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Ä�nØ

½½½ÂÂÂ1. � E/F ´���*Ü§P Aut(E/F ) �

E �¤k÷v σ(a) = a ∀a ∈ F �gÓ�§¡
� E 3 F þ�gÓ�+"

N´�yAut(E/F ) 3EÜ$�e(¢´�

�+"
� K ´ E/F ���¥m�§K Aut(E/K)

´ Aut(E/F ) �f+"ùÒ�ÑlE/F ��

N¥m�8Ü�Aut(E/F)�f+8Ü���N
�

K 7→ Aut(E/K).

,��¡§� H ´ Aut(E/F ) ���f
+"-

EH = {b ∈ E|σ(b) = b é¤kσ ∈ H}.

K EH ´ E/F ���¥m�,�� H ��½f
�"ùÒ�ÑlAut(E/F)�f+8Ü� E/F �
�N¥m�8Ü���N�

H 7→ EH .



ÚÚÚnnn1. 1) � K1, K2 ´ E/F �¥m�§ K1 ⊆
K2. K Aut(E/K1) ⊇ Aut(E/K2);

2) � H1, H2 ´ G(E/F ) �f+§ H1 ⊆ H2.

K EH1 ⊇ EH2;

3) éE/F �?¿¥m�K ÑkK ⊆ EAut(E/K);

4) é Aut(E/F ) �?¿f+ H Ñk H ⊆
Aut(E/EH);

y²µ{ü"2



½½½ÂÂÂ2. �E/F ´��*Ü"L/F �F �?¿*
Ü"� σ : E → L ´��üÓ�§¿� σ(a) = a

é¤k a ∈ F ¤á"K¡ σ � E/F � L ¥��

�i\(embedding )"



···KKK2. � E/F ´k�*Ü"K E/F � L ¥�
i\�oêØ�L [E : F ].

y²µkb½E/F ´ü*Ü§=E = F [α].

� f (x) ´α �4�õ�ª§K deg(f ) = n = [E :

F ]. � f (x) = 0 3 L ¥k m �üüØÓ��§
K m ≤ n.

b½km+1 �lE/F �L�i\σ1, . . . , σm+1.

K σ1(α), . . . , σm+1(α) Ñ´ f (x) = 0 ��"u´
��kü��Ó§Ø�� σ1(α) = σ2(α). ùL²
σ1 = σ2. gñ"¤± E/F � L ¥�i\�oê
Ø�L m.

é����/é n = [E : F ] ?18B"�
±� E/F Ø´ü*Ü"u´�3¥m� K ÷

v
[E : K] > 1, [K : F ] > 1.

u´
[E : K] < n, [K : F ] < n.

� σ1, . . . , σm ´l K/F � L ��Üi\"�â
8Bb�§m ≤ [K : F ]. - d = [E : K]. K

dm ≤ [E : K][K : F ] = [E : F ] = n.



b½k n + 1 �l E/F � L ¥�i\

ρ1, . . . , ρn+1.

du n+ 1 > dm, �âÄT�n§�3Ù¥ d+ 1

�i\3 K þ����Ó"Ø��

ρ1|K = · · · = ρd+1|K.

K ρ1(K) = · · · = ρd+1(K) = K ′. P E1 = ρ1(E),

K
ρ−1

1 : E1 → E

´Ó�N�"

ρ1ρ
−1
1 , . . . , ρd+1ρ

−1
1 (1)

´l E1/K
′ � L �i\"�â8Bb�§(1)

¥��kü��Ó§= ρiρ
−1
1 = ρjρ

−1
1 . ùL²

ρi = ρj, �)gñ"2



XXX3. �E/F ´��k�*Ü"K |Aut(E/F )| ≤
[E : F ].

y²µù´Ï� Aut(E/F ) TÐd E/F �
E ��Üi\¤|¤"2



½½½ÂÂÂ3. � E/F ´��k�*Ü"e [E : F ] =

|Aut(E/F )| K¡ E/F �Galois *Ü"ù�+

Aut(E/F ) ¡�E/F � Galois +§P�Gal(E/F )

½ G(E/F ).

~~~1. b½� F �A�Ø�u 2"K F �?Û�

��g*ÜÑ´ Galois *Ü"

~~~2. ng*Ü Q[ 3
√

2]/Q Ø´ Galois *Ü"

~~~3. � ζ = (−1 +
√
−3)/2, F = Q[ζ ]. Kng*

Ü F [ 3
√

2]/F ´ Galois *Ü"

~~~4. k���?Û��k�*Ü´ Galois *
Ü"

� F = Fq ´¹ q ����k��" E ´ F

��� n gk�*Ü§K E ∼= Fqn. -

φ : E → E, a 7→ aq.

K φ ∈ Aut(E/F ) � φ )¤ Aut(E/F ) � n �
Ì�f+"Ïd |Aut(E/F )| = n = [E : F ], =

E/F ´ Galois *Ü§¿� G(E/F ) ´�� n �
Ì�+"



···KKK4. �E/F ´��k� Galois *Ü§K ´�

�¥m�"K E/K ´ Galois *Ü"

y²µ- A �d K/F � E ¥��Ni\

¤�¤�8Ü"é?Û g ∈ G(E/F ), P g|K � g

3 K þ���§K g 7→ g|K �Ñ
��N�

f : G(E/F ) → A.

éu?Û h ∈ A, kü«�/�Uu)µ
1¤f−1(h) ´�8¶
2¤f−1(h) Ø´�8"
31�«�/e� f (u) = h,�Ò´`u|K =

h. N´�y f−1(h) = uAut(E/K), = f−1(h) ´
G(E/F ) �f+ Aut(E/K) �����8"

nþ¤ã§?Ûh ∈ A����õ¹ |Aut(E/K)|
���"q�â·K2 8ÜA ¥����êØ�
L [K : F ]. u´ |G(E/F )| ≤ [K : F ]|Aut(E/K)|.
du E/F ´ Galois *Ü§|G(E/F )| = [E : F ].

Ïd [E : F ] ≤ [K : F ]|Aut(E/K)|, =

|Aut(E/K)| ≥ [E : F ]/[K : F ] = [E : K].

�âX3 |Aut(E/K)| ≤ [E : K].Ïd |Aut(E/K)| =

[E : K]. ¤± E/K ´ Galois *Ü" 2



ÚÚÚnnn5. � E ´���§G ´ Aut(E) ���k
�f+§F = EG. K E/F ´ Galois *Ü§¿�

G = G(E/F )"

y²µ� g1, g2, . . . , gn ´ G ��Ü��"
b½ E ¥k n + 1 ��� u1, . . . , un+1 3 F þ�

5Ã'"� E þàg�5�§|

g1(u1)x1 + · · · + g1(un+1)xn+1 = 0,

· · ·
gn(u1)x1 + · · · + gn(un+1)xn+1 = 0

Cþ�ê�u�§�ê§Ï
k�")

x1 = a1, . . . , xn+1 = an+1.

·�À��|)¥�"����ê����"
Ø���5�� a1 = 1. e¤k ai Ñ3 F ¥§K

g1(a1u1 + · · · + an+1un+1) = 0,

l

a1u1 + · · · + an+1un+1 = 0,

� u1, . . . , un+1 ��5Ã'gñ"Ïd��k�

� ai Ø3 F ¥§Ø�� a2 /∈ F.



u´�3 g ∈ G ¦ g(a2) 6= a2. ù�Òk

gg1(u1)g(a1) + · · · + gg1(un+1)g(an+1) = 0,

· · ·
ggn(u1)g(a1) + · · · + ggn(un+1)g(an+1) = 0.

du gg1, gg2, . . . , ggn E,´ G ��N��§¤

±þ¡��§|�ØL´e¡�§|���µ

g1(u1)g(a1) + · · · + g1(un+1)g(an+1) = 0,

· · ·
gn(u1)g(a1) + · · · + gn(un+1)g(an+1) = 0.

��§|

g1(u1)a1 + · · · + g1(un+1)an+1 = 0,

· · ·
gn(u1)a1 + · · · + gn(un+1)an+1 = 0

Å��~�

g1(u1)(g(a1)− a1) + g1(u2)(g(a2)− a2) + · · · = 0,

· · ·
gn(u1)(g(a1)− a1) + gn(u2)(g(a2)− a2) + · · · = 0.

