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õ�ª

õ�ªVg

õ�ªVg

½Â

� n ∈ N§K ´��ê�§x ´��/ªÎÒ£½¡�½�¤"/ª
L�ª

anxn + an−1xn−1 + · · ·+ a1x + a0§

Ù¥§a0, a1, · · · , an ∈ K§¡�ê�K þ�����õ�ª"¡Ù¥
� aix

i �1 ig�§¡ ai �1 i g��Xê"
� an 6= 0 �§¡dõ�ª��� n gõ�ª§Ùgên P
� n = deg

(
anxn + an−1xn−1 + · · ·+ a1x + a0

)
"

Ï~§^ f (x), g(x), · · · ½ f , g, · · · 5L«õ�ª"K þ�õ�ª�
NP� K [x]"

"gõ�ª´���"~êõ�ª§z�Xêþ�"�õ�ª
£= 0 ~êõ�ª¤¡�"õ�ª§Ùgê½Â� −∞"

�õ�ª f (x) � g(x) �¤kÓg�þ���§
¡ f (x) � g (x)��§P� f (x) = g(x)"
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õ�ª�$�µõ�ª�“Ú”µéAXê�\¶“�”µéA�X
ê�~¶“È”µ¦^©�Æ¿Ü¿Óa�"äNXeµ

� f (x) =
n

∑
i=0

aix
i§g(x) =

m

∑
j=0

bjx
j§

f (x)± g(x) =
max{n,m}

∑
i=0

(ai ± bi)x
i¶f (x)g(x) =

n+m

∑
k=0

( ∑
i+j=k

aibj)x
k
"

gêúªµdeg(f (x)± g(x)) ≤
max(deg f (x), deg g(x))§deg f (x)g(x) = deg f (x) + deg g(x)"
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�Ø

½n (�{Ø{)

� f (x), 0 6= g(x) ∈ K[x]§K�3����é q(x), r(x) ∈ K [x]§¦�

f (x) = q(x)g(x) + r(x)

¤á§Ù¥ deg r(x) < deg g(x)"

�{Ø{¥� q(x) ¡� g(x) Ø f (x) �û§r(x) ¡� g(x) Ø f (x) �{ª"
� r (x) = 0 �§·�¡ g(x) �Ø f (x)"

½Â (�Ø)

� f (x), 0 6= g(x) ∈ K[x]§e�3 q(x) ∈ K [x]§¦�

f (x) = g(x)q(x)

K¡ g(x)�Øf (x)§P�“g(x) | f (x)”"eþ¡� q (x) Ø�3§K¡ g(x) Ø
�Ø f (x)§P�“g(x) ∤ f (x)”" � g(x) | f (x) �§¡ g(x) � f (x) �Ï
ª§f (x) � g(x) ��ª"

íØ

� f (x), 0 6= g(x) ∈ K[x]§Kg(x) | f (x) ��=� g(x) Ø f (x) �{ª�""
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�Ø

�Øke�5�µ

·K (�Ø�5�)

1 �"õ�ª f (x) �ØÙgC¶

2 D45µe f (x) | g(x)§g(x) | h(x)§K f (x) | h(x)¶

3 e f (x) | g(x)§g(x) | f (x)§K f (x) = cg(x)§Ù¥ 0 6= c ∈ K¶

4 e f (x) | gi(x)§i = 1, 2, · · · , m§K

f (x) | [u1(x)g1(x) + u2(x)g2(x) + · · ·+ um(x)gm(x)]

Ù¥ ui(x) ∈ K [x]¶

5 e f (x) | g(x)§K cf (x) | g(x)§Ù¥ 0 6= c ∈ K"

~

1 e g(x) | (f1(x) + 2f2(x)) � g(x) | (2f1(x) + f2(x))§
K g(x) | f1(x)§g(x) | f2(x)"

2 ¦ a§b§¦ x2 + x + a | x3 + bx + 1"
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��úÏª

½Â (úÏª)

XJõ�ª d(x) Q´ f (x) �Ïª§�´ g(x) �Ïª§K
¡ d(x) ´ f (x) Ú g(x) ���úÏª" � f (x)!g(x) ∈ K[x]§Ø��
"§e d (x) ∈ K [x]§÷v

