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(2) Computer multiple control system
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Reviews
1. Sample and its mathematic expression

Sampling process is conversion of continuous signal into 
sampled signal in sample-data control system. It is realized 
by digital-to-analog converter.
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2. Shannon sampling theorem

——Shannon sampling theorem 
max2sω ω≥ max2ωω ≥s

3. Zero-order hold
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Transfer function of zero-order hold

Reviews
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Reviews
1. Impulse transfer function

Under zero initial condition, the ratio of z-
transform of output impulse series and z-transform 
of input impulse series is impulse transfer function.
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2. Impulse transfer function of closed-loop system
Key points:
(1) Different position of sampler in system 

correspond to different closed-loop impulse 
transfer function .

(2) Obtain relationship of input and output though 
adopting sampler signal as the middle signal.

(3) Eliminate middle signal and obtain impulse 
transfer function.

2. Steps of obtaining impulse transfer 
function
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Example 1: Obtain C(z)/R(z)
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The input of sampler and output of system are

)()()()()( sEsHsGsRsE ∗−=
)()()( sEsGsC ∗=
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)()()( sEsGsC ∗∗∗ =
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Then

The impulse transfer function of closed-loop system is
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2. Steps of obtaining impulse transfer 
function
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Example 2: Obtain C(z)/R(z)
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2. Stability of linear sampled-data system
(1) Sufficient and necessary condition of stability(1) Sufficient and necessary condition of stability

The sufficient and necessary condition of stability on z-plane 

is: all character roots must be inside of unit circle in z-plane.

The closed-loop impulse transfer function of sampled-
data system is
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Closed-loop character equation is
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Section 5: System performance 
analysis of discrete control system
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(2) Mapping relationship between S(2) Mapping relationship between S--plane and zplane and z--planeplane

SupposeSuppose

TjT eez ωσ=



19
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Section 5: System performance 
analysis of discrete control system
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2. Routh stability criterion
In analyzing continuous system, Routh stability criterion 

could estimate system stability though calculating the 

number of character  roots on the right side of s-plane.

In sampled-data system, Routh criterion could also 

estimate system stability. For stable region is the inside of 

unit circle on z-plane but the right side, Routh criterion 

could not be used directly.

Section 5: System performance 
analysis of discrete control system
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Adopt the following bilinear transform

The system stability could be estimated 
though Routh stability criterion.

1
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−
+

=
w
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Section 5: System performance 
analysis of discrete control system
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1 1

( )lim ( ) lim( 1) ( ) lim( 1)
1 ( )ss t z z

R ze e t z E z z
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3. Steady-state error of discrete system
Suppose the structure of sampled-data system is

The error impulse 
transfer function is
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( ) 1 ( )er
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Obtain steady-state error from z-transform final value theorem

Z-transform of error 
signal is
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Steady-state error with three typical input

(1) Unit step input (t)=1(t)

Steady-state error is

1 1

1 1 1lim( 1) lim
1 ( ) 1 1 ( ) 1ss z z

P
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Where                           —— The static position error coefficient1
lim ( )P z

K G z
→

=

For type 0 system

For systems higher than type 1
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2( )
( 1)

TzR z
z

=
−

(2) Unit ramp input r(t)=t

Steady-state error is

——The speed position error coefficient
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= −Where

Obtain from definition, with ramp input, the system 
should have at least two          poles in open-loop 
transfer function to ensure there is no steady-state 
error.

1z =
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Steady-state error is

——The speed acceleration error coefficient

(3) Unit parabolic input

2

31

2 2
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Under parabolic 
input, the system 
should have at least 
three          poles in 
open-loop transfer 
function to ensure 
there is no steady-
state error.

1z =
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( )r t t= 21( )
2

r t t=

1
1 PK+

∞

Type of 
system

0

1 0

2 0 0

Table: Steady-state error of sampled-data system
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1
(0.1 1)s s +

*( )c t
( )c t

*( )e t

( )r t ( )e t

Example: The structure of discrete system is shown 
in the figure with sampling period T=0.1s. Obtain 
steady-state error under unit step, unit ramp and 
unit parabolic input respectively.
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Open-loop 
impulse 
transfer 
function is
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When T=0.1s

2

0.632( )
1.368 0.368

zG z
z z

=
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Character equation of system is 1+G(z)=0
2 0.736 0.368 0z z− + =

Let                      , then
1
1

z ω
ω

+
=

−

2( ) 0.632 1.264 2.104 0D ω ω ω= + + =

For all coefficients are greater than zero, the 
system is stable.

Then



30
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Under different, the steady-state errors are

Unit step input

Unit ramp input

Unit parabolic input

Steady-state error coefficient
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The key points and thread in this chapter

Steady-
state error

Root locus

Open-loop 
impulse transfer 
function

( )e ∗ ∞

Closed-loop 
zeros and poles

Stability and 
performance

Type of 
system (stable 
system) Routh

criterion
Bilinear 
transform

Final value theorem

( )zφ

( )e zφ ( )E z
Character 
equation

D(z)

( )D w Stability

Under some 
conditions

Long division

Partial fraction

Obtain residue

Jury criterion

Closed-loop 
zeros and 
poles

Stability
Stationarity

Rapidity

( )C z

( )c t∗ ( )c t
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Thanks!
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