ùÒ���|#�Ø��"�)§�Ù¥�
"����ê%~�
§�)gñ"Ïd [E :

F ] ≤ n.



�âX3

Aut(E/F ) ≤ [E : F ] ≤ n.

Ï�G ⊆ Aut(E/F ) ¿� |G| = n, ¤± [E : F ] =

n ¿� G = Aut(E/F ). 2



½½½nnn6 ( k�Galois *Ü�Ä�½n). �E/F ´
��k� Galois *Ü§n = [E : F ]. K

1) N�

φ : K 7→ Aut(E/K)

Ú
ψ : H 7→ EH

�Ñ E/F � Galois ¥m�8ÜÚ G(E/F ) �f
+8Üm���éA"

2) é?¿¥m�K,Ñk [K : F ] = (G(E/F ) :

G(E/K)).

3) K/F ´ Galois *Ü��=� G(E/K) /

G(E/F ). d�§G(K/F ) ∼= G(E/F )/G(E/K).



y²µ�y²1) ·�5�y ψ ◦ φ Ú φ ◦ ψ
Ñ´ð�N�"

ÄkÚn5 �Ð¿�X φ ◦ ψ ´ð�N�"
�â·K4 é?¿¥m� K, E/K ´ Galois

*Ü§Ïd

|Aut(E/K)| = [E : K].

- B = EAut(E/K). K B ⊇ K. �âÚn5 E/B ´
Galois *Ü§l


[E : B] = |Aut(E/K)| = [E : K].

¤± B = K. ùy²
 ψ ◦ φ´ð�N�"



2) du E/F Ú E/K Ñ´ Galois *Ü§Ï

d

[E : F ] = |G(E/F )|, [E : K] = |G(E/F )|.

l
 [K : F ] = [E : F ]/[E : K] = (G(E/F ) :

G(E/K)).



3) � H / G(E/F ). - K = EH . ?�é?¿

g ∈ G(E/F ). ·�5y² g(b) ∈ K é?¿ b ∈ K
¤á"Ø,�{Ò�3 b ∈ K 
 g(b) /∈ K. u´
�3 h ∈ H ¦ h(g(b)) 6= g(b). d g−1hg ∈ H í�
g−1hg(b) = b, = hg(b) = g(b), �)gñ"

ù��±½ÂN�

φ : G(E/F ) → Aut(K/F ), g 7→ g|K.

w, Ker(φ) = G(E/K). �âÓ�Ä�½n

|Imφ| = (G(E/F ) : G(E/K)) = [E : F ]/[E : K] = [K : F ].

d

[K : F ] = |Imφ| ≤ |Aut(K/F )| ≤ [K : F ]

í� φ ´÷�¿� |Aut(K/F )| = [K : F ]. ù`

²
 K/F ´ Galois *Ü¿�

G(K/F ) ∼= G(E/F )/G(E/K).



��§�K/F ´ Galois *Ü§K |G(K/F )| =

[K : F ]. duK/F �E ¥�õ�k [K : F ] �i

\§¤±G(K/F ) �¹
K/F �E ¥��Üi

\"é?¿ σ ∈ G(E/F ), σ|K ´ K/F � E ¥�
i\§Ïd σ ∈ G(K/F ). ù�Ò��+Ó�

G(E/F ) → G(K/F ), σ 7→ σ|K,

ÙØTÐ´G(E/K). ÏdG(E/K) /G(E/F ).2



½½½nnn7. k�*Ü E/F ´ Galois *Ü��=��

3 α ∈ E ÷ve¡^�µ
1¤E = F [α];

2¤α �4�õ�ª f (x) ∈ F [x] 3 E ¥©
)�

f (x) = (x− α1)(x− α2) · · · (x− αn),

Ù¥ α = α1, α2, . . . , αn ´ E ¥üüpÉ��
�"

y²µ� F ´k���(Ø´�Ù�"±

e�� F ´Ã��"
7�5µ� E/F ´ n g Galois *Ü"é?