1 d(x) ´ f (x) Ú g(x) �úÏª¶

2 f (x)§g(x) �úÏªÑ´ d(x) �Ïª§=
e d1 (x) | f (x) ∧ d1 (x) | g (x)§K d1 (x) | d (x)§

K¡ d (x) ´ f (x) Ú g (x) ���úÏª"� d (x) �Ä�Xê
� 1 £¡�Ä 1 ¤§KP

d (x) = (f (x) , g (x))"

Ún

(1) e 0 6= f (x) | g (x) ∈ K [x]§K f (x) ´ f (x) � g (x) �����ú
Ïª" (2) 3�{Ø{ f (x) = q(x)g(x) + r(x) ¥ f (x) � g(x) úÏª
8Ú g(x) � r(x) úÏª8�Ó"
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Únµ

(1) e 0 6= f (x) | g (x) ∈ K [x]§K f (x) ´ f (x) � g (x) �����úÏª"
(2) 3�{Ø{ f (x) = q(x)g(x) + r(x) ¥ f (x) � g(x) úÏª8
Ú g(x) � r(x) úÏª8�Ó"

½n

� f (x), g(x) ∈ K [x] Ø��"§K f (x) � g (x) ���úÏª d(x) �3§�
�3 u(x), v(x) ∈ K [x]§¦�

d(x) = f (x)u(x) + g(x)v(x)"

y²µ Î=�Ø{µ|^c¡Ún§� f (x) Ú g (x) ¥k���Ø,��
�§X g (x) | f (x) �§K g (x) ���úÏª§�

g (x) = f (x)× 0 + g (x)× 1"

dÚn£ 2 ¤§���¦ f (x) � g (x) ���úÏª§�I¦
g (x) � r (x) ���úÏª§�d� r (x) ´ f (x) � g (x) �|Ü¶2Î=§
^ g (x) � r (x) ��{Ø{�{ª§Xd E§��(Ø" �

5

��úÏª�ê�Ã'"
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��úÏª

½Â (p�õ�ª)

� f (x)§g(x) ∈ K [x]§e (f (x), g(x)) = 1§K¡ f (x)§g (x) p�"

½n

K[x] ¥ü�õ�ª f (x)§g(x) p��¿�^�´�
3 u(x), v(x) ∈ K [x]§¦�

u(x)f (x) + v(x)g(x) = 1"

þã½n´k'ü�õ�ªp���­��'Xª"

½n

1 XJ (f (x), g(x)) = 1§� f (x)|g(x)h(x)§K f (x)|h(x)¶
2 XJ f1(x)|g(x), f2(x)|g(x)§� (f1(x), f2(x)) = 1§
K f1(x)f2(x)|g(x)¶

3 XJ (f1(x), g(x)) = 1§(f2(x), g(x)) = 1§
K (f1(x)f2(x), g(x)) = 1"
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��úÏª

½Â

� f1(x), f2(x), . . . , fn(x) ∈ K [x] Ø��"§d(x) ∈ K [x] ÷vµ

1 d(x) | fi(x)§∀1 ≤ i ≤ n¶

2 XJ d1(x) | fi(x)§∀1 ≤ i ≤ n§K d1(x) | d(x)§

K¡ d (x) � f1(x), f2(x), . . . , fn(x) ���úÏª§Ä����úÏª
P� (f1(x), f2(x), . . . , fn(x))"

´�§

(f1(x), f2(x), . . . , fn(x)) = ((· · · ((f1(x), f2(x)) , f3 (x)) , . . .) , fn(x))

¿^8B{�y�3 u1(x), u2(x), . . . , un(x) ∈ K [x]§¦�

(f1(x), f2(x), . . . , fn(x)) = f1 (x) u1 (x)+ f2 (x) u2 (x)+ · · ·+ fn (x) un (x)"
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��úÏª

½n (¥I�{½n)

� f1 (x) , . . . , fn (x) ∈ K [x] üüp�§Ké?¿�½
� a1 (x) , . . . , an (x) ∈ K [x]§7�3 g (x) , q1 (x) , . . . , qn (x) ∈ K [x]§
¦�

g (x) = fi (x) qi (x)+ ai (x) , (P�g (x) ≡ ai (x)mod fi (x)§i = 1, . . . , n"

y²µfi (x) � f1 (x) · · · fi−1 (x) fi+1 (x) · · · fn (x) p�§¤±�
3 ui (x) , vi (x) ¦�

fi (x) ui (x) + f1 (x) · · · fi−1 (x) fi+1 (x) · · · fn (x) vi (x) = 1

u´é?¿� 1 ≤ k ≤ n
n

∑
i=1

ai (x) vi (x)∏
j 6=i

fj (x) =
n

∑
i 6=k

ai (x) vi (x)∏
j 6=i

fj (x) + ak (x) f1 (x) · · · fk−1 (x) fk+1

=
n

∑
i 6=k

ai (x) vi (x)∏
j 6=i

fj (x) + ak (x)− fk (x) uk (x)"

� g (x) = ∑
n
i=1 ai (x) vi (x)∏j 6=i fj (x) =�"��§z�ù��)��

½� g (x) �� ∏
n
j=1 fj (x) ��ª" �
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¥I�{½n

ú�c��5�f�²6¥k“ÔØ�ê”¯Kµ“8kÔØ�Ùê§nnê�
{� §ÊÊê�{n §ÔÔê�{�§¯ÔAÛº”
��“233”"�Ò´¦Ó{ª|





x ≡ 2 mod 3
x ≡ 3 mod 5
x ≡ 2 mod 7

¶

²�§� ^y��Ñ
TK�){µ“n<Ó1Ô�D§Êärsö�{§
Ôfì����§Øz"ÊB��"”

(3, 5 × 7) = 1§3 × (−23) + 35 × 2 = 1¶

(5, 21) = 1§5 × (−4) + 21 × 1 = 1¶

(7, 15) = 1§7 × (−2) + 15 × 1 = 1¶

¤±§�¦�ê´

2× 35 × 2 + 3× 21 × 1 + 2× 15 × 1 + 3 × 5 × 7 × k = 233+ 105k"
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Ïª©)

½Â

gê�u½�u 1 �õ�ª p(x) ∈ K [x]§eØUL«¤ K [x] ¥ü�
gêþ' p (x) $�õ�ª�È§K¡ p (x) �ê� K þ���Ø��
õ�ª"

5

1 �gõ�ªo´Ø���¶

2 õ�ª���5�Xê��'§X x3 − 2 3 Q þØ�
�§3 R þ��¶
 x2 + 1 3 R þØ��§�3 C þ´��
�"

3 � p (x) ´ê� K þ�Ø��õ�ª§f (x) ∈ K [x]§
K (p (x) , f (x)) | p (x)§
 p (x) �Ïª�k~ê½ p (x) ��
ª§¤± (p (x) , f (x)) = 1 ½ (p (x) , f (x)) = cp (x)§¤±k ½

´ p (x) � f (x) p�§½´ p (x) | f (x)¶'X�k�ö��"
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Ïª©)

Ún

� p(x) ´ K þØ��õ�ª§XJ p(x) | f (x)g(x)§K7
k p(x) | f (x) ½ p(x) | g(x)"

5

XJØ��õ�ª p(x) �Ø f1(x)f2(x) · · · fn(x)§´7�ØÙ¥��"

½n (Ïª©)½n)

ê� K þgê�u½�u 1 �õ�ª f (x) Ñ©)¤�
Ø��õ�
ª�¦È¶�ù«©)ª3ØOgS�´���"
=µe

f (x) = cp1(x)p2(x) · · · pr(x) = cq1(x)q2(x) · · · qs(x),

K7k r = s§�k���ü� (i1 i2 · · · ir)§¦�

pk(x) = qik(x)§k = 1, 2, . . . , r"



p��ê

õ�ª

Ïª©)

½n (õ�ªÏª©)½n§½n¥�©)ª¡� f (x) �O�©)ª)

ê� K þ�?�õ�ª f (x) þ�©)�

f (x) = cpr1

1 (x)pr2
2 (x) · · · prn

n (x),

Ù¥ c ∈ K§p1(x), p2(x), · · · , pn(x) ∈ K [x] ´pÉ�Ä�Ø��õ�
ª§r1, r2, · · · , rn ∈ Z+¶

e 0 6= g (x) ´���Ïª§K

g(x) = c1ps1

1 (x)ps2
2 (x) · · · psn

n (x),

Ù¥ c1 ∈ K§s1, s2, . . . , sn ∈ Z§si ≤ ri (i = 1, . . . , n)"

�â±þ½n§·���/k

(
c1pr1

1 (x)pr2
2 (x) · · · prn

n (x), c2ps1

1 (x)ps2
2 (x) · · · psn

n (x)
)

= p
min{r1,s1}
1 (x)p

min{r2,s2}
2 (x) · · · p

min{rn,sn}
n (x)

e f (x) � g(x) p���=� f (x) Ú g (x) �©)ª¥ØÑy�Ó�Ø��

õ�ª"
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­Ïª

½Â (­Ïª)

� p(x), f (x) ∈ K [x]§� p (x) Ø��§
e k ∈ Z+§pk(x) | f (x) � pk+1(x) ∤ f (x)§K¡ p (x) ´ f (x) � k-­
Ïª"� k ≥ 2 �§¡ p (x) ´ f (x) �­Ïª"

Ø��õ�ª p(x) ´õ�ª f (x) � k-­Ïª��=��3õ�
ª g(x)§¦� f (x) = pk(x)g(x)§� p(x) ∤ g(x)"

½n

� f (x) 3ê� K þ�O�©)�

f (x) = cp
r1
1 (x)p

r2
2 (x) · · · prn

n (x)§Ù¥pi (x)Ä�Ø�!�§ri ∈ Z+¶

K (
f (x) , f ′ (x)

)
= p

r1−1
1 (x)pr2−1

2 (x) · · · prn−1
n (x)"

AO/§f (x) vk­Ïª��=� (f (x) , f ′ (x)) = 1§
=f (x) � f ′ (x) p�"
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Ïª©)

íØ

1 XJØ��õ�ª p(x) ´õ�ª f (x) ��� k-­Ïª

£ k ≥ 1 ¤§K p(x) ´ f (x)§f ′(x),. . . ,f (k−1)(x) �Ïª§�Ø

´ f (k)(x) �Ïª"

2 Ø��õ�ª p(x) ´õ�ª f (x) �­Ïª��=
� p(x) ´ f (x) � f ′(x) �úÏª"

~

�äõ�ª
f (x) = x4 − x3 − 7x2 + 13x − 6

kvk­Ïª"

íØ

f (x) �z�Ø��ÏªÑy3
f (x)

(f (x) , f ′ (x))
¥TÐ�g"
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õ�ª¼ê

�
f (x) = anxn + an−1xn−1 + · · ·+ a1x + a0

´ê� K þ�õ�ª§½Â¼
ê f (x) : K → K§α 7→ anαn + an−1αn−1 + · · ·+ a1α + a0 = f (α)§ù
����¼ê¡� K þ���õ�ª¼ê"
Ï�3½Âõ�ª�§x þ�Oêë�$��§¤±õ�ª$��õ
�ª¼ê�$�5Æ�Ó"

½n ({ê½n)

� f (x) ∈ K [x]§α ∈ K§K�3��õ�ª q (x) ∈ K [x]§¦�

f (x) = (x − α) q (x) + f (α)§

=3�{Ø{¥�{��~ê f (α)"
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õ�ª

õ�ª¼ê

õ�ª¼ê

íØ

� f (x) ∈ K [x]§α ∈ K§e f (α) = 0§K¡ α ´ f (x) ��£�¡�"
:¤"α ´ f (x) ����=� (x − α) | f (x)"

� (x − α) ´ f (x) � k-­Ïª�§¡ α � f (x) � k-­�"
� k = 1 �§α ¡�ü�¶� k > 1 �§α ¡�­�"

½n

ê� K þ� n gõ�ª (n ≥ 1) ���õk n �§­�U­êO�"
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õ�ª

õ�ª¼ê

õ�ª¼ê

�ü�õ�ª§��¼ê�Ó�§Ùõ�ª��Ó§ùÒ´e¡�½
nµ

½n (õ�ª¼êû½õ�ª)

