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based on the minimal projective bimodule resolution of a self-injective Koszul four-point
algebra constructed by Furuya, we calculate the dimensions of Hochschild homology
spaces of the algebra by using combinatorial methods, and give a k-basis of every
Hochschild homology space in terms of cycles. Moreover, we obtain the dimensions of
cyclic homology groups of the algebra when the base field k is of zero characteristic.
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B%���$%&'((� Morita �)�Tilting
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�?@��
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a0 ��
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��

b1

��
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��
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��

2a2
��

b2��

"-G78 A = kQ/I, �:�5 I H xy, x2 + y2, yx 69, I7

x =
3∑

i=0

ai, y =
3∑

i=0

bi.

�� A %5%001389:��, J�% tame /+;��. �<:��;% Koszul ��, 6
���/+��:0D23�1,. Furuya [5] <KÆ�� A ��=>19 �=, Æ>?Æ:

��� Hochschild ��
�. ?@��� Hochschild �
�?��
�4AB6<C@
DHHi(A,A) ∼= HHi(A,D(A)),

�: D = Homk(−,k), DI -%ABCALM)�C@, B-%EFLM)�C@. 5GD
E), >?��� Hochschild (�) �
%FG� [6, 7]. "-2HNI5�=>19 �=, I

5J>OK�LM>?:��� Hochschild �
CA�H�, Æ>@�I�PQN,:���
Hochschild �
CA�5O k- H, JK'LMOP+:��� Hochschild �
�?�C=�
Gabriel64�@�I4A�"RNO�HN��� Hochschild �
�?@��
�4A�Q"
NO, 6HRF k �3E�PQ, R'BSTÆ:���@��
��H�.
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2 XYZ[
[ ei �C=N64 Q �\4 i �W]X. CN Q :�X p, R'[ o(p) ^ t(p) �X p �

�4?\4. 6Y�K9_]Z^, [;� A-  #�^ A-  .

R'\]`a Furuya 6- [5] <K��� A ��=>1 A-A- 9 �=.

_` 2.1 ^bK G 0 = {g0
i,0 := ei | 0 ≤ i ≤ 3}. cd- [5, 8M 2.1], CN_L� n ≥ 1,

0 ≤ i ≤ 3, 0 ≤ j ≤ n, 8M`)aa:

(a) b n %c�, de

gn
i,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

gn−1
i,0 x, e i = 0, 2 ^ j = 0 Q,

gn−1
i,0 y, e i = 1, 3 ^ j = 0 Q,

gn−1
i,j−1y + gn−1

i,j x, e i = 0, 2 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,j−1x + gn−1

i,j y, e i = 1, 3 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,n−1y, e i = 0, 2 ^ j = n Q,

gn−1
i,n−1x, e i = 1, 3 ^ j = n Q.

(b) b n %@�, de

gn
i,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

gn−1
i,0 y, e i = 0, 2 ^ j = 0 Q,

gn−1
i,0 x, e i = 1, 3 ^ j = 0 Q,

gn−1
i,j−1x + gn−1

i,j y, e i = 0, 2 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,j−1y + gn−1

i,j x, e i = 1, 3 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,n−1x, e i = 0, 2 ^ j = n Q,

gn−1
i,n−1y, e i = 1, 3 ^ j = n Q.

fg o(gn
i,j) = ei; `f i + n ≡ k (mod 4), de t(gn

i,j) = ek. ^bK

G n = {gn
i,j | 0 ≤ i ≤ 3, 0 ≤ j ≤ n}.

bLTbK G n :�aag%5c�, hC_5 γ ∈ G n, gB6\4 v,w, hS γ = vγw.

�ÆL�ii, R'[ ⊗ :=
⊗

k. 8M>1 A-A- 9 

Pn =
∐

γ∈G n

Ao(γ) ⊗ t(γ)A ∼=
∐

γ∈G n

A
⊗
E

γ
⊗
E

A,

�: E ∼= k × k × k × k /+ A ��jkld��. CNj5% gn
i,j ∈ G n, R'[

gn
i,j = 1

⊗
E

gn
i,j

⊗
E

1 ∈ A
⊗
E

gn
i,j

⊗
E

A ∼= Aei ⊗ ekA.

