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1 TU
� A ��� ∗- ��, A,B ∈ A . � [A,B] = AB − BA, [A,B]∗ = AB − BA∗ 	
�

A � B � Lie �
� Lie �. � δ : A → A ����� (�������). ������
A,B ∈ A , 	
� δ([A,B]) = [δ(A), B] + [A, δ(B)] 
 δ([A,B]∗) = [δ(A), B]∗ + [A, δ(B)]∗,  
	
� δ � A !���� Lie ����
���� Lie ����. ������ A,B,C ∈
"���: 2017-05-16; �#��: 2017-12-25

��$�: � %!"&��'($� (11471199)
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A , 	
� δ([[A,B], C]) = [[δ(A), B], C] + [[A, δ(B)], C] + [[A,B], δ(C)] 
 δ([[A,B]∗, C]∗) =

[[δ(A), B]∗, C]∗ +[[A, δ(B)]∗, C]∗ +[[A,B]∗, δ(C)]∗, 	
� δ � A !���� Lie$)���
�
���� Lie $)����. *%, ��� Lie ����
���� Lie ����	
��
�� Lie $)����
���� Lie $)����, &+�'(. ������ A,B,C ∈ A ,

� δ([[A,B]∗, C]) = [[δ(A), B]∗, C] + [[A, δ(B)]∗, C] + [[A,B]∗, δ(C)],  � δ � A !����)
* Lie $)����. �+,, ���)* Lie $)����-�,-��� Lie $)����
.�,-���� Lie $)����. .�, � A = C ⊕ C, �� δ : A → A �

δ(A) =
{

0, A = 0,
A + I, A �= 0.

 δ� A !����)* Lie$)����/������ Lie$)����. � A = M2(C),

�� δ : A → A � (
a11 a12

a21 a22

)
�→

(
a11(a11 + a22) 0

0 a11(a11 + a22)

)
,

 δ � A !���� Lie $)����/�����)* Lie $)����.

0
��!���� Lie����
 Lie$)�����12/30456�171� (8

2 [1–4, 6, 9, 11, 13]). 9:;, <- ∗- ��!����� Lie ����
���� Lie $)�
����/334=65>67�<8, ?5@6�9�A�1B [5, 10, 12]. �!:;, ∗- ��
!����)* Lie $)����-�,-��� Lie $)����.�,-���� Lie $

)����, C2D/3<= von Neumann ��!����)* Lie $)����.

� H ���E Hilbert FG, B(H ) � H !�:��H��>=I?, A ⊆ B(H ) ��
� von Neumann ��. � A ���<=�@A�BC� CI. DJEK<= von Neumann �

� A �L�F��. M X,Y ∈ A N XA Y = {0} GO X = 0 � Y = 0.

2 YZH[I\]^
C2JK5@L71�:

M_ 2.1 � A �E Hilbert FG!�<= von Neumann ��N dim(A ) > 1. ����
δ : A → A PN���� A,B,C ∈ A , �

δ([[A,B]∗, C]) = [[δ(A), B]∗, C] + [[A, δ(B)]∗, C] + [[A,B]∗, δ(C)],

 δ ���� ∗- �=.

�6OQLR 2.1, PKQL4R.

`_ 2.1[7] � R ���F0, d : R → R ������=. ������ x ∈ R, �
xd(x) − d(x)x = 0,  R �ST� d = 0.

`_ 2.2 � A �<= von Neumann��, Y ∈ A . ������ B ∈ A ,� [Y,B]∗ ∈ CI,

 Y ∈ CI.

ab �� dim(A ) = 1,  A = CI. UV Y ∈ CI. �� dim(A ) > 1,  A ��ST�
�. W h(B) = [Y,B]∗,  h(I) = Y − Y ∗ ∈ CI, UV

h(B) = Y B − B(Y − h(I)) = Y B − BY + h(I)B.
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L]�� g : A → A � g(B) = [Y,B],  g ����=, ?N���� B ∈ A , � Bg(B) −
g(B)B = 0. ^4R 2.1 
 A ��ST�, UV���� B ∈ A , � Y B = BY. <Æ Y ∈ CI.

Oa.

QL� A �<= von Neumann ��N dim(A ) > 1, δ � A !����)* Lie $)�
���, P1 ∈ A ���bL�cd_`, P2 = I − P1, Ajk = PjA Pk, j, k = 1, 2.

`_ 2.3[4] � Ajj ∈ Ajj, j = 1, 2. ������ B12 ∈ A12, � A11B12 = B12A22,  
A11 + A22 ∈ CI.

`_ 2.4 P1δ(P2)∗P2 = −P1δ(P1)P2; Pkδ(Pk)Pj + Pkδ(Pj)Pj = 0 (1 ≤ j �= k ≤ 2).

ab aebO�5 δ(0) = 0. UV� j, k ∈ {1, 2} N j �= k, �
0 = δ([[Pk, Pj ]∗, Pk]) = [[δ(Pk), Pj ]∗, Pk] + [[Pk, δ(Pj)]∗, Pk]

= −Pjδ(Pk)∗Pk − Pkδ(Pk)Pj − Pjδ(Pj)Pk − Pkδ(Pj)Pj .

�!cdf Pj ef Pk 5 P1δ(P2)∗P2 = −P1δ(P1)P2; df Pk ef Pj 5 Pkδ(Pk)Pj +

Pkδ(Pj)Pj = 0. Oa.

c 2.1 W T = P1δ(P1)P2 + P2δ(P2)P1,  ^4R 2.4, T ∗ = −T. L]�� Φ : A → A

� Φ(A) = δ(A) − [A,T ]. aebO�E Φ([[A,B]∗, C]) = [[Φ(A), B]∗, C] + [[A,Φ(B)]∗, C] +

[[A,B]∗,Φ(C)] ���� A,B,C ∈ A '(. f^4R 2.4, g j, k ∈ {1, 2} N j �= k g, �
Φ(Pj) = δ(Pj) − [Pj , T ] = δ(Pj) − Pjδ(Pj)Pk + Pkδ(Pk)Pj = Pjδ(Pj)Pj + Pkδ(Pj)Pk. (2.1)

`_ 2.5 Φ ����.

ab hhQLi�jiOQ.

jd 1 ���� A12 ∈ A12, B21 ∈ A21, � Φ(A12 + B21) = Φ(A12) + Φ(B21).

� T = Φ(A12 + B21) − Φ(A12) − Φ(B21). ���� C21 ∈ A21, ^ [[P2, C21]∗, B21] = 0 


Φ(0) = 0 E
Φ([[P2, C21]∗, A12 + B21]) = Φ([[P2, C21]∗, A12]) + Φ([[P2, C21]∗, B21])

= [[Φ(P2), C21]∗, A12 + B21] + [[P2,Φ(C21)]∗, A12 + B21]

+ [[P2, C21]∗,Φ(A12) + Φ(B21)];
k�lm, �

Φ([[P2, C21]∗, A12 + B21]) = [[Φ(P2), C21]∗, A12 + B21] + [[P2,Φ(C21)]∗, A12 + B21]

+ [[P2, C21]∗,Φ(A12 + B21)].
-�, ���� C21 ∈ A21,

[[P2, C21]∗, T ] = 0. (2.2)

� (2.2) cdf P1 5 P1TC21 = 0. UV^ A �F�, � T12 = 0. nk�O T21 = 0.

Φ(A12+B21) = Φ
([[

i
2
P1, i(P2 − P1

)]
∗
, A12 − B21

])

=
[[

Φ
(

i
2
P1

)
, i(P2 − P1)

]
∗
, A12 − B21

]
+

[[
i
2
P1,Φ(i(P2 − P1))

]
∗
, A12 − B21

]

+
[[

i
2
P1, i(P2 − P1)

]
∗
,Φ(A12 − B21)

]
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= Φ
([[

i
2
P1, i(P2 − P1

)]
∗
, A12

])
−

[[
i
2
P1, i(P2 − P1)

]
∗
,Φ(A12)

]

+ Φ
([[

i
2
P1, i(P2 − P1)

]
∗
,−B21

])
−

[[
i
2
P1, i(P2 − P1)

]
∗
,Φ(−B21)

]

+
[[

i
2
P1, i(P2 − P1)

]
∗
,Φ(A12 − B21)

]

= Φ(A12) + Φ(B21) + [P1,Φ(A12 − B21) − Φ(A12) − Φ(−B21)].

-� T = [P1,Φ(A12 − B21) − Φ(A12) − Φ(−B21)]. UV T11 = T22 = 0.

jd 2 ���� Ajj ∈ Ajj, Bjk ∈ Ajk, Bkj ∈ Akj , 1 ≤ j �= k ≤ 2, �
(a) Φ(Ajj + Bjk) = Φ(Ajj) + Φ(Bjk);

(b) Φ(Ajj + Bkj) = Φ(Ajj) + Φ(Bkj).

� T = Φ(Ajj + Bjk) − Φ(Ajj) − Φ(Bjk). ^ [[Pj , Ajj ]∗, Pj ] = 0 
 Φ(0) = 0 E
Φ([[Pj , Ajj + Bjk]∗, Pj ]) = Φ([[Pj , Ajj ]∗, Pj ]) + Φ([[Pj, Bjk]∗, Pj ])

= [[Φ(Pj), Ajj + Bjk]∗, Pj ] + [[Pj ,Φ(Ajj) + Φ(Bjk)]∗, Pj ]

+ [[Pj , Ajj + Bjk]∗,Φ(Pj)];

k�lm
Φ([[Pj , Ajj + Bjk]∗, Pj ]) = [[Φ(Pj), Ajj + Bjk]∗, Pj ] + [[Pj ,Φ(Ajj + Bjk)]∗, Pj ]

+ [[Pj , Ajj + Bjk]∗,Φ(Pj)].

-�
[[Pj , T ]∗, Pj ] = 0. (2.3)

� (2.3) cdf Pk ef Pj , df Pj ef Pk,  Tkj = Tjk = 0. UV T = Tjj + Tkk.

���� Cjk ∈ Ajk, ^ [[Cjk, Ajj ]∗, Pk] = 0 E
Φ([[Cjk, Ajj + Bjk]∗, Pk]) = Φ([[Cjk, Ajj ]∗, Pk]) + Φ([[Cjk, Bjk]∗, Pk])

= [[Φ(Cjk), Ajj + Bjk]∗, Pk] + [[Cjk,Φ(Ajj) + Φ(Bjk)]∗, Pk]

+ [[Cjk, Ajj + Bjk]∗,Φ(Pk)];

k�lm
Φ([[Cjk, Ajj + Bjk]∗, Pk]) = [[Φ(Cjk), Ajj + Bjk]∗, Pk] + [[Cjk,Φ(Ajj + Bjk)]∗, Pk]

+ [[Cjk, Ajj + Bjk]∗,Φ(Pk)].

-� [[Cjk, T ]∗, Pk] = 0. �!cdf Pj ef Pk,  CjkTPk = 0. UV^ A �F�, Tkk = 0. ^
[[Bjk, Cjk]∗, Pk] = 0 lbO [[T,Cjk]∗, Pk] = 0. UV^ A �F�, Tjj = 0. :Q Φ(Ajj + Bjk) =

Φ(Ajj) + Φ(Bjk).

nk,, �5 (b) 3'(.

jd 3 ���� Ajk, Bjk ∈ Ajk, 1 ≤ j �= k ≤ 2, � Φ(Ajk + Bjk) = Φ(Ajk) + Φ(Bjk).

�lm, ^ji 1 5

Φ([[Pj + B∗
jk, Pj − Ajk]∗, Pj ]) = Φ(B∗

jk + Ajk + Bjk) = Φ(B∗
jk) + Φ(Ajk + Bjk);
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k�lm, ^ji 1, 2 
 Φ(0) = 0, 5

Φ([[Pj+B∗
jk, Pj−Ajk]∗, Pj ]) = [[Φ(Pj + B∗

jk), Pj − Ajk]∗, Pj ]

+ [[Pj + B∗
jk,Φ(Pj − Ajk)]∗, Pj ] + [[Pj + B∗

jk, Pj − Ajk]∗,Φ(Pj)]

= [[Φ(Pj) + Φ(B∗
jk), Pj − Ajk]∗, Pj ]

+ [[Pj+B∗
jk,Φ(Pj)+Φ(−Ajk)]∗, Pj ]+[[Pj+B∗

jk, Pj−Ajk]∗,Φ(Pj)]

= Φ([[Pj , Pj ]∗, Pj ]) + Φ([[Pj ,−Ajk]∗, Pj ])

+ Φ([[B∗
jk, Pj ]∗, Pj ]) + Φ([[B∗

jk,−Ajk]∗, Pj ])

= Φ(Ajk) + Φ(B∗
jk + Bjk)

= Φ(Ajk) + Φ(B∗
jk) + Φ(Bjk).

UV Φ(Ajk + Bjk) = Φ(Ajk) + Φ(Bjk).

jd 4 ���� Ajj , Bjj ∈ Ajj (j = 1, 2), � Φ(Ajj + Bjj) = Φ(Ajj) + Φ(Bjj).

� T = Φ(Ajj+Bjj)−Φ(Ajj)−Φ(Bjj).^ Φ(0) = 0o [[iPk, I]∗, Ajj+Bjj ]= [[iPk, I]∗, Ajj ] =

[[iPk, I]∗, Bjj] = 0, �5

Φ([[iPk, I]∗, Ajj + Bjj]) = Φ([[iPk, I]∗, Ajj ]) + Φ([[iPk, I]∗, Bjj])

= [[Φ(iPk), I]∗, Ajj + Bjj] + [[iPk,Φ(I)]∗, Ajj + Bjj]

+ [[iPk, I]∗,Φ(Ajj) + Φ(Bjj)];

k�lm,

Φ([[iPk, I]∗, Ajj + Bjj]) = [[Φ(iPk), I]∗, Ajj + Bjj] + [[iPk,Φ(I)]∗, Ajj + Bjj]

+ [[iPk, I]∗,Φ(Ajj + Bjj)].

-�
[[iPk, I]∗, T ] = 0. (2.4)

� (2.4) cdf Pk ef Pj , df Pj ef Pk,  Tkj = Tjk = 0.

� Cjk ∈ Ajk, 1 ≤ k �= j ≤ 2,  ^ji 3 �
Φ(2iAjjCjk + 2iBjjCjk) = Φ(2iAjjCjk) + Φ(2iBjjCjk)

= Φ([[iPj, Ajj ]∗, Cjk]) + Φ([[iPj , Bjj ]∗, Cjk])

= [[Φ(iPj), Ajj + Bjj]∗, Cjk] + [[iPj ,Φ(Ajj) + Φ(Bjj)]∗, Cjk]

+ [[iPj , Ajj + Bjj]∗,Φ(Cjk)];

k�lm
Φ(2iAjjCjk + 2iBjjCjk) = Φ([[iPj , Ajj + Bjj]∗, Cjk])

= [[Φ(iPj), Ajj + Bjj]∗, Cjk] + [[iPj ,Φ(Ajj + Bjj)]∗, Cjk]

+ [[iPj , Ajj + Bjj]∗,Φ(Cjk)].