XJõ�ª f (x)§g(x) �gêÑØ�L n§�3 n + 1 �pÉ�:þ
���Ó§K��õ�ªk f (x) = g(x)"Ïd§ü��õ�ª��¼
ê�Ó7küõ�ª�Ó"

½n (Lagrange��úª)

� a1, . . . , an �ê� K ¥pÉ�ê§b1, . . . , bn ∈ K§K�3 K þ��
�gêØ�L n − 1 �õ�ª f (x)§¦� f (ai) = bi§i = 1, . . . , n§T
õ�ª�

f (x) =
n+1

∑
i=1

bi
(x − a1) · · · (x − ai−1)(x − ai+1) · · · (x − an+1)

(ai − a1) · · · (ai − ai−1)(ai − ai+1) · · · (ai − an+1)
"
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Eê�þõ�ªÏª©)½n

Eê�´���ê4�§¹ÂXeµ

½n (�êÄ�½n)

3Eê� C þ§z�gê�u"�õ�ªÑ��k���"

íØ

1 3Eê� C þ§Ø��õ�ªÑ´�gõ�ª"

2 Eê� C þ§õ�ªÑ�©)��gÏª�È§=

f (x) = c(x − α1)
n1(x − α2)

n2 · · · (x − αk)
nk

Ù¥ α1, α2, · · · , αn ´ØÓ�Eê§n1, n2, · · · , nk ∈ Z+
"

3 Eê� C þ§n g (n ≥ 1) õ�ªTk n ��"

~Xµ3 C þ§xn − 1 � n �ØÓ��� cos
2kπ

n
+ i sin

2kπ

n
§¤±

xn − 1 =
n−1

∏
i=0

(
x −

(
cos

2kπ

n
+ i sin

2kπ

n

))
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õ�ª

Eê�þõ�ªÏª©)½n

� n gõ�ª f (x) = xn + a1xn−1 + · · ·+ an−1x + an � n ��
� x1, , . . . , xn§K·�ke�� Vieta ½nµ

∑
1≤i1<i2<···<ik≤n

xi1xi2 · · · xik = (−1)k ak§1 ≤ k ≤ n"

½n

ng�§� Cardan úªµx3 + px + q = 0 �)�

xi = ρi
3

√
− q

2
+
√

∆ + ρ2
i

3

√
− q

2
−
√

∆

ùp ρ1, ρ2, ρ3 � w3 = 1 �n��§∆ =
q2

4
+

p3

27
"

4 gõ�ª¦)� Ferrari úªÑ"
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Eê�þõ�ªÏª©)½n

�:{¤

ùå��õ�ª��Ò¦)§Ø�ØJ9�êÆ[kµAbel§Galois§
ùü�Ñ´@c=²�êÆ[£©OØ� 27 �Ú 21 �¤§ü<�¿
¡�+Ø�k°"
Abel £ 1802 c 8 � 5 F¨ 1829 c 4 � 6 F¤3
£ 1824 * 1826 c¤§�Ñ
5Êg�§�ê){Ø�U�36�
©§���­À"3¦�­�1nU§¦Â�
y��Æ�¦��Ç
­Ö" ¦��
éõ'uý�¼ê�­�¤J§��3¦k�â�<
�uy¿­À"
Galois £ 1811c 10 � 25 F¨ 1832c 5 � 31 F¤ 12 �±c§¦1
�KI¦���¶12 �¨ 16 �§´´�[¥ÆÒÖ§��¤1Ñé
Ð¶16 ��éêÆÝ\
4��9§
éuÙ¦�8Ø2k?Û,
�§���£ã�“ÛA!%É!k�Måqµ4”"
17 ��§³Û�ò¦3�ê�§)�(J¥��{I�Æ�§
d Cauchy "���áýuL£'ud¯kõ«`{¤"
�â Gaois nØ§x5 − x − 1 = 0 vk¦�úª§
�§
x5 + 2x4 + 2x3 + 2x2 + x + 1 = 0 k¦�úª" �
Ïµx5 + 2x4 + 2x3 + 2x2 + x + 1 =

(
x + x2 + 1

) (
x2 + x3 + 1

)
.
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õ�ª

¢Xêõ�ªÚknXêõ�ª

¢Xêõ�ªÚknXêõ�ª
Eê� C þ§Ø��õ�ªþ´�g�¶
¢ê�Rþ§x2 + 1 ´Ø���§


x4 + 1 = x4 + 2x2 + 1 − 2x2

=
(

x2 + 1
)2

−
(√

2x
)2

=
(

x2 +
√

2x + 1
) (

x2 −
√

2x + 1
)
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¢Xêõ�ªÚknXêõ�ª

¢Xêõ�ªÚknXêõ�ª
Eê� C þ§Ø��õ�ªþ´�g�¶
¢ê�Rþ§x2 + 1 ´Ø���§


x4 + 1 = x4 + 2x2 + 1 − 2x2

=
(

x2 + 1
)2

−
(√

2x
)2

=
(

x2 +
√

2x + 1
) (

x2 −
√

2x + 1
)

·�²~`§¢Xêþõ�ª�J�o´¤éÑy§ù¢Sþ�û½

¢ê�þØ��õ�ª�U´ 1 g½ 2 g�"

½n

1 R þØ��õ�ª�U´�g½�g�¶
2 R þ���gõ�ªØ����=�Ù�Oª�Kê¶
3 R þ��~êõ�ª7�©)� R þ�gª��gª�È"

¤±§¢Xêõ�ª�IO©)ª�

f (x) = an(x− c1)
l1(x− c2)

l2 · · · (x− cr)
lr(x2 + a1x+ b1)

k1 · · · (x2 + asx+ bs)
ks

Ù¥ c1, · · · , cr, a1, · · · , as, b1, · · · , bs ∈ R§l1, l2, · · · , lr¶k1, · · · , ks ∈
Z+ � a2

i − 4bi < 0, i = 1, 2, · · · , s.
ù�:3·��kn¼ê�È©O�¥®²^�L"
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õ�ª

¢Xêõ�ªÚknXêõ�ª

3knê� Q þ§�¹k
ØÓ�X xn − 2 (n > 1) ´��Ø���
õ�ª"duk��knê½�¤Ó��ú©1§¤± Q þ�õ�ª
�©)¯K�ª½z��ê�þ�õ�ª�©)¯K"

~

X
3

2
x2 +

1

5
x − 2

3
=

1

30

(
45x2 + 6x − 20

)
§¤±õ�

ª
3

2
x2 +

1

5
x − 2

3
��� 45x2 + 6x − 20 ���Ó"ü�õ�ª3kn

ê�þ�©)5�´���"

3?Økn�½´knXê©)�§�Xêõ�ª'knXêõ�ª
�\N´?n"

½n

�knê
q

p
£Ù¥ p, 0 6= q ∈ Z§(p, q) = 1 ¤´�Xêõ�

ª anxn + an−1xn−1 + · · ·+ a0 ��§K7k q | a0 � p | an"

éu�Xêõ�ª3knê�þ�©)§�d�?n�ª´3�ê�
�£/¤��Vg¤§
Ø´��2���—knê�þ�?n"u
´û)Ñee�½Â"

½Â

���"��Xêõ�ª anxn + an−1xn−1 + · · ·+ a0§e��ú�
ê (an, an−1, · · · , a0) = 1§K¡ù�õ�ª����"

?�õ�ªþ���/£3ØO�KÒ��¹e¤�¤��knê�
����õ�ª�¦È"
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½n

1 (Gauss) ü���õ�ª�¦È�´��õ�ª¶

2 ���"�Xêõ�ªe´ü�gê�$�knXêõ�ª�
È§K7´ü�gê�$��Xêõ�ª�È"

~

y²õ�ª f (x) = x3 − 4x + 7 ´knê�þ�Ø��õ�ª"

½n (Eisenstein �O{)