�Æ8M��e1, R'k3)l�f�:

gh 2.2 CN_L� n ≥ 1, R';
(a) `f n %c�, de

gn
i,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

xgn−1
i+1,0, e i = 0, 2 ^ j = 0 Q,

ygn−1
i+1,0, e i = 1, 3 ^ j = 0 Q,

ygn−1
i+1,j−1 + xgn−1

i+1,j , e i = 0, 2 ^ 1 ≤ j ≤ n − 1 Q,

xgn−1
i+1,j−1 + ygn−1

i+1,j , e i = 1, 3 ^ 1 ≤ j ≤ n − 1 Q,

ygn−1
i+1,n−1, e i = 0, 2 ^ j = n Q,

xgn−1
i+1,n−1, e i = 1, 3 ^ j = n Q.
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(b) `f n %@�, de

gn
i,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

xgn−1
i+1,0, e i = 0, 2 ^ j = 0 Q,

ygn−1
i+1,0, e i = 1, 3 ^ j = 0 Q,

ygn−1
i+1,j−1 + xgn−1

1+i,j , e i = 0, 2 ^ 1 ≤ j ≤ n − 1 Q,

xgn−1
i+1,j−1 + ygn−1

i+1,j , e i = 1, 3 ^ 1 ≤ j ≤ n − 1 Q,

ygn−1
i+1,n−1, e i = 0, 2 ^ j = n Q,

xgn−1
i+1,n−1, e i = 1, 3 ^ j = n Q.

ij H8M 2.1, kmlmhS.

m6R'nC8MCj5% n � 1, e1 δn : Pn → Pn−1 `)[+:

(a) `f n %c�, de

gn
i,j 	→

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

gn−1
i,0 x − xgn−1

i+1,0, e i = 0, 2 ^ j = 0 Q,

gn−1
i,0 y − ygn−1

i+1,0, e i = 1, 3 ^ j = 0 Q,

gn−1
i,j−1y + gn−1

i,j x − (ygn−1
i+1,j−1+ xgn−1

i+1,j), e i = 0, 2 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,j−1x + gn−1

i,j y − (xgn−1
i+1,j−1+ ygn−1

i+1,j), e i = 1, 3 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,n−1y − ygn−1

i+1,n−1, e i = 0, 2 ^ j = n Q,

gn−1
i,n−1x − xgn−1

i+1,n−1, e i = 1, 3 ^ j = n Q.

(b) `f n %@�, de

gn
i,j 	→

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

gn−1
i,0 y + xgn−1

i+1,0, e i = 0, 2 ^ j = 0 Q,

gn−1
i,0 x + ygn−1

i+1,0, e i = 1, 3 ^ j = 0 Q,

gn−1
i,j−1x + gn−1

i,j y + (ygn−1
i+1,j−1+ xgn−1

i+1,j), e i = 0, 2 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,j−1y + gn−1

i,j x + (xgn−1
i+1,j−1+ ygn−1

i+1,j), e i = 1, 3 ^ 1 ≤ j ≤ n − 1 Q,

gn−1
i,n−1x + ygn−1

i+1,n−1, e i = 0, 2 ^ j = n Q,

gn−1
i,n−1y + xgn−1

i+1,n−1, e i = 1, 3 ^ j = n Q.

n� 2.3 [5] n�

(P, δ) : · · · → Pn+1
δn+1−→ Pn

δn−→ · · · δ2−→ P1
δ1−→ P0

δ0−→ A → 0

%�� A ��=>1 Ae �=, δ0 : P0 → A %oMe1.

3 opqr
"p2>@�I�PQ, >OK�LM>?�� A � Hochschild �
CA�H�?H. R

'�LM%2 Hochschild �
n�sq�H@�I[op� k- ABn�, gr>AB���L
M>?:ABn���
� [6]. 2 X,Y � kQ �_Ldb, 8MbK

X 
 Y = {(x, y) |x ∈ X, y ∈ Y, o(x) = t(y), o(y) = t(x)},
Æs X 
 Y :�aa ($aC) �@�I�CbK X 
 Y �H�Y*CA[� k(X 
 Y )�

2td −⊗
Ae A 1>6 (P, δ) �qun��, R'nSTrn�

· · · → Pn+1

⊗
Ae

A
∂n+1−→ Pn

⊗
Ae

A
∂n−→ Pn−1

⊗
Ae

A
∂n−1−→ · · · ∂2−→ P1

⊗
Ae

A
∂1−→ P0

⊗
Ae

A → 0,

�: ∂n = δn

⊗
Ae id.
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R'ts B = {e0, e1, e2, e3, a0, a1, a2, a3, b0, b1, b2, b3, a0a1, a1a2, a2a3, a3a0} ��� A �5
O k- H, �: aiai+1 = −bibi+1, uR';�<

ϕ : k(G n 
 B) → Pn

⊗
Ae

A, (γ, b) 	→
(

1
⊗
E

γ
⊗
E

1
) ⊗

Ae

b.

tu�
Pn

⊗
Ae

A ∼=
⊕

γ∈G n

((o(γ) ⊗ t(γ))Ae)
⊗
Ae

A ∼=
⊕

γ∈G n

o(γ) ⊗ t(γ)
⊗
Ee

A

∼=
⊕
i,j

eiG
nej ⊗ ejAei

∼= k(G n 
 B),

uR';rn���<
· · · dn+1 �� k(G n
 B)

dn ��

ϕn

��

k(G n−1
 B)
dn−1 ��

ϕn−1

��

· · · d2 �� k(G 1
 B)
d1 ��

ϕ1

��

k(G 0
 B) ��

ϕ0

��

0

· · · ∂n+1 �� Pn

⊗
AeA

∂n �� Pn−1

⊗
AeA

∂n−1 �� · · · ∂2 �� P1

⊗
AeA

∂1 �� P0

⊗
AeA �� 0.

�Æ>?�� A � Hochschild �
�, vk>?�4v5vn���
�, h HHn(A) ∼=
Ker dn/Im dn+1. km>?nS:

gh 3.1 C_L� n ≥ 0, R';

G n
B=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

{(gn
0,j , e0), (gn

1,j , e1), (gn
2,j , e2), (gn

3,j , e3) | 0 ≤ j ≤ n}, e n ≡ 0 (mod 4) Q;
∅, e n ≡ 1 (mod 4) Q;
{(gn

0,j , a2a3), (gn
1,j , a3a0), (gn

2,j , a0a1), (gn
3,j , a1a2) | 0≤j≤n}, e n ≡ 2 (mod 4) Q;

{(gn
0,j , a3), (gn

0,j , b3), (gn
1,j , a0), (gn

1,j , b0), (gn
2,j , a1),

(gn
2,j , b1), (gn

3,j , a2), (gn
3,j , b2) | 0 ≤ j ≤ n}, e n ≡ 3 (mod 4) Q.

HN dn = ϕ−1
n−1∂nϕn, wx&'wy�>?nS:

(1) e n ≡ 0 (mod 4), n > 0 Æ< 1 ≤ j ≤ n − 1 Q,

dn((gn
0,0, e0)) = (gn−1

0,0 , b3) + (gn−1
1,0 , a0),

dn((gn
0,j , e0)) = (gn−1

0,j−1, a3) + (gn−1
0,j , b3) + (gn−1

1,j−1, b0) + (gn−1
1,j , a0),

dn((gn
0,n, e0)) = (gn−1

0,n−1, a3) + (gn−1
1,n−1, b0),

dn((gn
1,0, e1)) = (gn−1

1,0 , a0) + (gn−1
2,0 , b1),

dn((gn
1,j , e1)) = (gn−1

1,j−1, b0) + (gn−1
1,j , a0) + (gn−1

2,j−1, a1) + (gn−1
2,j , b1),

dn((gn
1,n, e1)) = (gn−1

1,n−1, b0) + (gn−1
2,n−1, a1),

dn((gn
2,0, e2)) = (gn−1

2,0 , b1) + (gn−1
3,0 , a2),

dn((gn
2,j , e2)) = (gn−1

2,j−1, a1) + (gn−1
2,j , b1) + (gn−1

3,j−1, b2) + (gn−1
3,j , a2),

dn((gn
2,n, e2)) = (gn−1

2,n−1, a1) + (gn−1
3,n−1, b2),

dn((gn
3,0, e3)) = (gn−1

3,0 , a2) + (gn−1
0,0 , b3),

dn((gn
3,j , e3)) = (gn−1

3,j−1, b2) + (gn−1
3,j , a2) + (gn−1

0,j−1, a3) + (gn−1
0,j , b3),

dn((gn
3,n, e3)) = (gn−1

3,n−1, b2) + (gn−1
0,n−1, a3).
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(2) e n ≡ 1, 2 (mod 4) Q, dn = 0.

(3) e n ≡ 3 (mod 4) Q,

dn((gn
0,j , a3)) = (gn−1

0,j , a2a3) − (gn−1
1,j , a3a0) (0 ≤ j ≤ n − 1),

dn((gn
0,n, a3)) = 0,

dn((gn
0,0, b3)) = 0,

dn((gn
0,j , b3)) = −(gn−1

0,j−1, a2a3) + (gn−1
1,j−1, a3a0) (1 ≤ j ≤ n),

dn((gn
1,0, a0)) = 0,

dn((gn
1,j , a0)) = (gn−1

1,j−1, a3a0) − (gn−1
2,j−1, a0a1) (1 ≤ j ≤ n),

dn((gn
1,j , b0)) = −(gn−1

1,j , a3a0) + (gn−1
2,j , a0a1) (0 ≤ j ≤ n − 1),

dn((gn
1,n, b0)) = 0,

dn((gn
2,j , a1)) = (gn−1

2,j , a0a1) − (gn−1
3,j , a1a2) (0 ≤ j ≤ n − 1),

dn((gn
2,n, a1)) = 0,

dn((gn
2,0, b1)) = 0,

dn((gn
2,j , b1)) = −(gn−1

2,j−1, a0a1) + (gn−1
3,j−1, a1a2) (1 ≤ j ≤ n),

dn((gn
3,0, a2)) = 0,

dn((gn
3,j , a2)) = (gn−1

3,j−1, a1a2) − (gn−1
0,j−1, a2a3) (1 ≤ j ≤ n),

dn((gn
3,j , b2)) = −(gn−1

3,j , a1a2) + (gn−1
0,j , a2a3) (0 ≤ j ≤ n − 1),

dn((gn
3,n, b2)) = 0.

(4) e n = 0 Q, dn = 0.

ABe1 dn �Nf� 3.1 :�8xH G n 
 B �zw[� Dn, u;
n� 3.2

dim HHnA =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4, e n = 0 Q;
2n + 2, e n ≡ 3 (mod 4) Q;
n + 1, e n ≡ 2 (mod 4) Q;
n + 1, e n ≡ 0 (mod 4), < n > 0 Q;
0, ��.

ij e n = 0 Q,

G 0 
 B = {(g0
0,0, e0), (g0

1,0, e1), (gn
2,0, e2), (gn

3,0, e3)}, D0 = 0, D1 = 0,

[C;
dim HH0(A) = dim Ker d0 − dim Im d1

= |(G 0 
 B)| − rankD0 − rankD1

= 4.
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e 0 < n ≡ 0 (mod 4) Q,

Dn =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

C 0 0 C

B 0 0 B

B B 0 0
C C 0 0
0 C C 0
0 B B 0
0 0 B B

0 0 C C

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

8n×(4n+4)

,

�:

C =

⎛
⎜⎜⎜⎝

0 1 0 0 0
0 0 1 0 0

0 0 0
. . . 0

0 0 0 0 1

⎞
⎟⎟⎟⎠

n×(n+1)

, B =

⎛
⎜⎜⎜⎝

1 0 0 0 0
0 1 0 0 0

0 0
. . . 0 0

0 0 0 1 0

⎞
⎟⎟⎟⎠

n×(n+1)

.

wxzw�{�.�,

Dn ∼

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 C

0 0 0 B

0 B 0 0
0 C 0 0
0 0 C 0
0 0 B 0
0 0 0 0
0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, rankDn = 3(n + 1).

yzO, e n ≡ 3 (mod 4) Q,

Dn =

⎛
⎜⎜⎝

C −B 0 0 0 0 −C C

−C B B −C 0 0 0 0
0 0 −B C C C 0 0
0 0 0 0 −C B B C

⎞
⎟⎟⎠

4n×(8n+8)

.

fg

Dn ∼

⎛
⎜⎜⎝

0 0 0 0 0 0 0 0
0 0 B 0 0 0 0 0
0 0 0 0 C 0 0 0
0 0 0 0 0 0 B 0

⎞
⎟⎟⎠ , rankDn = 3n.

e n ≡ 1, 2 (mod 4) Q, Dn = 0.

H HHn(A) = Ker dn/Im dn+1 x
dim HHn(A) = dim Ker dn − dim Im dn+1 = |G n 
 B| − rankDn − rankDn+1.

Hf� 3.1,

|G n 
 B| =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

8n + 8, e n ≡ 3 (mod 4) Q;
4n + 4, e n ≡ 2 (mod 4) Q;
4n + 4, e n ≡ 0 (mod 4) Q;
0, e n ≡ 1 (mod 4) Q,
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u{|Sm.

I5JO, R'nC>@�I�PQ}|�� A � Hochschild �
CA�5OH.

_h 3.3 C_L� n ≥ 0, R';

HHn(A)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

span{(g0
0,0, e0), (g0

1,0, e1), (g0
2,0, e2), (g0

3,0, e3)}, e n = 0 Q;
span{(gn

0,0, e0), (gn
0,1, e0), . . . ,(gn

0,n, e0)}, e n ≡ 0 (mod 4),< n > 0 Q;
span{(gn

0,0, a2a3), (gn
0,1, a2a3), . . . , (gn

0,n, a2a3)}, e n ≡ 2 (mod 4) Q;

span{(gn
0,j , a3) + (gn

0,j+1, b3), (gn
3,j , b2)

+(gn
3,j+1, a2) | 0 ≤ j ≤ n − 1}

∪{(gn
0,n, a3), (gn

0,0, b3)}, e n ≡ 3 (mod 4),< n > 0 Q;
0, ��.

ij e n = 0 Q, G 0 
 B = {(g0
0,0, e0), (g0

1,0, e1), (g0
2,0, e2), (g0

3,0, e3)}. bLT Ker d0 =

k(G 0 
 B) < Im d1 = 0, }

HH0(A) = Ker d0 = span{(g0
0,0, e0), (g0

1,0, e1), (g0
2,0, e2), (g0

3,0, e3)}.
m63. n > 0. e n ≡ 3 (mod 4) Q, \]bLT, C 0 ≤ j ≤ n − 1,

dn((gn
0,0, b3)) = 0,

dn((gn
1,0, a0) − (gn

3,0, a2)) = 0,

dn((gn
2,0, b1) + (gn

3,0, a2)) = 0,

dn((gn
3,0, a2) + (gn

0,0, b3)) = 0,

dn((gn
0,j, a3) + (gn

0,j+1, b3))

= (gn−1
0,j , a2a3) − (gn−1

1,j , a3a0) − (gn−1
0,j , a2a3) + (gn−1

1,j , a3a0) = 0,

dn((gn
3,j, b2) + (gn

3,j+1, a2))

= −(gn−1
3,j , a1a2) + (gn−1

0,j , a2a3) + (gn−1
3,j , a1a2) − (gn−1

0,j , a2a3) = 0,

dn((gn
1,j+1, a0) + (gn

1,j , b0) − (gn
3,j+1, a2) − (gn

3,j , b2))

= (gn−1
1,j , a3a0) − (gn−1

2,j , a0a1) − (gn−1
1,j , a3a0) + (gn−1

2,j , a0a1) − (gn−1
3,j , a1a2)

+ (gn−1
0,j , a2a3) + (gn−1

3,j , a1a2) − (gn−1
0,j , a2a3) = 0,

dn((gn
2,j, a1) + (gn

2,j+1, b1) + (gn
3,j , b2) + (gn

3,j+1, a2))

= (gn−1
2,j , a0a1) − (gn−1

3,j , a1a2) − (gn−1
2,j , a0a1) + (gn−1

3,j , a1a2) − (gn−1
3,j , a1a2)

+ (gn−1
0,j , a2a3) + (gn−1

3,j , a1a2) − (gn−1
0,j , a2a3) = 0,

dn((gn
3,j, b2) + (gn

3,j+1, a2) + (gn
0,j , a3) + (gn

0,j+1, b3))

= (gn−1
0,j , a2a3) − (gn−1

3,j , a1a2) + (gn−1
3,j , a1a2) − (gn−1

0,j , a2a3) + (gn−1
0,j , a2a3)

− (gn−1
1,j , a3a0) − (gn−1

0,j , a2a3) + (gn−1
1,j , a3a0) = 0.

e j = n Q,
dn((gn

0,n, a3)) = 0,
dn((gn

1,n, b0) − (gn
3,n, b2)) = 0,

dn((gn
2,n, a1) + (gn

3,n, b2)) = 0,
dn((gn

3,n, b2) + (gn
0,n, a3)) = 0.
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}bK

K = {(gn
0,0, b3), (gn

1,0, a0) − (gn
3,0, a2), (gn

2,0, b1) + (gn
3,0, a2), (gn

3,0, a2) + (gn
0,0, b3)}

∪ {(gn
0,j , a3) + (gn

0,j+1, b3), (gn
3,j , b2) + (gn

3,j+1, a2), (gn
1,j+1, a0)

+ (gn
1,j , b0) − (gn

3,j+1, a2) − (gn
3,j , b2), (gn

2,j , a1) + (gn
2,j+1, b1) + (gn

3,j , b2)

+ (gn
3,j+1, a2), (gn

3,j , b2) + (gn
3,j+1, a2) + (gn

0,j , a3) + (gn
0,j+1, b3) | 0 ≤ j ≤ n − 1}

∪ {(gn
0,n, a3), (gn

1,n, b0) − (gn
3,n, b2), (gn

2,n, a1) + (gn
3,n, b2), (gn

3,n, b2) + (gn
0,n, a3)}

⊆ Ker dn.

fg K :�aaAB~�, AJ� dimKer dn = |G n 
B| − rank Dn = 8n + 8− 3n = 5n + 8, [

C K % Ker dn �5OH. AHNC 1 ≤ j ≤ n,

dn+1((gn+1
1,0 , e1) − (gn+1

2,0 , e2)) = (gn
1,0, a0) − (gn

3,0, a2),
dn+1((gn+1

1,j , e1) − (gn+1
2,j , e2)) = (gn

1,j , a0) + (gn
1,j−1, b0) − (gn

3,j , a2) − (gn
3,j−1, b2),

dn+1((gn+1
1,n+1, e1) − (gn+1

2,n+1, e2)) = (gn
1,n, b0) − (gn

3,n, b2),
dn+1((gn+1

2,0 , e2)) = (gn
2,0, b1) + (gn

3,0, a2),
dn+1((gn+1

2,j , e2)) = (gn
2,j−1, a1) + (gn

2,j , b1) + (gn
3,j−1, b2) + (gn

3,j , a2),
dn+1((gn+1

2,n+1, e2)) = (gn
2,n, a1) + (gn

3,n, b2),
dn+1((gn+1

3,0 , e3)) = (gn
3,0, a2) + (gn

0,0, b3),
dn+1((gn+1

3,j , e3)) = (gn
3,j−1, b2) + (gn

3,j , a2) + (gn
0,j−1, a3) + (gn

0,j , b3),
dn+1((gn+1

3,n+1, e3)) = (gn
3,n, b2) + (gn

0,n, a3).

}{(gn
1,0, a0)−(gn

3,0, a2), (gn
1,n, b0)−(gn

3,n, b2), (gn
2,0, b1)+(gn

3,0, a2), (gn
2,n, a1)+(gn

3,n, b2), (gn
3,0, a2)+

(gn
0,0, b3), (gn

3,n, b2)+ (gn
0,n, a3)}∪ {(gn

1,j , a0)+ (gn
1,j−1, b0)− (gn

3,j , a2)− (gn
3,j−1, b2), (gn

2,j−1, a1)+

(gn
2,j , b1) + (gn

3,j−1, b2) + (gn
3,j , a2), (gn

3,j−1, b2) + (gn
3,j , a2) + (gn

0,j−1, a3) + (gn
0,j , b3)} ⊆ Im dn+1;

I�aafgAB~�, AJ� dim Im dn+1 = rank Dn+1 = 3(n + 2), [CI�aa% Im dn+1

�5OH. � dimHHn(A) = 5n + 8 − 3(n + 2) = 2n + 2, J~
HHn(A) = Ker dn/Im dn+1

= span{(gn
0,j , a3) + (gn

0,j+1, b3), (gn
3,j , b2) + (gn

3,j+1, a2) | 0 ≤ j ≤ n − 1}
∪ {(gn

0,n, a3), (gn
0,0, b3)}.

yzO, e n ≡ 2 (mod 4) Q, R';
Ker dn = span{−(gn

0,j , a2a3) + (gn
1,j , a3a0),−(gn

0,j , a2a3) + (gn
2,j , a0a1),−(gn

0,j , a2a3)

+ (gn
3,j , a1a2), (gn

0,j , a2a3) | 0 ≤ j ≤ n},
Im dn+1 = span{−(gn

0,j , a2a3) + (gn
1,j , a3a0),−(gn

0,j , a2a3) + (gn
2,j , a0a1),−(gn

0,j , a2a3)

+ (gn
3,j , a1a2) | 0 ≤ j ≤ n}.

J~
HHn(A) = Ker dn/Im dn+1 = span{(gn

0,j , a2a3) | 0 ≤ j ≤ n}.
e n ≡ 0 (mod 4) Q, yzOST Ker dn = span{(gn

0,j , e0) | 0 ≤ j ≤ n}, Im dn+1 = 0, J~
HHn(A) = Ker dn/Im dn+1 = span{(gn

0,j , e0) | 0 ≤ j ≤ n}}.
e n ≡ 1 (mod 4) Q, G 0 
 B = ∅, J~ HHn(A) = 0.
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[ HCn(A) ��� A �v n �@��
� [1]. @��
? Hochschild �
;<Q"�N
O, � % de Rham �
����!"A%�� K- ��� Lie  &. eHRF k �3E� 0

Q, R';
yz 3.4 b chark = 0, u

dimk HCm(A) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4, e m = 4k Q;
0, e m = 4k + 1 Q;
4k + 7, e m = 4k + 2 Q;
4k + 5, e m = 4k + 3 Q.

ij H- [1, 8� 4.1.13] nS

dimk HCm(A) − dimk HCm(k4) = −(dimk HCm−1(A) − dimk HCm−1(k4))

+ (dimk HHm(A) − dimk HHm(k4)),

_�

dimk HCm(A) − dimk HCm(k4) =
m∑

i=0

(−1)m−i(dimk HHi(A) − dimk HHi(k4)).

{x
dimk HHi(k4) =

{
4, e i = 0 Q;
0, e i ≥ 1 Q,

< dimk HCm(k4) =

{
4, e m�@�Q;
0, e m�c�Q.

H{| 3.2 �hnS

dimk HCm(A) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4, e m = 4k Q;
0, e m = 4k + 1 Q;
4k + 7, e m = 4k + 2 Q;
4k + 5, e m = 4k + 3 Q.
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