eσξ(1 + |w(ξ)|2 + |w(ξ)|r+1)dξ, (4.13)

Y

‖v(τ, t−τ, θ−tw, vt−τ )‖2+(λ + δ2−αδ)‖u(τ, t−τ, θ−tw, ut−τ )‖2+‖Λu(τ, t−τ, θ−tw, vt−τ )‖2

+ 2
∫

Rn

F (x, u)dx + σ

∫ t

t−τ

eσ(ξ−t)(‖v(ξ, t − τ, θ−tw, vt−τ )‖2

+ (λ + δ2 − αδ)‖u(ξ, t − τ, θ−tw, ut−τ )‖2 + ‖Λu(ξ, t − τ, θ−tw, ut−τ )‖2)dξ

≤ ce−στ

(
‖vt−τ‖2 + (λ + δ2 − αδ)‖ut−τ‖2 + ‖Λut−τ‖2 + 2

∫
Rn

F (x, ut−τ )dx

)

+
1

2(α − δ)
e−σt

∫ t

t−τ

eσξ‖g(·, ξ)‖2dξ

+ e−σt

∫ t

t−τ

[ceσξ(1 + |θ−tw(ξ)|2 + |θ−tw(ξ)|r+1)]dξ. (4.14)

` (3.6) WD ∫
Rn

F (x, ut−τ )dx ≤ c(1 + ‖ut−τ‖2 + ‖ut−τ‖r+1).

g* (ut−τ , vt−τ ) ∈ B(t − τ, θ−tw), WDh τ → ∞ *,

ce−στ

(
‖vt−τ‖2 + ‖ut−τ‖2 + ‖Λut−τ‖2 + 2

∫
Rn

F (x, ut−τ )dx

)
≤ ce−στ (1 + ‖vt−τ‖2 + ‖ut−τ‖2

Hs + ‖ut−τ‖r+1
Hs ) → 0. (4.15)

gq, 8$*+ T = T (t, w,B) > 0 \U0bU t ≥ T ,

ce−σξ(1 + ‖vt−τ‖2 + ‖ut−τ‖2
Hs + ‖ut−τ‖r+1

Hs ) ≤ 1, (4.16)
YoD

ce−σt

∫ t

t−τ

eσξ(1 + |θ−tw(ξ)|2 + |θ−tw(ξ)|r+1)dξ ≤ c

σ
e−στ + r(t, w) → 0 (τ → ∞). (4.17)

` (3.4) WD0bU t ≥ 0,

−2
∫

Rn

F (x, u)dx ≤ 2
∫

Rn

φ3(x)dx. (4.18)

YU�, h |ξ| → ∞ *, w(ξ) p��7JB*, L r(t, w) �4. q` (4.14), (4.16), W��

‖v(τ, t − τ, θ−tw, vt−τ )‖2 + ‖u(τ, t − τ, θ−tw, ut−τ )‖2 + ‖Λu(τ, t − τ, θ−tw, vt−τ )‖2

+ e−σt

∫ t

t−τ

eσξ(‖v(ξ, t − τ, θ−tw, vt−τ )‖2 + ‖u(ξ, t − τ, θ−tw, ut−τ )‖2

+ ‖Λu(ξ, t − τ, θ−tw, ut−τ )‖2)dξ

≤ r1(t, w), (4.19)
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L` (4.14)–(4.19), WCKB��'� 4.1 �u?, 6v.

v^", 30h x 	 t w T4x*���N7)�EH�. ] k ≥ 1, S Qk = {x ∈ R
n :

|x| ≤ k}, Y R
n \ Qk � Qk �w-.

