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based on the minimal projective bimodule resolution of a self-injective Koszul four-point
algebra constructed by Furuya, we calculate the dimensions of Hochschild homology
spaces of the algebra by using combinatorial methods, and give a k-basis of every
Hochschild homology space in terms of cycles. Moreover, we obtain the dimensions of
cyclic homology groups of the algebra when the base field k is of zero characteristic.
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H [ E, Hochschild (1) [FIABISEEARIARBMHERENEZ —, EFEH
W Lie 3, RBAAT, K- I, s RBULMT, AE3cHREL. A3 LS5 280503
XHHEWMEEEN N . RE Hochschild [ AEARBINAESCEE) ™, 5 2 % V1A G
FITEERE JRE /& de Rham [R] PR AR HehiiA SORARE K- LY Lie B0, E1134 338U
Ty EE P % 3. Hochschild [FiH-5 F R AR A L HORE 49 Morita 254, Tilting
A DA RS N TR RAS L, ZEARB I R e rh e A M . RSOl R AN
H AS Koszul {0 Hochschild [FlVERFE ST R JFEE.
Bk B MREAR 2 BB, 7 Q j@
1
||2

0
3 <—
BERE A=kQ/I, KK I i zy, 2> + o2, yo A, KB
3 3
x=>Y ai, y=>» b
=0 1=0

REL A JE—A A ASHRARABNEL, F M tame FR_ARE 11 HIAREOAE Koszul £R5], 78
PRB F R B I LAY M {0, Furuya ) My TR0 A AR/ NS BB, 15T T %
AL Hochschild - [FJEH#E. & RE Hochschild [FIEHES R [B7FFEE X

DHH; (A, A) = HH'(A, D(A)),

Her D = Homu(—, k), {EXBEATRLNEZS 8T SO AR, AR SO, —fih
BUT, HHSEAREH Hochschild (_E) (AR EMER 6 7. A9 SORERE 3K — R MU UL i, 3E

—HHAGHITETTT% A% Hochschild [FE%S MBI4EEL, FFHTEERE R E S 45 iz
Hochschild [fJF~ZS A8 —2 k- %, 7B Mt i8R0 Hochschild 7] JE#E-5HXT R Y
Gabriel §f I HIIEERRE Z [BIAARIK A . 2T REAY Hochschild [F]JERESEFRRJHEEZ A6 X %
BRAR, FEEAb I k BORPIE AR, BATRARE] T G ER m R R 4E%
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2 FEENA

i e AXTWVTHIE Q BT @ B ILEE. X Q ik p, FATC o(p) Al t(p) Kk p Y
BREZR. WG MR, IrAr A- BB A- B

FATE SR Furuya 7£3C [5] M5 AREL A BN A-A- XUBI3 iR

X 2.1 G 90 = {0y :=e | 0<i <3} M [5, & 2.1, MFAEEH n > 1,
0<i<3,0<j<n, &XMFITE:

(a) & n 2w %L, A

oo, W5 =0,2 fl j=0H,
8o v, Yi=1,3 Ml j=0H,
no_ 92;1y+92511‘, Bi=0,2 fl 1<j<n-—1H,
9ij = 92;—11"”"'9;?11/7 Wi=1,3 fil 1<j<n-—158t,
TR W= 0,2 Fl j—n I,
B?,Zilx, Wi =1,3 fl j=n H
(b) # n L A4
870 Y, Wi 0,2 I =0,
oo, Woi=1,3 fl j=0H,
gl = g e +ally, %i=0,2 Ml 1<j<n—18,
i,j g:tj_,llyﬁ*g:tj_lx, WMi=1,3 fil 1<j<n-—1EH,
o, Wi=0,2 f j=n i
81y YHi=13 Fl j=nH

BAR o(g;) = ei; R i +n =k (mod 4), B4 t(e};) = en. 2HE
9" ={gr,]0<i<3, 0<j<n}.
FEEES 9" hRTEEE B, BIXHE— v € 97, FFEETUS v, w, {15 v = vyw.
KT HEERL, AT ® = Q). &I A-A- B

P.= ] Ao etma= [T AQ1&) 4.
E

yegn yegn  E
oot B> kxkx kx k 7 A BRICEETRBC X TE—4 o) € 97, &ATC
8ij = 1®92j®1 € A®92j®A > Ae; ® e, A.
E E E E
N T 5 oW, AR T 5B

513 2.2 XFEEN n> 1, HiT4
(a) TSR n AR A

297 00 % i=0,2 fl j=0H,
Z/E?ﬁl,m 24i=1,3 fl j=0H,
gro= d Ve teging, Mi=02 Ml 1<j<n-1H,
" el byeit, Mi=1,3 fl 1<j<n— 10,
YO i1 Wi =0,2 Fl j=nhd,
oG s Wj=1,3 fl j=nif
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(b) WA n 2% K4
zal o, % i=0,2 Ml j=0H,
yar o M i=1,3 fl j=0H,

YO T e, M i=0,2

9 = " _ -
" ogii o1 T YO, Mi=13
1 NI
yg?{»l,nfla é 1= 07 2
xg?—ijll,n—lv ERES 1,3

JEB HiRE X 2.1, HARIERIS.