¿ u ∈ E -

Hu = {g ∈ G(E/F )|g(u) = u}.
K Hu ´ G(E/F ) ���f+"

é?¿ u, v ∈ E ·�5y²�3 w ∈ E ¦
Hw = Hu ∩Hv. du G(E/F ) �kk�õ�f+


 F ¥kÃ�õ���§�3 c1, c2 ∈ F, c1 6=
c2 ¦ Hu+c1v = Hu+c2v. - w = u + c1v. w,k
Hu ∩Hv ⊆ Hw. � g ∈ Hw. K

g(u + c1v) = u + c1v, g(u + c2v) = u + c2v.

u´ (c1 − c2)g(v) = (c1 − c2)v, l
 g(v) = v, Ó
�k g(u) = u, =� g ∈ Hu ∩ Hv. ùÒy²


Hw = Hu ∩Hv.



ddí�§�3 α ∈ E ¦ Hα ⊆ Hu é?

Û u ∈ E ¤á§�Ò´`é?Û g ∈ Hα Ú?Û
u ∈ E Ñk g(u) = u. �â Galois nØ�Ä�½
n Hα = {1}.

- f (x) � α �4�õ�ª"K deg(f ) ≤ n.

e deg(f ) < n, du f (g(α)) = 0 é?¿ g ∈
G(E/F ) ¤á§dÄT�ní��3 G(E/F )

¥ü�ØÓ��� g1, g2 ¦ g1(α) = g2(α), u´
g−1

1 g2 ∈ Hα, � g−1
1 g2 = 1. ùÚ g1 6= g2 �b�g

ñ"¤± deg(f ) = n. �Ò´` E = F [α].

� 1 = g1, g2, . . . , gn ´ G(E/F ) ��N�
�"- αi = gi(α), 1 ≤ i ≤ n. K α1, . . . , αn ∈ E

üüØÓ§�Ñ´ f (x) �":§Ïd

f (x) = (x− α1)(x− α2) · · · (x− αn).



¿©5µéz� αi �÷Ó�

fi : F [x] → E, h(x) 7→ h(αi).

K Ker(fi) = (f (x)). �âÓ�Ä�½n fi p�
ÑÓ�

φi : F [x]/(f (x)) → E.

P gi = φi ◦ φ−1
1 , (1 ≤ i ≤ n). K g1, . . . , gn ´

Aut(E/F ) ¥n�üüØÓ���"Ïd |Aut(E/F )| ≥
n. �´·��� |Aut(E/F )| ≤ [E : F ] = n é?

Ûk�*Ü E/F ¤á"Ïd |Aut(E/F )| = [E :

F ], = E/F ´ Galois *Ü" 2



½½½ÂÂÂ4. �F ´���§f (x) ∈ F [x].�α1, . . . , αn
´ f (x) 3 F ��ê4� F̄ ¥��Ü":"
K F [α1, . . . , αn] ¡� f (x) �©��(splitting field

)"

ÚÚÚnnn8. � F ´A��u"��§f (x) ∈ F [x]. K
f (x) �©��´ F �k� Galois *Ü"

y²µ� E = F [α1, . . . , αn], Ù¥ α1, . . . , αn
´ f (x) 3 F ��ê4� F̄ ¥��Ü":"�
β ∈ E\F, p(x) ´ β �4�õ�ª"du F �A
��"§ p′(x) 6= 0.Ïd p′(x) Ú p(x) p�"Ïd

p(x) = 0 3 Ē ¥vk­�§� p(x) = 0 3 Ē ¥

kü�ØÓ�� β, β′. u´�3 E/F � Ē �i

\ σ ¦ σ(β) = β′. éz� αi, Ù3 σ e��E,

´ f (x) = 0 ��"Ïd σ p�Ñ α1, . . . , αn ��

���"Ïd σ(E) = E. ùL² σ ∈ Aut(E/F ).

ùÒy²
é?¿ β ∈ E\F, Ñ�3 σ ∈
Aut(E/F ) ¦ σ(β) 6= β. Ïd E/F ´ Galois *
Ü"2



�)*ÜÚpg�§¦�úªµ�=©

�"