[\ 4.2 V h(x) ∈ Hs(Rn), (3.2)–(3.5) aKY B = {B(t, w) : t ∈ R, w ∈ Ω} ∈ Dr, L0

bU ε > 0, P -a.e. w ∈ Ω, 8$*+ T = T (t, w,B) > 0 Y k0 = k0(w, ε), h<: (ut−τ , vt−τ ) ∈
B(t − τ, θ−tw) *, 0Y� τ ≥ T, ���N (u(t, τ, w, ut−τ ), v(t, τ, w, vt−τ )) \U∫

Rn\Qk

(|u(ξ, t − τ, θ−tw, ut−τ )|2+|Λu(ξ, t − τ, θ−tw, ut−τ )|2+|v(ξ, t − τ, θ−tw, vt−τ )|2)dx

< r1(t, w).

pq jk1_�FABC� ρ : R → [0, 1], e�

ρ(s) =

{
1, a |s| ≤ 1,

0, a |s| ≥ 2,
(4.20)

�UV8$�F<)� c, e�0 ∀ s ∈ R � |ρ′(s)| ≤ c.

$ L2(Rn) E, 3�� (3.8) H ρ( |x|
2

k2 )v IR
, W�

1
2

d

dt

∫
Rn

ρ

( |x|2
k2

)
|v|2dx = (αδ − λ − δ2)

∫
Rn

ρ

( |x|2
k2

)
uvdx −

∫
Rn

ρ

( |x|2
k2

)
v(−Δ)sudx

+ (δ − α)
∫

Rn

ρ

( |x|2
k2

)
|v|2dx −

∫
Rn

ρ

( |x|2
k2

)
f(x, u)vdx

+
∫

Rn

ρ

( |x|2
k2

)
(gv + (δ − α)hvw(t))dx. (4.21)

` (3.7) W� ∫
Rn

ρ

( |x|2
k2

)
uvdx =

1
2

d

dt

∫
Rn

ρ

( |x|2
k2

)
|u|2dx + δ

∫
Rn

ρ

( |x|2
k2

)
|u|2dx

−
∫

Rn

ρ

( |x|2
k2

)
uhw(t)dx. (4.22)

g*

F (x, u) =
∫ u

0

f(x, s)ds,

uQ (3.7) WD∫
Rn

ρ

( |x|2
k2

)
f(x, u)vdx =

d

dt

∫
Rn

ρ

( |x|2
k2

)
F (x, u)dx + δ

∫
Rn

ρ

( |x|2
k2

)
f(x, u)udx

−
∫

Rn

ρ

( |x|2
k2

)
f(x, u)hw(t)dx. (4.23)

`xymJ, uQ (3.7) W�∫
Rn

ρ

( |x|2
k2

)
v(−Δ)sudx =

∫
Rn

Λu
2x
k2

ρ′
( |x|2

k2

)
vdx +

1
2

d

dt

∫
Rn

ρ

( |x|2
k2

)
|Λu|2dx

+ δ

∫
Rn

ρ

( |x|2
k2

)
|Λu|2dx −

∫
Rn

ρ

( |x|2
k2

)
ΛuΛhw(t)dx. (4.24)
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L` (4.18)–(4.20),

d

dt

∫
Rn

ρ

( |x|2
k2

)
(|v|2 + (λ + δ2 − αδ)|u|2 + |Λu|2 + 2F (x, u))dx

+ 2
∫

Rn

ρ

( |x|2
k2

)
((α − δ)|v|2 + δ(λ + δ2 − αδ)|u|2 + δ|Λu|2 + δf(x, u)u)dx

= 2(λ + δ2 − αδ)
∫

Rn

ρ

( |x|2
k2

)
huw(t)dx − 4

∫
Rn

ρ′
( |x|2

k2

)
vΛu

x

k2
dx

+ 2
∫

Rn

ρ

( |x|2
k2

)
f(x, u)hw(t)dx + 2

∫
Rn

ρ

( |x|2
k2

)
ΛuΛhw(t)dx

+ 2
∫

Rn

ρ

( |x|2
k2

)
(gv + (δ − α)vhw(t))dx. (4.25)