BAEBRN TR LA SO E—A> n > 1, B 6, 2 Py — Poa WTFFR:

(a) a2k n 2R %G A4

Fl 1<j<n—18,

M j=nhf,
Ml j=nH

gl T — 187, % =02 fI j=0H,
gy — el =13 Ml j=0H,
g ggglwg%;w(yg?{fij_ﬁwg?{éjx %i=02 fil 1<j<n—10,
’ g tel; y—(egi, 1 tygi,), Hi=1,3 fl 1<j<n—1H,
gy — vyl =02 fl j=nhf
gzgilx - :cg;:flljn_l, Bi=1,3 fil j=n
(b) Wik n J2HEL, A4
gl 'y + 28l o, Wi =0,2 fl j=0H,
gl 'z + gl Wj=1,3 fM j=0H
g ggglwggw (yg?;_lij_ﬁxg?{lij), Li=02 M 1<j<n- 1,
’ g wwtel v (egl o tygi), HMi=1,3 fl 1<j<n-—1H,
gl i+ gl 1 =02 fl j=nh
gzgily'i_xg?-&-_ll,n—l? Yi=1,3 fl j=n
wE 2.3 G
(B,6) - — Py 2 p, O 22, p 0 pr S04

FEARRL A B/ AC Sl do © Po — A JEFEIEBUN.

3 [EEER

AR RS ERIE S, HAGRIRET AU A 19 Hochschild [FJH% MM 4ER S 2. &
{18771 26 Hochschild [FARIEHAL N IR IE Pt k- RIS, e AR 7
BT ARERREIARE O % XY b kQ MIERETH, © XES

XoY ={(z,y)|ze X,y Y, ox) =t(y), o(y) =t(x)},

PR X ©Y PEIeR (TIook) NIERE. UES X oY AR FREZEEILY k(X 0Y).

KR T — Qa4 A TEHTE (P,0) RIMBREIE L, FA TS 2IEEZE

- n+1§A6"—>“Pn@Aﬁ>Pn_1§A0"—5~-~&>P1@A$PO@AHO,
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&ﬂ]jﬁﬂy B = {607 €1, €2,€3,00,01,02,0a3, b07 blv b27 b3a apai, ayaz, a2as, a3a0} yg{%ﬁ A é"J_‘
H k- F, KA aai10 = —bibiy1, WIRATH R

¢ : k(%" © B) —>P,L®A v,b ( ®’y® )(Ag)b

9L

P, ®A~ P (e @t())A) QA= P o(v) @t(1) Q) A

NEGn Ae ~egn
= @61'%”6]' ® ejAei = k(g’n O] B),
1,J
MIFATH R IE R R4S
k(@6 B)— " k(@10 B) 2 @'e B) - k(#°0 B)—— 0

A e

..Ln+l P, ®AeA—>8 P,_ 1®AGA%"'0—>P1 ®A8AL Po ®A6A%O

KT HEAEL A #Y Hochschild [FJA#E, RFi3r LRSS —17 2B FEIARE B HH,(A) =
Kerd, /Imd,,+1. BT 15:
513 3.1 XMEEM n >0, KATH
{(g6l7j7 60)7 (g?7j7el)a (ggvj762)7 (gg,j,e?,) | 0< ] < n}7 % n=_0 (mod 4) ETJ‘,
0, 2 n=1 (mod 4) Hf;
g”@B: {(g&jva?a?))? (g?,j7a3a0)7 (gg,jaa'oal)7 (gg,ﬁala?) |OS]STL}’ l[:zi n=2 (mOd 4) Eﬂ"
{(ggij a3)a (g&ja bB)a (gi]ﬁ aO)v (gfja bO)a (g,'217j7 a1)7
(ggj,bl) (g§j7a2> (ggjub2) |0 <j< n} 24 n =3 (mod 4) Hi.

(1) é‘[n:O(mod4),n>O}FH1<‘7<n71Hﬂ‘,

dn((860,€0)) = (800" bs) + (815", a0),

dn (g6 1,€0)) = (8651 1,a3) + (86, bs) + (81511, b0) + (815" ao),
dn((85n:€0)) = (8611, a3) + (87711, bo),

dn((%?,()a@l» = (g?ol,ao) + (g3 olvbl)

dn((g] j,e1)) = (81511, 00) + (15", a0) + (8511, a1) + (855", ba),
(81 v e1)) = (8711, bo) + (8511, a1),

dn((820:€2)) = (820 ,b1) Jr(g:’,,o ,a2),

dn((g55,e2)) = (85511, a1) + (855", b1) + (8511, b2) + (85" az),
dn((850: €2)) = (85011, 01) + (85,11, b2),

d (850, €3)) = (850 "+ az) + (850 b3),

dn((gg,jae?))):(ggjllv 2) + (83 ,a2)+(gg);il,a3)+(gg!;1,b3),
dn((gg,na%)):(an 1 )"‘(gOn 1,03)-
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(2) 4 n=1, 2 (mod 4) i, d, = 0.

(3) 24 n =3 (mod 4) i,
dn (85, a3)) = (855 asas) — (875, azag) (0 < j <n—1),
dn((80.nsa3)) =0,
dn((800503)) =0,
dn((855,b3)) = — (8011, a2a3) + (g1, asa0) (1 < j <n),
dn (87,0, a0)) = 0,
dn((g1;,a0)) = (8111, asa0) — (8511, a001) (1 <j <n),
dn((g] j,b0)) = —(&1; ", azao) + (g5, ", a0a1) (0<j <n—1),
dn((87 n:b0)) =0,
dn((85;,01)) = (3", a0a1) — (g5, a1a2) (0 <j <n—1),
dn((82,n,01)) = 0,
dn((8%0,61)) =0,
dn((g5 ;,01)) = — (8521, a0a1) + (g5 ;11 ara2) (1< j < n),
dn((85,0,a2)) =0,
dn (g5, a2)) = (8521, araz) — (8511, azaz) (1 < j <n),
dn((g5;,b2)) = —(g5; ', ara2) + (g4 ', azas) (0 <j <n—1),
dn (85, b2)) = 0.

(4) %4 n =0 K, d,, = 0.
RYEMLS d, T 53 3.1 R EFE 9" © B (ML Dy, NG

&5 3.2
4, Y n =0
2n+2, %4 n =3 (mod 4) if;
dimHH,A=¢ n+1, 4 n=2 (mod4) i;
n+1l, %4 n=0(mod4), H n>0H;
0, HE.

9°0B= {(g870760)7 (g(l],Ovel)a (gg,0762)a (gg,0’63)}v Dy =0, D, =0,
Frbh A

dim HHy(A) = dim Ker dy — dim Im d,
= (9" ® B)| — rankDy — rankD,
= 4.
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240 <n=0 (mod 4) i,

c 0 o0 C
B 0 0 B
B B 0 0
c C 0 0
D, = ’
0o C C 0
0 B B 0
0 0 B B
0 0 ¢ c 8nx (4n+4)
/\l:':'
01 0 0 O 1 0 0 00
0O 01 0 O 01 0 0 O
C: . ) B = .
O 0 0 .0 00 - 00
000 0 1 nXx(n+1) 00 0 10 nx(n+1)
Lot R BRI A e,
0O 0 0 C
0 0 0 B
0 B 0 0
0O C 0 0
Dy ~ 00 c o | rankD,, = 3(n + 1).
0 0 B 0
0O 0 0 O
0O 0 0 O
2RI, 24 n =3 (mod 4) K,
C —-B 0 0 0 0o —-C C
D — -C B B —-C 0 0 0 0
"l o o -B C C C 0 0
0 0 0 0 -¢ B B ¢ 4nx (8n+38)
00 0 0 0 0 0 o0
00 B O OO0 OO
D, ~ 00 00CO 0 0 , rankD, = 3n.
00 0 0 0 0O B O

2 n=1,2 (mod4) i, D, =0.
i1 HH,,(A) = Kerd,, /Imd,, 1 %
dimHH,,(4) = dimKerd,, — dimImd,,11 = |4" © B| — rankD,, — rankD,, ;1.
H15 |2 3.1,
8n +8, 24 n =3 (mod4) Hf
dn+4, % n=2 (mod 4)
dn+4, %4 n=0 (mod 4)
0, 2 n=1 (mod 4) i

9" & B| = ;:
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Wi B ASHIE.
e, AT LA RPN 1 5 21080 A 79 Hochschild [7] 3873 [A] ) —4H 2.
FIE 3.3 IMEEM n >0, AT
Span{(gg,m 60), (gl 00 61) (gg,m 62), (gg,o, 63)}7 ﬂ:[[ n=20 HTJ‘;
span{(gg ; €o), (85 1,€0), - - (85 n>€0)}, 24 n=0(mod4), H n > 0 Bf;
span{(gf o, a2a3), (85 1,0203), - - ., (&), a2a3)}, 4 n = 2(mod4) if;
HH, (4)= Span{(gg,jv as) + (g(T)L,jJrl’ bs), (gg7jv b2)
+(g5 j11,a2)|0<j<n—1}
U{(g&mag),(g&o,b;g)}, 2
0, 3
W 2 n =00, 9°0 B = {(80¢0) (870, €1) (83,0, €2), (85,0, €3)}. TERE] Kerdy =
k(%" © B) H Imd, =0, i
HHO(A) = Kerdy = Span{(gg,m 60)? (g(lj,Ov 61)7 (gg,m 62)7 (gg,m 63)}'
PAEHZE n > 0. ