
�þ�m

1



1 ���þþþ���mmmÚÚÚ���555CCC���

½½½ÂÂÂ1. � F ´���§V ´�� Abel +£^\

{P§�+$�¤"b½k��ê¦$�

F × V → V, (a, u) 7→ au

÷v±e^�µ
1¤1u = u é?¿ u ∈ V ¤á¶
2¤(ab)u = a(bu) é?¿ a, b ∈ F, u ∈ V ¤

á¶
3¤(a + b)u = au + bu é?¿ a, b ∈ F, u ∈ V

¤á¶
4¤a(u + w) = au + aw é?¿ a ∈ F, u, w ∈

V ¤á"
K¡ V �� F þ����þ�m"



½½½ÂÂÂ2. 1¤� F þ��þ�m V ¥���þ
8Ü S ¡�´�5Ã'�§eé S ¥?¿ n

�ØÓ��þ u1, . . . , un(n > 0), 9 c1, . . . , cn ∈
F\{0}, Ñk

c1u1 + · · · + cnun 6= 0.

2¤XJ S ´ V ¥���þ8Ü§é?

Û w ∈ V Ñ�3c1, . . . , cn ∈ F, u1, . . . , un ∈ S

¦w = c1u1 + · · · + cnun K¡ V d S Ü¤"
3¤��Ü¤���þ�m��5Ã'8Ü

¡�T�þ�m��|Ä"Ä¥����ê�
��þ�m��ê§P� dim(V ).



XJ���þ�m�dk���þÜ¤§
@oÄ�3�Ó��mØÓ�Ääk�Ó��
��ê"XJ���þ�mØUdk���þ
Ü¤§K§´Ã���þ�m"

� V ´��k���þ�m§�½ V ��

|Ä e1, . . . , en. @o V ¥�z���þ u Ñ�

�/L«¤ e1, . . . , en ��5|Üµ

u = c1u1 + · · · + cnun.

ù�Ñ
 V Ú n ���þ�m£½1�þ�
m¤���éA§ù�éA�Ä�À�k'"



�þ�m V ���é\{Úê¦µ4�f
8 W �� V ���f�m"

� V1, V2 ´Ó��� F þ�ü��þ�m§
l V1 � V2 ���N� f ´�5N�e f (au +

bv) = af (u)+bf (v) é?¿ a, b ∈ F Ú?¿ u, v ∈
V1 ¤á"�5N�����þ�mm�Ó�§
q����5C�§3�¼©Û¥���5�

f§3�ê¥k���gÓ�(endomorphism )"
��gÓ�´V��Ò´Ó�"



� f ´k���þ�m V þ����5C

�"�½ V ��|Äe1, . . . , en �§f Ò(½


� F þ��� n × n Ý
"?¿� F þ�Ý


�$�{KÚê�þ�Ý
��§�ØLy3
Ý
���oK$�UF ¥�$�?1"'u
Ý
��§1�ª��
VgÚ(ØÑ�±ì
�"



V ��_�5C�3�N3EÜ$�e�
¤��+§P� GL(V ). XJn = dim(V ), K
GL(V ) Ú GLn(F ) ´Ó��§�ö´ F þ¤

kn× n �_Ý
¤�¤����5+"
'u�5�§|!A�õ�ª!A��Ú

A��þ�nØ3?¿�þÑ¤á"



Ø
+!�!�!�þ�m	§�k�«

~���ê(�µ� A ´��§e A ¹k�

�� F ��§�f�§¿� F ¥�N��´A

¥�N�§K A ���� F -�ê"'�`§�
F þ n × n Ý
�N�¤�� Mn(F ) Ò´��
F -�ê"

?Û�� F -�ê A Ñ�±w¤� F þ�
���þ�m§��òê¦$�ÒU�¥�¦
{5½ÂÒ�±
"b½��� L �¹,��
� F, K L Ò´��F -�ê§Ù��Ûõ
��
F -�þ�m�(�"



~~~1. � F ´���"- P � F ¥�Ã¡S�

�¤�8Ü§- Q � P ¥�kk�õ�Ø�u
"�S��N�¤�f8"3 P ¥U©þ½Â

\{§K P �¤�� Abel +§ Q ´§�f+"
2U

(a0, a1, a2, . . .)(b0, b1, b2, . . .) = (a0b0, a0b1+a1b2, a0b2+a1b1+a2b0, . . .)

½Â P ¥�¦{"K P �¤���«§
 Q ´
§�f�"du

F → P, a 7→ (a, 0, 0, . . .)

´��üÓ�"¤± P Ú Q Ñ´ F �ê"N´

wÑ§Q ∼= F [x].

P �� Formal power series ring.



ÚÚÚnnn1.1. � p ´���ê§ G ´�� Abel +§
§�z��"�Ñ´ p ��§K G ´k�� Fp

þ��þ�m"

y²µ·��� Fp = {0̄, 1̄, . . . , p− 1}. é?

¿ ī ∈ Fp Ú u ∈ G, ½Âê¦$� īu = iu. ·�
5�y3ù�ê¦$�e G ¤��þ�m"

1¤1̄u = 1u = u ´w,�¶
2¤é?¿ ī, j̄ ∈ Fp, ¦Èīj̄ = k̄, Ù¥ k =

ij + rp, r ´���ê"Ïd(̄ij̄)u = ku = (ij +

rp)u. du u ��´ 1 ½ p,Ïd rpu = 0. ù�B

k (̄ij̄)u = iju = ī(j̄u).

3¤^Ó��{�y (̄i + j̄)u = īu + j̄u.

4¤ī(u + v) = i(u + v) = iu + iv = īu + īv. 2



~~~2. � p ´���ê§A = Z/(p2) ⊕ Z/(p2) ⊕
Z/(p3). O� A ¥�� p2 ��Ì�f+��ê"

)µA ¥����±L«¤ (a, b, c) �/
ª§Ù¥ a, b ∈ Z/(p2), c ∈ Z/(p3), §���
u max{o(a), o(b), o(c)}. ùp o(a) �L�� a �
�"�� p2 ��Ì�f+´ü� p �Ì�f+

��Ú§Ø
 0 §�U¹ p ��"
 A ¥� p �
�Ú���Ü3�åTÐk p3 �§UìÚn1.1

§��¤ Fp þ���n��þ�m V.

V �?Û����f�m´�� p2 ��Ì
�f+"�L5§��p2 ��Ì�f+�´ V

�f�m§ù´Ï�ê¦$�¢SþÒ´ë\

$�"ù�·�r¯K=z¤e�¯Kµ¹ p

����k��þn��mkõ����f�
m"ùC¤
�5�ê�¯K"



�{�µ
�����mdü��5Ã'��þ[a1, a2, a3],

[b1, b2, b3] Ü¤"1���þ´�"�þ§�
kp3 − 1 ¥�U"1���þØU´1���þ
���þ§��e p3−p «�U"ù�dü��

5Ã'�kS�þ|�oê´ (p3−1)(p3−p). �
[a1, a2, a3], [b1, b2, b3] �5Ã'§[c1, c2, c3], [d1, d2, d3]

�5Ã'"§�Ü¤�Ó���f�m��=
��3���ÉÝ


P =

[
p11 p12

p21 p22

]
¦ [

a1 a2 a3

b1 b2 b3

]
P =

[
c1 c2 c3

d1 d2 d3

]
.

^�þ¡Ó��{�� P �k (p2−1)(p2−p) «

�U"ù���f�m�oê´
(p3 − 1)(p3 − p)

(p2 − 1)(p2 − p)
= p2 + p + 1.



�{�µ
n��m�z���f�m´���"à

g�5�§�)�m"�

a1x1 + a2x2 + a3x3 = 0

Ú
b1x1 + b2x2 + b3x3 = 0

´ü�àg�5�§§§�k�Ó�)�m�
�=��3�" λ ∈ Fp ¦

(a1, a2, a3) = λ(b1, b2, b3).

ù���f�m�oê´
p3 − 1

p− 1
= p2 + p + 1.2
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2 ûûû���mmm

� V ´��� F þ����þ�m§ W

´ V ���f�m"ò V w¤\{+§ W ´
V ��5f+§Ïdû+ V/W ´k¿Â�"
·�F"3 V/W þ2½Âê¦$�¦�¤� F

þ����þ�m"
� a ∈ F, x̄ ∈ V/W, Ù¥ x ∈ V. ½Â

ax̄ = ax.

b½ x′ ´ x̄ �,���L�§K x′−x ∈ W.

Ïdax′ − ax = a(x′ − x) ∈ W. ùL² ax′ = ax.

¤±±þ½Â� ax̄ Ø�6u�L��À�"
éN´�y§V/W 3ù�$�e/¤ F

þ����þ�m§¡� V 'u W �û�
m(quotient space ).



� w1, . . . , wr ´f�m W ��|Ä"ò§

*¿¤ V �Äw1, . . . , wr, ur+1, . . . , un.

···KKK2.1. ūr+1, . . . , ūn ´ V/W ��|Ä"Ïddim(V/W ) =

dim(V )− dim(W ).

y²µb½ ar+1, . . . , an ∈ F ¦

ar+1ūr+1 + · · · + anūn = 0̄.

K
ar+1ur+1 + · · · + anun ∈ W.

�

ar+1ur+1 + · · · + anun = b1w1 + · · · + brwr.

dd�

−b1w1 − · · · − brwr + ar+1ur+1 + · · · + anun = 0.

�â w1, . . . , wr, ur+1, . . . , un ��5Ã'5í�

ar+1 = · · · = an = 0.

ùy²
 ūr+1, . . . , ūn 3¥�5Ã'"
� x̄ ∈ V/W. K�3 a1, . . . , an ∈ F ¦

x = a1w1 + · · · + arwr + ar+1ur+1 + · · · + anun.

u´
x̄ = ar+1ūr+1 + · · · + anūn.

ùL² V/W ¥?¿�����±L«¤ūr+1, . . . , ūn

����5|Ü" 2



� f ´ V ����5C�§���¹e f

ØUp�Ñû�mV/W ��5C�"

···KKK2.2. XJ W ´ f �ØCf�m§= f (u) ∈
W é?¿ u ∈ W ¤á"-

f̄ (x̄) = f (x).

K f̄ ´ V/W ��5C�"

y²µ�­��´�y½Â�Ün5§=

f (x) Ú�L�x �À�Ã'"
� x′ ´ x̄ �,���L�"K x′ − x ∈ W.

du W ´f �ØCf�m§ f (x′ − x) ∈ W. Ï

df (x′) = f (x). ¤±$�f̄ (x̄) = f (x) ´Ün
�"

�e�yó��´~1ú¯"2



� u1, . . . , un ´ V �Ä§Ù¥c r ��þu1, . . . , ur

´ f �ØCf�m W �Ä"3ù|Äe f �Ý

� [

A B

0 C

]
,

Ù¥ A, C ©O´ r �Ú n−r ��
"·�®²
�� A ´ f |W 3Ä u1, . . . , ur e��
"N´w
Ñ C ´ f 3 V/W þp���5C���
"
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