` ρ �-H, W�∫
Rn

ρ

( |x|2
k2

)
ρ′

( |x|2
k2

)
vΛu

x

k2
dx ≤

∫
k≤|x|≤√

2k

|ρ′| |v| |Λu| |x|
k2

dx ≤ c

k
(‖Λu‖2 + ‖v‖2). (4.26)

`'� 4.1 E�r�H�WD
d

dt

∫
Rn

ρ

( |x|2
k2

)
(|v|2 + (λ + δ2 − αδ)|u|2 + |Λu|2 + 2F (x, u))dx

+
∫

Rn

ρ

( |x|2
k2

)
((α − δ)|v|2 + δ(λ + δ2 − αδ)|u|2 + δ|Λu|2 + δc2F (x, u))dx

≤ c

k
(‖Λu‖2 + ‖v‖2) + c|w(t)|2

∫
Rn

ρ

( |x|2
k2

)
(|h|2 + |Λh|2)dx

+ c

∫
Rn

ρ

( |x|2
k2

)
(|φ1|2 + |φ2| + |φ3| + |g|2 + |w(t)|r+1|h|r+1)dx. (4.27)

g* φ1, φ2, φ3 ∈ L1(Rn), h ∈ Hs(Rn), |x| ≤ k *, ρ( |x|
2

k2 ) = 0, YC8$ k1 = k1(ε) ≥ 1,

e�0Y� k ≥ k1, (4.23) Jm=�rIM7W cε(1 + |w(t)|2 + |w(t)|r+1) zss. qg*

g ∈ L2
loc(R, L2(Rn)), W�

c

∫
Rn

ρ

( |x|2
k2

)
g2(x, t)dx ≤ c

∫
|x|≥k

g2(x, t)dx.

gq, 0Y� k ≥ k1,

d

dt

∫
Rn

ρ

( |x|2
k2

)
(|v|2 + (λ + δ2 − αδ)|u|2 + |Λu|2 + 2F (x, u))dx

+ σ

∫
Rn

ρ

( |x|2
k2

)
(|v|2 + (λ + δ2 − αδ)|u|2 + |Λu|2 + 2F (x, u))dx

≤ c

k
(‖Λu‖2 + ‖v‖2) + cε(1 + |w(t)|2 + |w(t)|r+1) + c

∫
|x|≥k

g2(x, t)dx. (4.28)

` Gronwall ,�J, W�∫
Rn

ρ

( |x|2
k2

)
(|v(t, t − τ, θ−tw, vt−τ )|2 + (λ + δ2 − αδ)|u(t, t − τ, θ−tw, ut−τ )|2

+ |Λu(t, t − τ, θ−tw, ut−τ )|2 + 2F (x, u))dx
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≤ e−στ

∫
Rn

ρ

( |x|2
k2

)
(|vt−τ |2 + (λ + δ2 − αδ)|ut−τ |2 + |Λut−τ |2 + 2F (x, ut−τ ))dx

+
c

k

∫ t

t−τ

eσ(ξ−t)(‖Λu(ξ, t − τ, θ−tw, ut−τ )‖2 + ‖v(ξ, t − τ, θ−tw, ut−τ )‖2)dξ

+ cε

∫ 0

−∞
eσξ(|w(ξ)|2 + |w(ξ)|r+1)dξ + ce−σt

∫ t

−∞

∫
|x|≥k

eσξg2(x, t)dxdξ + cε. (4.29)

` (3.13), (3.14), 8$ k2 = k2 (t, ε ≥ k), \U0Y� k ≥ k2,

ce−σt

∫ t

−∞

∫
|x|≥k

eσξg2(x, t)dxdξ ≤ ε. (4.30)

qg* (ut−τ , vt−τ ) ∈ B(t − τ, θ−t, w), h τ → ∞ *, (4.29) m=D�7 → 0. Y`'� 4.1,

(4.29) m=Dy7cT�T c
k r1(t, w). gq, 8$*+ T1 = T1(t, w,B) > 0 \U0bU τ ≥ T

	 k ≥ k2,∫
Rn

ρ

( |x|2
k2

)
(|v(t, t − τ, θ−tw, vt−τ )|2 + (λ + δ2 − αδ)|u(t, t − τ, θ−tw, ut−τ )|2

+ |Λu(t, t − τ, θ−tw, ut−τ )|2 + 2F (x, u))dx ≤ εr1(t, w), (4.31)

6v.