-� [[iPj , T ]∗, Cjk] = 0. UV^ A �F�, Tjj = 0.
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f^ji 3 �
Φ(CkjAjj + CkjBjj) = Φ(CkjAjj) + Φ(CkjBjj)

= Φ([[Pk, Ckj ]∗, Ajj ]) + Φ([[Pk, Ckj ]∗, Bjj ])

= [[Φ(Pk), Ckj ]∗, Ajj + Bjj] + [[Pk,Φ(Ckj)]∗, Ajj + Bjj]

+ [[Pk, Ckj ]∗,Φ(Ajj) + Φ(Bjj)];

k�lm, �
Φ(CkjAjj+CkjBjj) = Φ([[Pk, Ckj ]∗, Ajj + Bjj])

= [[Φ(Pk), Ckj ]∗, Ajj+Bjj] + [[Pk,Φ(Ckj)]∗, Ajj+Bjj]

+ [[Pk, Ckj ]∗,Φ(Ajj+Bjj)].

-� [[Pk, Ckj ]∗, T ] = 0. ^ A �F�, UV Tkk = 0.

jd 5 ���� A11 ∈ A11, B12 ∈ A12, C22 ∈ A22, �
Φ(A11 + B12 + C22) = Φ(A11) + Φ(B12) + Φ(C22).

� T = Φ(A11 + B12 + C22) − Φ(A11) − Φ(B12) − Φ(C22). ^- Φ(0) = 0 N [[ i
2P1, i(P2 −

P1)]∗, A11] = [[ i
2P1, i(P2 − P1)]∗, C22] = 0,  �lm

Φ
([[

i
2
P1, i(P2 − P1)

]
∗
, A11 + B12 + C22

])

= Φ
([[

i
2
P1, i(P2−P1)

]
∗
, A11

])
+Φ

([[
i
2
P1, i(P2−P1)

]
∗
, B12

])
+Φ

([[
i
2
P1, i(P2−P1)

]
∗
, C22

])

=
[[

Φ
(

i
2
P1

)
, i(P2 − P1)

]
∗
, A11 + B12 + C22

]
+

[[
i
2
P1,Φ(i(P2 − P1))

]
∗
, A11 + B12 + C22

]

+
[[

i
2
P1, i(P2 − P1)

]
∗
,Φ(A11) + Φ(B12) + Φ(C22)

]
;

k�lm
Φ

([[
i
2
P1, i(P2 − P1)

]
∗
, A11 + B12 + C22

])

=
[[

Φ
(

i
2
P1

)
, i(P2 − P1)

]
∗
, A11 + B12 + C22

]
+

[[
i
2
P1,Φ(i(P2 − P1))

]
∗
, A11 + B12 + C22

]

+
[[

i
2
P1, i(P2 − P1)

]
∗
,Φ(A11 + B12 + C22)

]
.

-� [[
i
2
P1, i(P2 − P1)

]
∗
, T

]
= 0. (2.5)

� (2.5) cdf P1 ef P2, df P2 ef P1, �5 T12 = T21 = 0.

� X12 ∈ A12, ^ Φ(0) = 0 
 [[iP1, C22]∗,X12] = [[iP1, B12]∗,X12] = 0, �5

Φ([[iP1, A11 + B12 + C22]∗,X12])

= Φ([[iP1, C22]∗,X12]) + Φ([[iP1, B12]∗,X12]) + Φ([[iP1, A11]∗,X12])
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= [[Φ(iP1), A11 + B12 + C22]∗,X12] + [[iP1,Φ(A11) + Φ(B12) + Φ(C22)]∗,X12]

+ [[iP1, A11 + B12 + C22]∗,Φ(X12)];

k�lm, �
Φ([[iP1, A11 + B12 + C22]∗,X12])

= [[Φ(iP1), A11 + B12 + C22]∗,X12] + [[iP1,Φ(A11 + B12 + C22)]∗,X12]

+ [[iP1, A11 + B12 + C22]∗,Φ(X12)].

-� [[iP1, T ]∗,X12] = 0. UV^ A �F�, T11 = 0.

^ji 3 5

Φ(X12C22 − A11X12) + Φ([[P1,X12]∗, B12])

= Φ([[P1,X12]∗, A11]) + Φ([[P1,X12]∗, C22]) + Φ([[P1,X12]∗, B12])

= [[Φ(P1),X12]∗, A11 + B12 + C22] + [[P1,Φ(X12)]∗, A11 + B12 + C22]

+ [[P1,X12]∗,Φ(A11) + Φ(B12) + Φ(C22)];

k�lm, <� [[P1,X12]∗, B12] = 0, :Q
Φ(X12C22 − A11X12) + Φ([[P1,X12]∗, B12])

= Φ([[P1,X12]∗, A11 + C22]) + Φ([[P1,X12]∗, B12])

= Φ([[P1,X12]∗, A11 + B12 + C22])

= [[Φ(P1),X12]∗, A11 + B12 + C22] + [[P1,Φ(X12)]∗, A11 + B12 + C22]

+ [[P1,X12]∗,Φ(A11 + B12 + C22)].

-� [[P1,X12]∗, T ] = 0. ^ A �F�, UV T22 = 0.

jd 6 ���� A11 ∈ A11, B12 ∈ A12, C21 ∈ A21,D22 ∈ A22, �
Φ(A11 + B12 + C21 + D22) = Φ(A11) + Φ(B12) + Φ(C21) + Φ(D22).

� T = Φ(A11 + B12 + C21 + D22) − Φ(A11) − Φ(B12) − Φ(C21) − Φ(D22). ^ji 1 


[[ i
2P1, i(P2 − P1)]∗, A11] = [[ i

2P1, i(P2 − P1)]∗,D22] = 0, �
Φ(B12 − C21) = Φ(B12) + Φ(−C21)

= Φ
([[

i
2
P1, i(P2 − P1)

]
∗
, A11

])
+ Φ

([[
i
2
P1, i(P2 − P1)

]
∗
, B12

])

+ Φ
([[

i
2
P1, i(P2 − P1)

]
∗
, C21

])
+ Φ

([[
i
2
P1, i(P2 − P1)

]
∗
,D22

])

=
[[

Φ
(

i
2
P1

)
, i(P2 − P1)

]
∗
, A11 + B12 + C21 + D22

]

+
[[

i
2
P1,Φ(i(P2 − P1))

]
∗
, A11 + B12 + C21 + D22

]

+
[[

i
2
P1, i(P2 − P1)

]
∗
,Φ(A11) + Φ(B12) + Φ(C21) + Φ(D22)

]
;
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k�lm
Φ(B12 − C21) = Φ

([[
i
2
P1, i(P2 − P1)

]
∗
, A11 + B12 + C21 + D22

])

=
[[

Φ
(

i
2
P1

)
, i(P2 − P1)

]
∗
, A11 + B12 + C21 + D22

]

+
[[

i
2
P1,Φ(i(P2 − P1))

]
∗
, A11 + B12 + C21 + D22

]

+
[[

i
2
P1, i(P2 − P1)

]
∗
,Φ(A11 + B12 + C21 + D22)

]
.

-� [[
i
2
P1, i(P2 − P1)

]
∗
, T

]
= 0. (2.6)

� (2.6) cdf P1 ef P2, df P2 ef P1,  T12 = T21 = 0. nk-ji 5 �OQhp, �5

T11 = T22 = 0.

mq, ^ji 3, 4 
 6,  ���� A,B ∈ A , Φ(A + B) =
∑2

j,k=1 Φ(Ajk + Bjk) =∑2
j,k=1 Φ(Ajk) +

∑2
j,k=1 Φ(Bjk) = Φ(A) + Φ(B), M Φ ����. Oa.

`_ 2.6 Φ(Ajk) ⊆ Ajk N Φ(Pj) = 0, 1 ≤ j �= k ≤ 2.

ab � (2.1) cdf Pj ef Pk, df Pk ef Pj ,  PjΦ(Pj)Pk = PkΦ(Pj)Pj = 0. UV

Φ(Pj) = PjΦ(Pj)Pj + PkΦ(Pj)Pk. (2.7)

� Ajk ∈ Ajk, ^ [[Ajk, Pj ]∗, Pj ] = 0 
 Φ(0) = 0, 5

0 = Φ([[Ajk, Pj ]∗, Pj ]) = [[Φ(Ajk), Pj ]∗, Pj ] + [[Ajk,Φ(Pj)]∗, Pj ]

= Φ(Ajk)Pj − PjΦ(Ajk)∗Pj − PjΦ(Ajk)Pj + PjΦ(Ajk)∗

− Φ(Pj)A∗
jk − AjkΦ(Pj) + PjΦ(Pj)A∗

jk.

�!cdf Pj ef Pk, df Pk ef Pj , �
AjkΦ(Pj)Pk = PjΦ(Ajk)∗Pk, PkΦ(Pj)A∗

jk = PkΦ(Ajk)Pj . (2.8)

<Æ, PkΦ(Pj)A∗
jk = PkΦ(Pj)∗A∗

jk. UV^ A �F�,

PkΦ(Pj)Pk = PkΦ(Pj)∗Pk. (2.9)

^4R 2.5,

−Φ(Ajk) = Φ(−Ajk) = Φ([[Pj , Ajk]∗, Pj ])

= [[Φ(Pj), Ajk]∗, Pj ] + [[Pj ,Φ(Ajk)]∗, Pj ] + [[Pj , Ajk]∗,Φ(Pj)]

= −PjΦ(Pj)Ajk + AjkΦ(Pj)∗ + 2PjΦ(Ajk)Pj − Φ(Ajk)Pj

− PjΦ(Ajk) + AjkΦ(Pj) − Φ(Pj)Ajk.