� f (x) = anxn + an−1xn−1 + · · ·+ a0 ´���Xêõ�ª"XJ�3
���ê p§÷v

1 p ∤ an¶

2 p | an−1§p | an−2§· · ·§p | a0¶

3 p2 ∤ a0

Kõ�ª f (x) 3knê�þØ��"
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~

1 f (x) = xn + 2§o´3knê�þØ��§n ∈ Z+¶

2 õ�ª f (x) = xp−1 + xp−2 + · · ·+ x + 1 £Ù¥p ´���ê§ù
�õ�ª�¡�©�õ�ª¤�3knê�þØ��¶
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� x1, , . . . , xn �ÕáCþ§K ´��ê�§Kd K ¥��
�!x1, . . . , xn ²Lk�g\!~!¦{$����L�ª¡
� x1, . . . , xn �õ�ª§���õ�ª¥�9�$��k¦{�§K¡

���ü�ª"��ü�ªo�±�¤� ax
i1
1 x

i2
2 · · · xin

n§Ù
¥ a ∈ K§0 ≤ i1, i2, . . . , in < +∞"

�i;Sµü��"ü�ª ax
i1
1 x

i2
2 · · · xin

n Ú bx
j1
1 x

j2
2 · · · x

jn
n§

¡ ax
i1
1 x

i2
2 · · · xin

n ku bx
j1
1 x

j2
2 · · · x

jn
n £P

� ax
i1
1 xi2

2 · · · xin
n ≺ bx

j1
1 x

j2
2 · · · x

jn
n ¤§XJ�3 1 ≤ k ≤ n§¦

� i1 = j1, . . . , ik−1 = jk−1, ik > jk¶

¡ ax
i1
1 xi2

2 · · · xin
n � bx

j1
1 x

j2
2 · · · x

jn
n§X

J ax
i1
1 x

i2
2 · · · xin

n ≺ bx
j1
1 x

j2
2 · · · x

jn
n ½ ir = jr é¤k� 1 ≤ r ≤ n Ñ

¤á"·�E¡d� ax
i1
1 x

i2
2 · · · xin

n ku bx
j1
1 x

j2
2 · · · x

jn
n¶

ku'X´�«a�S'X¶£kg�5§D45§��é¡5
3����Xê��¹e�3¤¶

¦{�±ku'X§aquê¥§ü���ê�ÚoØ�uü�
��ê�Ú¶
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·K

�·K¥�õ�ª´õ�õ�ª"

1 ü��"õ�ªù«E�"¶

2 ��õ�ªXJ��¼ê�~�"¼ê��=�§´"õ�ª¶

3 ü�õ�ª����=���¼ê�Ó"
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é¡õ�ª

é¡õ�ª

� x1, x2, . . . , xn � n �Cþ§XJ
- f (x) = (x − x1)(x − x2) · · · (x − xn)§K f (x) ´Cþ x � n gõ�
ª§Ü¿Óa��n�§

f (x) = xn − σ1xn−1 + σ2xn−2 + · · ·+ (−1)n−1 σn−1x + (−1)n σn§

Ù¥

σ1 = x1 + x2 + · · ·+ xn¶

σ2 = x1x2 + · · ·+ x1xn + x2x3 + · · ·+ x2xn + · · ·+ xn−1xn¶

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
σn−1 = x1x2 · · · xn−1 + x1x3 · · · xn + · · ·+ x2x3 · · · xn¶

σn = x1x2 · · · xn¶

�±wÑ§σk (1 ≤ k ≤ n) ´ x1, x2, . . . , xn �õ�ª§�
k σk

(
x1, . . . , xi, . . . , xj . . . , xn

)
= σk

(
x1, . . . , xj, . . . , xi . . . , xn

)
§�Ò´

`§p� σi �Cþ�?Û �§Ù�ØC"∑
n
i=1 x2

i �´ù���õ
�ª"
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½Â

� x1, x2, . . . , xn � n �Cþ§e n �õ�
ª σ

(
x1, . . . , xi, . . . , xj . . . , xn

)
= σ

(
x1, . . . , xj, . . . , xi . . . , xn

)
é?¿

� 1 ≤ i < j ≤ n ¤á§K¡ σ �Cþ x1, x2, . . . , xn ���é¡õ�
ª"

½n

Cþ x1, x2, . . . , xn �?Û��é¡õ�ªþ��¤ σ1, σ2, . . . , σn �õ
�ª"

3y²c§kwA�U��~fµ

~

n = 3µx2
1 + x2

2 + x2
3 − (x1 + x2 + x3)