] ζ = 1 − ρ, �021 k ≥ 1, ]

ũ(x, t, τ, w) = ζ

( |x|2
k2

)
u(x, t, τ, w), ṽ(x, t, τ, w) = ζ

( |x|2
k2

)
v(x, t, τ, w). (4.32)

kl (ũ, ṽ) ∈ Hs
0(Q2k) × L2(Q2k). (3.7) 	 (3.8) JI*z6 ζ, W�

ũt + δũ − ṽ = ζhw(t). (4.33)

ṽt + (α − δ)ṽ + (λ + δ2 − αδ)ũ + (−Δ)sũ + ζf(x, u)

= ζg + (δ − α)ζhw(t) + u(−Δ)sζ − 2ΛζΛu. (4.34)

=> Q2k E�5t:uv
(−Δ)sũ = λũ, ũ|∂Q2k

= 0.

8$�h5tC� {ej}∞j=1 	V"�5t: {λj}∞j=1, e� {ej}∞j=1 $ L2(Q2k) E��tZE?
L<{{, h j → ∞ *, λ1 ≤ λ2 ≤ · · · ≤ λj → ∞. 021� n, ] Xn = span{e1, . . . , en}, Y
Pn : L2(Q2k) → Xn �<{wx.

[\ 4.3 V h(x)∈Hs(Rn), (3.2)–(3.5) aKY B = {B(t, w) : t ∈ R, w ∈ Ω}∈Dr, L0b

U ε > 0, P -a.e. w ∈ Ω, t ∈ R,8$ K = K(t, w,B) > 0, T = T (t, w,B) > 0, N = N(t, w, ε) > 0,

\Uh k ≥ K, t ≥ T , n ≥ N *,

‖(I − Pn)ũ(·, t, t − τ, θ−tw)‖Hs
0(Q2k) + ‖(I − Pn)ṽ(·, t, t − τ, θ−tw)‖L2(Q2k) ≤ ε.

pq ] ũn,1 = Pnũ, ũn,2 = ũ − ũn,1, ṽn,1 = Pnṽ, ṽn,2 = ṽ − ṽn,1. 0J (4.34) M|I%
I − Pn, W�

ṽn,2 =
d

dt
ũn,2 + δũn,2 − (I − Pn)(ζhw(t)). (4.35)
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Iy7, 0J (4.35) M|I% I − Pn, �H ṽn,2 $ L2(Q2k) EIR
, W�
1
2

d

dt
‖ṽn,2‖2 = (αδ − λ − δ2) 〈ṽn,2, ũn,2〉 − 〈(−Δ)sũ, ṽn,2〉 + (δ − α)‖ṽn,2‖2

− 〈ζf(x, u), ṽn,2〉 + 〈ζg + (δ − α)ζhw(t) + u(−Δ)sζ − 2ΛζΛu, ṽn,2〉 . (4.36)

` (4.36), (4.37), W�
d

dt
(‖ṽn,2‖2 + (λ + δ2 − αδ)‖ũn,2‖2 + ‖Λũn,2‖2 + 2 〈ζf(x, u), ũn,2〉)

+ 2(α − δ)‖ṽn,2‖2 + 2δ(λ + δ2 − αδ)‖ũn,2‖2 + 2δ‖Λũn,2‖2 + 2δ 〈ζf(x, u), ũn,2〉
= 2 〈ζfu(x, u)ut, ũn,2〉 + 2 〈ζf(x, u), (I − Pn)(ζhw)〉 + 2(λ + δ2 − αδ) 〈ζhw, ũn,2〉

+ 2 〈Λũn,2,Λ(ζhw)〉 + 2 〈ζg + (δ − α)ζhw + uΛζ − 2ΛζΛu, ṽn,2〉 . (4.37)

v^", 0J (4.38) m|�t�77)H�. 0T(A-7` (3.5) W�

|2 〈ζfu(x, u)ut, ũn,2〉 | ≤ c‖φ4‖6‖ut‖ ‖ũn,2‖3 + c‖ut‖ ‖u‖r−1
6 ‖ũn,2‖ 6

4−r

≤ 1
4
δ‖Λũn,2‖2 + cλ

− 1
2

n+1‖ut‖2 + cλ
r−3
2

n+1‖ut‖2‖u‖2r−2
Hs . (4.38)

` (3.3) WD

|2 〈ζf(x, u), (I − Pn)(ζhw)〉 | ≤ c‖(I − Pn)(ζhw)‖+ c‖u‖r
Hs‖(I − Pn)(ζhw)‖. (4.39)

P% Young ,�J	 Hölder ,�J, W�

2(λ + δ2 − αδ) 〈ζhw, ũn,2〉 ≤ δ(λ + δ2 − αδ)
2

‖ũn,2‖2 +
2
δ
‖h‖2|w|2, (4.40)

2 〈Λũn,2,Λ(ζhw)〉 ≤ δ

4
‖Λũn,2‖2 +

2
δ
‖(I − Pn)ζΛh‖2|w(t)|2, (4.41)

2 〈ζg + (δ − α)ζhw + uΛζ − 2ΛζΛu, ṽn,2〉
≤ (α − δ)‖ṽn,2‖2 + c‖(I − Pn)(ζhw)‖2|w(t)|2 +

c

k2
‖Λu‖2 +

c

k4
‖u‖2, (4.42)

L` (4.38)–(4.42) W�
d

dt
(‖ṽn,2‖2 + (λ + δ2 − αδ)‖ũn,2‖2 + ‖Λũn,2‖2 + 2 〈ζf(x, u), ũn,2〉)

+ 2σ(‖ṽn,2‖2 + (λ + δ2 − αδ)‖ũn,2‖2 + ‖Λũn,2‖2 + 2 〈ζf(x, u), ũn,2〉)
≤ c‖(I − Pn)(ζh)‖2|w(t)|2 +

c

k2
‖h‖2|w|2 + c‖(I − Pn)(ζΛh)‖2|w(t)|2 + cλ

− 1
2

n+1‖ut‖2

+ cλ
r−1
2

n+1‖ut‖2‖u‖2r−2
Hs + c‖(I − Pn)(ζh)‖|w(t)|+ c‖(I − Pn)(ζh)‖ ‖u‖r

Hs |w(t)|
+ cλ−1

n+1(1 + ‖u‖r
Hs) + c‖(I − Pn)g‖2 +

c

k2
‖Λu‖2 +

c

k4
‖u‖2. (4.43)

qg* 1 ≤ r < 3 Y λn → ∞, YC8$ N1 = N1(ε), k1 = k1(ε), h n ≥ N1, k ≥ k1 *,

c ‖(I − Pn)(ζh)‖2|w(t)|2 +
c

k2
‖h‖2|w|2 + c‖(I − Pn)(ζΛh)‖2|w(t)|2 + cλ

− 1
2

n+1‖ut‖2

+ cλ
r−3
2

n+1‖ut‖2‖u‖2r−2
Hs + c‖(I − Pn)(ζh)‖|w(t)|+ c‖(I − Pn)(ζh)‖ ‖u‖r

Hs |w(t)|
+ cλ−1

n+1(1 + ‖u‖r
Hs) + c‖(I − Pn)g‖2 +

c

k2
‖Λu‖2 +

c

k4
‖u‖2

≤ cε + cε|w(t)|2 + cε‖ut‖2 + cε‖ut‖2‖u‖2r−2
Hs + cε‖u‖2r

Hs + cλ−1
n+1‖g‖2

≤ cε(1 + |w(t)|2 + ‖ut‖6 + ‖u‖6
Hs) + cλ−1

n+1‖g‖2. (4.44)
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uQ (4.38) W�
d

dt
(‖ṽn,2‖2 + (λ + δ2 − αδ)‖ũn,2‖2 + ‖Λũn,2‖2 + 2 〈ζf(x, u), ũn,2〉)