�!crs	
,f Pj , Pk Qodf Pj ef Pk,  
PjΦ(Ajk)Pj = PkΦ(Ajk)Pk = 0 (2.10)

Qo
AjkΦ(Pj)∗Pk + AjkΦ(Pj)Pk = 2PjΦ(Pj)Ajk. (2.11)
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^ (2.9) 
 (2.11) c,  AjkΦ(Pj)Pk = PjΦ(Pj)Ajk. UV^4R 2.3 
 (2.7) c, �
Φ(Pj) = PjΦ(Pj)Pj + PkΦ(Pj)Pk ∈ CI. (2.12)

���� Bjk ∈ Ajk, ^ [[Pj , Ajk]∗, Bjk] = 0, �
0 = Φ([[Pj, Ajk]∗, Bjk])

= [[Φ(Pj), Ajk]∗, Bjk] + [[Pj ,Φ(Ajk)]∗, Bjk] + [[Pj , Ajk]∗,Φ(Bjk)]

= −Φ(Ajk)Bjk + BjkΦ(Ajk)Pj + AjkΦ(Bjk) − Φ(Bjk)Ajk.

�!crs	
,f Pj 
 Pk,  
BjkΦ(Ajk)Pj = −AjkΦ(Bjk)Pj , PkΦ(Bjk)Ajk = −PkΦ(Ajk)Bjk. (2.13)

n
,, �
PkΦ(Ajk)Ajk = AjkΦ(Ajk)Pj = 0. (2.14)

^ (2.13) c,  ���� Bjk,Xjk ∈ Ajk,

BjkΦ(Ajk)Xjk = AjkΦ(Xjk)Bjk. (2.15)

^4R 2.3 
 (2.15) c, UV PkΦ(Ajk)Xjk + AjkΦ(Xjk)Pj ∈ CI. ^Æ�5
PkΦ(Ajk)Xjk ∈ CPk N AjkΦ(Xjk)Pj ∈ CPj .

UVto�� F,G : Ajk × Ajk → C, p5
F (Ajk,Xjk)Pk = PkΦ(Ajk)Xjk (2.16)

N

G(Ajk,Xjk)Pj = XjkΦ(Ajk)Pj . (2.17)

^ (2.16) 
 (2.17) c,  ���� Ajk,Xjk, Yjk ∈ Ajk,

F (Ajk,Xjk)Yjk = YjkΦ(Ajk)Xjk = G(Ajk, Yjk)Xjk. (2.18)

u�to (A0, V0) ∈ Ajk ×Ajk p5 F (A0, V0) �= 0,  ^ (2.18) c, ���� Yjk ∈ Ajk, �
F (A0, V0)Yjk = G(A0, Yjk)V0.

UV Yjk = λ(Yjk)V0, vB λ(Yjk) = G(A0,Yjk)
F (A0,V0) ∈ C. o (2.16) Bw Xjk = V0,  F (Ajk, V0)Pk =

PkΦ(Ajk)V0. -�^ (2.14) c, ���� Ajk ∈ Ajk, �
F (Ajk, V0)λ(Ajk)Pk = PkΦ(Ajk)λ(Ajk)V0 = PkΦ(Ajk)Ajk = 0.

UV λ(Ajk) = 0� F (Ajk, V0) = 0.�� λ(Ajk) = 0, Ajk = λ(Ajk)V0 = 0,xV F (Ajk, V0) =

0. -����� Ajk ∈ Ajk, q� F (Ajk, V0) = 0. n
,, F (A0, V0) = 0, yz. rsQ���
� Ajk,Xjk ∈ Ajk, {� F (Ajk,Xjk) = 0. ^ (2.16) c, UV PkΦ(Ajk)Xjk = 0. ^ A �F�,

 PkΦ(Ajk)Pj = 0. UV^ (2.10) c, Φ(Ajk) = PjΦ(Ajk)Pk ∈ Ajk. 1* (2.8) c,  ����
Ajk∈Ajk, � AjkΦ(Pj)Pk = 0. -� PkΦ(Pj)Pk = 0, xV^ (2.12), Φ(Pj) = 0, j = 1, 2. Oa.

`_ 2.7 to���� fj : Ajj → CI, p5���� Ajj ∈ Ajj, � Φ(Ajj) − fj(Ajj) ∈
Ajj (j = 1, 2).
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ab � Ajj ∈ Ajj N k �= j,  ^4R 2.6 �
0 = Φ([[Pk, Ajj ]∗, Pj ]) = [[Pk,Φ(Ajj)]∗, Pj ] = PkΦ(Ajj)Pj + PjΦ(Ajj)Pk. (2.19)

� (2.19) cdf Pj ef Pk 
df Pk ef Pj ,  PjΦ(Ajj)Pk = PkΦ(Ajj)Pj = 0. UV

Φ(Ajj) = P1Φ(Ajj)P1 + P2Φ(Ajj)P2. (2.20)

���� Bkk ∈ Akk, ^ [Ajj , Bkk]∗ = 0 �5 [[Φ(Ajj), Bkk]∗ + [Ajj ,Φ(Bkk)]∗, C] = 0 ����
C ∈ A '(. UV^ A �<=�E

[Φ(Ajj), Bkk]∗ + [Ajj ,Φ(Bkk)]∗ ∈ CI.

3|�
[P2Φ(A11)P2, B22]∗ + [A11, P1Φ(B22)P1]∗ ∈ CI (2.21)




[P1Φ(A22)P1, B11]∗ + [A22, P2Φ(B11)P2]∗ ∈ CI. (2.22)

^ (2.21) E [P2Φ(A11)P2, B22]∗ ∈ CP2 ���� B22 ∈ A22 '(. ^4R 2.2,  P2Φ(A11)P2 ∈
CP2. UVto�� f1 : A11 → CI, p5 P2Φ(A11)P2 = f1(A11)P2. nk,, ^ (2.22) c�Et
o�� f2 : A22 → CI, p5 P1Φ(A22)P1 = f2(A22)P1. ^ (2.20) c, <Æ Φ(Ajj) − fj(Ajj) =

PjΦ(Ajj)Pj − fj(Ajj)Pj ∈ Ajj. Oa.

c 2.2 ^4R 2.7, 	
L]�� f : A → CI 
 Δ : A → A � f(A) = f1(P1AP1) +

f2(P2AP2) 
 Δ(A) = Φ(A) − f(A),  ^4R 2.5–2.7, Δ }�L7�t:

(a) Δ ����;

(b) Δ(Ajk) ⊆ Ajk, j, k = 1, 2;

(c) Δ|Ajk
= Φ|Ajk

, 1 ≤ j �= k ≤ 2.

`_ 2.8 Δ �����=.

ab � 1 ≤ j �= k ≤ 2, Ajj , Bjj ∈ Ajj , Ajk, Bjk ∈ Ajk. hhQLi�jiOQ.

jd 1 (a) Δ(AjjBjk) = Δ(Ajj)Bjk + AjjΔ(Bjk);

(b) Δ(AjkBkk) = Δ(Ajk)Bkk + AjkΔ(Bkk).

(a) ^ Δ ��t
4R 2.6,  
−Δ(AjjBjk) = Φ([[Pj , Bjk]∗, Ajj ]) = [[Pj ,Δ(Bjk)]∗, Ajj ] + [[Pj , Bjk]∗,Δ(Ajj) + f(Ajj)]

= −AjjΔ(Bjk) − Δ(Ajj)Bjk,

M Δ(AjjBjk) = Δ(Ajj)Bjk + AjjΔ(Bjk). nk,, (b) 3'(.

jd 2 Δ(AjjBjj) = Δ(Ajj)Bjj + AjjΔ(Bjj).

^ji 1 (a), ���� Xjk ∈ Ajk, �
Δ(AjjBjj)Xjk + AjjBjjΔ(Xjk) = Δ(AjjBjjXjk) = Δ(Ajj)BjjXjk + AjjΔ(BjjXjk)

= Δ(Ajj)BjjXjk + AjjΔ(Bjj)Xjk + AjjBjjΔ(Xjk).

UV

(Δ(AjjBjj) − Δ(Ajj)Bjj − AjjΔ(Bjj))Xjk = 0.

^ A �F�,  Δ(AjjBjj) = Δ(Ajj)Bjj + AjjΔ(Bjj).
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jd 3 Δ(AjkBkj) = Δ(Ajk)Bkj + AjkΔ(Bkj).

^ Δ ��t (b), (c) oji 1(a),  
Δ(AjkBkj)Xjk + AjkBkjΔ(Xjk) = Δ(AjkBkjXjk) = Φ([[Ajk, Bkj ]∗,Xjk])

= [[Δ(Ajk), Bkj ]∗,Xjk] + [[Ajk,Δ(Bkj)]∗,Xjk]

+ [[Ajk, Bkj ]∗,Δ(Xjk)]

= Δ(Ajk)BkjXjk + AjkΔ(Bkj)Xjk + AjkBkjΔ(Xjk).

UV���� Xjk ∈ Ajk, � (Δ(AjkBkj)−Δ(Ajk)Bkj −AjkΔ(Bkj))Xjk = 0. ^ A �F�, -
� Δ(AjkBkj) = Δ(Ajk)Bkj + AjkΔ(Bkj).

mq, ^ji 1–3,  Δ(AB) = Δ(A)B + AΔ(B) ���� A,B ∈ A '(. UV Δ ���
��=. Oa.

`_ 2.9 ���� A ∈ A , � Δ(A∗) = Δ(A)∗.

ab � 1 ≤ j �= k ≤ 2 N Ajk ∈ Ajk. ^ Δ ��t (b), (c) 
4R 2.6, �
Δ(Ajk) + Δ(A∗

jk) = Φ([[Ajk, Pk]∗, Pk]) = [[Δ(Ajk), Pk]∗, Pk] = Δ(Ajk) + Δ(Ajk)∗.

UV

Δ(A∗
jk) = Δ(Ajk)∗. (2.23)

� Ajj ∈ Ajj. ^ Δ ��t (b), (c) 
4R 2.6, ���� Xjk ∈ Ajk, �
Δ(AjjXjk) = Φ([[Ajj,Xjk]∗, Pk]) = [[Δ(Ajj) + f(Ajj),Xjk]∗, Pk] + [[Ajj ,Δ(Xjk)]∗, Pk]

= Δ(Ajj)Xjk + AjjΔ(Xjk) + (f(Ajj) − f(Ajj)∗)Xjk.

UV, ^4R 2.8 �ji 1 (a) Qo f(Ajj)∗ = f(Ajj), M f(Ajj) ∈ RI. f^ Δ ��t (b), (c)


4R 2.6 E
Φ([[Ajj , Pj ]∗, Ajk]) = [[Δ(Ajj) + f(Ajj), Pj ]∗, Ajk] + [[Ajj , Pj ]∗,Δ(Ajk)]

= Δ(Ajj)Ajk − Δ(Ajj)∗Ajk + AjjΔ(Ajk) − A∗
jjΔ(Ajk).

k�lm, ^ Δ ��t (c) o4R 2.8 �ji 1 (a),

Φ([[Ajj, Pj ]∗, Ajk]) = Δ(AjjAjk) − Δ(A∗
jjAjk)

= Δ(Ajj)Ajk + AjjΔ(Ajk) − Δ(A∗
jj)Ajk − A∗

jjΔ(Ajk).

UV (Δ(A∗
jj) − Δ(Ajj)∗)Ajk = 0. ^ A �F�,  Δ(A∗

jj) = Δ(Ajj)∗, j = 1, 2. 1* (2.23) c,

-� Δ(A∗) = Δ(A)∗ ���� A ∈ A '(. Oa.

M_ 2.1 uab ^4R 2.8 
 2.9,  Δ ���� ∗- �=. UV

Δ([[A,B]∗, C]) = [[Δ(A), B]∗, C] + [[A,Δ(B)]∗, C] + [[A,B]∗,Δ(C)]

�:�� A,B,C ∈ A ~'(. ^4R 2.9 OQhpB�1B f(Ajj) ⊆ RI (j = 1, 2) Qo f �

L]�E, ���� A ∈ A , � f(A) ∈ RI. xV^ Δ �L]
f([[A,B]∗, C]) = Φ([[A,B]∗, C]) − Δ([[A,B]∗, C])

= [[Δ(A) + f(A), B]∗, C] + [[A,Δ(B) + f(B)]∗, C]

+ [[A,B]∗,Δ(C) + f(C)] − Δ([[A,B]∗, C])
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= [[Δ(A), B]∗, C] + [[A,Δ(B)]∗, C] + [[A,B]∗,Δ(C)]

− Δ([[A,B]∗, C]) + [[A, f(B)]∗, C]

= [[A, f(B)]∗, C].

o!cBw A = iI, ?v i
2C wT C,  ���� B,C ∈ A , � f([B,C]) = 0. <Æ

f(B)[A − A∗, C] = [[A, f(B)]∗, C] = f([[A,B]∗, C]) = 0 (2.24)

�:�� A,B,C ∈ A '(. o (2.24) cB, v iA �w A �5

f(B)[A + A∗, C] = 0. (2.25)

1* (2.24) 
 (2.25) c,  f(B)[A,C] = 0. ^ A �<=N dim(A ) > 1 E, to A,C ∈ A p
5 [A,C] �= 0. UV���� B ∈ A , � f(B) = 0. xV Φ = Δ ���� ∗- �=. ^ Φ �L],

���� A ∈ A , δ(A) = Φ(A) + [A,T ], vB T = P1δ(P1)P2 + P2δ(P2)P1 = −T ∗. *%, ��
A → [A,T ] � A !��� ∗- �=. <Æ, δ ���� ∗- �=. Oa.

x�LR 2.1 �yv, DJ5@QLzB.

Æe 2.1 � H �{|}�E Hilbert FG, δ : B(H ) → B(H ) ����)* Lie $)
����,  to T ∈ B(H ) N T + T ∗ = 0, p5���� A ∈ B(H ), � δ(A) = AT − TA.

ab ^LR 2.1 E δ ���� ∗- �=. ^2 [8] �1BE δ ����, UV δ ���=.

<Æ, to S ∈ B(H ), p5���� A ∈ B(H ), � δ(A) = AS − SA. ^-
A∗S − SA∗ = δ(A∗) = δ(A)∗ = S∗A∗ − A∗S∗,

 to λ ∈ R, p5 S + S∗ = λI. W T = S − 1
2λI,  T + T ∗ = 0, ?N���� A ∈ B(H ), �

δ(A) = AT − TA. Oa.
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