2 = −2x1x2 − 2x1x3 − 2x2x3§¤

± x2
1 + x2

2 + x2
3 = σ2

1 − 2σ2¶

x3
1 + x3

2 + x3
3 = (x1 + x2 + x3)

3

− 3 (x1x2 + x1x3 + x2x3) (x1 + x2 + x3) + 9x1x2x3

3 3 3 3
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þ¡�~f�±wÑ§∑
n
i=1 xk

i ´± x1, . . . , xn ��½��é¡õ�
ª§§�Ñ´ σ1, . . . , σn �L�ª"§��m���g�'X�de¡
� Newton úª5£ã"

·K

P sk = ∑
n
i=1 xk

i§K

1 � k ≥ n �§k

sk −σ1sk−1 +σ2sk−2 + · · ·+(−1)n−1 σn−1sk−n+1 +(−1)n σnsk−n = 0¶

2 � k < n �§k

sk − σ1sk−1 + σ2sk−2 + · · ·+ (−1)k−1 σk−1s1 + (−1)k kσk = 0.
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(ªÚ�Oª

ü�õ�ª f (x) � g (x) ´Ø´p�§�±^Î=�Ø{5¦ÑÙ�
�úÏª5(½"��«�{B��{´éÙXê?11�ª$�5
�½"ù��½{K��â´Xe�Ún"

Ún

� f (x)§g (x) ∈ K [x] ��~êõ�ª§K f (x)§g (x) Øp��¿©
7�^�´�3�"� u (x) , v (x) ∈ K [x]§¦�

f (x) u (x) = g (x) v (x)§Ù¥deg u < deg g, deg v < deg f"
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½Â

� f (x) = a0xn + a1xn−1 + · · ·+ an−1x + an§g (x) =
b0xm + b1xm−1 + · · ·+ bm−1x + bm§K½Â

R (f , g) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 a1 a2 · · · · · · an 0 · · · 0
0 a0 a1 a2 · · · · · · an · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 a0 a1 a2 · · · · · · an

b0 b1 b2 · · · bm 0 · · · · · · 0
0 b0 b1 b2 · · · bm 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 b0 b1 · · · · · · bm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

¡� f (x) � g (x) �(ª"
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� f (x) = a0xn + a1xn−1 + · · ·+ an−1x + an§g (x) =
b0xm + b1xm−1 + · · ·+ bm−1x + bm§K½Â

R (f , g) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0 a1 a2 · · · · · · an 0 · · · 0
0 a0 a1 a2 · · · · · · an · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 a0 a1 a2 · · · · · · an

b0 b1 b2 · · · bm 0 · · · · · · 0
0 b0 b1 b2 · · · bm 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 b0 b1 · · · · · · bm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

¡� f (x) � g (x) �(ª"

½n

� f (x)§g (x) ∈ K [x] ��~êõ�ª§K f (x)§g (x) p�£vkú
��¤��=� R (f , g) 6= 0"
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½n

� f (x)§g (x) ∈ K [x] ©O� n g!m g�~êõ�ª§¿
� f (x)§g (x) ��©O� x1, . . . , xn Ú y1, . . . , ym§K

R (f , g) = am
0 bn

0

n

∏
j=1

m

∏
i=1

(
xj − yi

)
§Ù¥a0!b0©O�fÚg�Ä�Xê"
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½n

� f (x)§g (x) ∈ K [x] ©O� n g!m g�~êõ�ª§¿
� f (x)§g (x) ��©O� x1, . . . , xn Ú y1, . . . , ym§K

R (f , g) = am
0 bn

0

n

∏
j=1

m

∏
i=1

(
xj − yi

)
§Ù¥a0!b0©O�fÚg�Ä�Xê"

½n

� f (x) ∈ K [x] � n gõ�ª§Ä�Xê� a0§½Â f ��Oª�

∆ (f ) = (−1)
1
2 n(n−1) a−1

0 R
(
f , f ′
)
§

Kk

∆ (f ) = a2n−2
0 ∏

1≤j<i≤n

(
xj − xi

)2
§Ù¥x1, . . . , xn�f�n��"