+ 2σ(‖ṽn,2‖2 + (λ + δ2 − αδ)‖ũn,2‖2 + ‖Λũn,2‖2 + 2 〈ζf(x, u), ũn,2〉)
≤ cε(1 + |w(t)|2 + ‖ut‖6 + ‖u‖6

Hs) + c‖g‖2. (4.45)

06Jz% Gronwall '�, h n ≥ N1, k ≥ k1 *,

‖ṽn,2(t, t − τ, θ−tw)‖2 + (λ + δ2 − αδ)‖ũn,2(t, t − τ, θ−tw)‖2

+ ‖Λũn,2(t, t − τ, θ−tw)‖2 + 2〈ζf(x, u), ũn,2〉)
≤e−2στ(‖ṽn,2(t−τ)‖2+(λ+δ2−αδ)‖ũn,2(t−τ)‖2+‖Λũn,2(t−τ)‖2+2〈ζf(x, u), ũn,2(t−τ)〉)

+ cε

∫ t

t−τ

e2σ(ξ−t)(1 + |w(ξ)|2 + ‖ut(ξ, τ, ut−τ )‖6 + ‖u(ξ, τ, ut−τ )‖6
Hs)dξ

+ cε

∫ t

t−τ

e2σ(ξ−t)|g(·, ξ)|2dξ. (4.46)

q` (3.7), h ∈ Hs(Rn) C�'� 4.1, W�

‖u(ξ, t − τ, θ−tw, ut−τ )‖6 = ‖v(ξ, t − τ, θ−tw, vt−τ ) − δu(ξ, t − τ, θ−tw, ut−τ ) + hw(ξ)‖6

≤ c(‖u(ξ, t − τ, θ−tw,w)‖6 + ‖v(ξ, t − τ, θ−tw,w)‖6 + |w|6)
≤ ce−σξr3(t, w) + c|w|6, (4.47)

Y

‖u(ξ, t − τ, θ−tw, ut−τ )‖6
Hs ≤ ce−σξr3(t, w). (4.48)

gq�

‖ṽn,2(t, t − τ, θ−tw)‖2 + (λ + δ2 − αδ)‖ũn,2(t, t − τ, θ−tw)‖2

+ ‖Λũn,2(t, t − τ, θ−tw)‖2 + 2 〈ζf(x, u), ũn,2〉
≤ ce−2στ (1 + ‖vt−τ‖2 + (λ + δ2 − αδ)‖ut−τ‖2 + ‖ut−τ‖2

Hs + ‖ut−τ‖r+1
Hs )

+ cεr3(w) + cε

∫ 0

−∞
e2σξ(1 + |w(ξ)|2 + |w(ξ)|6)dξ + cεe−2σt

∫ 0

−∞
e2σξ|g(·, ξ)|2dξ. (4.49)

qg* (ut−τ , vt−τ ) ∈ B(t − τθ−t), L

ce−2στ (1 + ‖vt−τ‖2 + (λ + δ2 − αδ)‖ut−τ‖2 + ‖ut−τ‖2
Hs + ‖ut−τ‖r+1

Hs ) → 0, τ → ∞. (4.50)

uQ (3.2), (4.50) �'� 4.1, W��'� 4.3 u?, 6v.

5 cdv;w
`'� 4.1 WD, 0bU21 B = {B(t, w) : t ∈ R, w ∈ Ω} ∈ Dr, P -a.e. w ∈ Ω, t ∈ R, 8

$ T = T (t, w,B) > 0, h t ≥ T *,

‖Φ(t, θ−tw, (ut−τ , zt−τ ))‖2
X = ‖u(t, t − τ, θ−tw, ut−τ )‖2

Hs + ‖z(t, t − τ, θ−tw, zt−τ )‖2

≤ r1(t, w), (5.1)
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is r1(w) �'� 4.1 E�dBC�. YU�
z(t, t − τ, θ−tw, zt−τ ) = v(t, t − τ, θ−tw, vt−τ ) + hw(t).

!#-Q

E(t, w) = {(u, z) ∈ X : ‖u‖2
Hs + ‖z‖2 ≤ r1(t, w)}. (5.2)

`a�-X E = {E(t, w)}w∈Ω � Φ $ X E��F D- fg&\-. ^m6: Φ $ X E�f
gÆ /-.

[\ 5.1 V h(x) ∈ Hs(Rn), (3.2)–(3.5) JaK, cocycle Φ $ X E� D- fgÆ /

�, i0bU B = {B(t, w) : t ∈ R, w ∈ Ω} ∈ Dr, P -a.e. w ∈ Ω, tm → ∞, (u0,m, z0,m) ∈
B(tm, θ−tmw), !#h {Φ(tm, tm − τ, θ−tmw, (u0,m, z0,m))} $ X 68$\gDh.

pq `T tm → ∞, `'� 4.1 W�, 0 P -a.e. w ∈ Ω, 8$ M1 = M1(B,w) > 0, e�0

∀m ≥ M1,

‖u(tm, tm − τ, θ−tmw, um,0)‖2
Hs(Rn) + ‖v(tm, tm − τ, θ−tmw, vm,0)‖2 ≤ r1(t, w), (5.3)

Y0 ∀ ε > 0, `'� 4.2 8$

M2 = M2(B,w, ε) > 0, k0 = k0(w, ε) > 0,

e�0 ∀m ≥ M2,∫
Rn\Qk

(|u(tm, tm−τ, θ−tmw, um,0)|2 + |Λu(tm, tm−τ, θ−tmw, um,0)|2

+ |v(tm, tm−τ, θ−tmw, vm,0)|2)dx < ε. (5.4)

` (4.32) 	'� 4.3 WD8$

k1 = k1(w, ε) ≥ k0, M3 = M3(B,w, ε), N = N(w, ε),

e�0 ∀m ≥ M3,

‖(I−PN)ũ(tm, tm−τ, θ−tmw, u0)‖Hs(Q2k1)+‖(I−PN)ṽ(tm, tm−τ, θ−tmw, v0)‖L2(Q2k1 )≤ε. (5.5)

` (5.3) 	 (4.32) JWD {PN (ũ(tm, tm − τ, θ−tmw, u0), ṽ(tm, tm − τ, θ−tmw, v0))} $�[?H
PN (Hs(Q2k1) × L2(Q2k1)) 6�4, {` (5.5) JW�

{ũ(tm, tm−τ, θ−tmw, u0), ṽ(tm, tm−τ, θ−tmw, v0)} $ Hs(Q2k1) × L2(Q2k1) 6�|/�.

g*0 |x|2 ≤ k1,

ζ

( |x|2
k2

)
= 1,

` (5.4) WD {u(tm, tm−τ, θ−tmw, u0), v(tm, tm−τ, θ−tmw, v0)} $ Hs(Q2k1) × L2(Q2k1) E�|
/�, uQ (5.3) JW�!#h {Φ(tm, tm − τ, θ−tmw, (u0,m, z0,m))}$ X 68$\gDh. 6v.

rI23!#'�(� D- fg&'D�8$-.

S\ 5.2 V h(x) ∈ Hs(Rn), (3.2)–(3.5) aK. �� (3.7)–(3.9) 11�!#'�(� Φ $

X 68$G�� D- fg&'D {A (ω)}ω∈Ω.

pq }| (5.2) J, '� 5.1 	}v 2.11 W6.

xy z}~~~�{�23���J�.
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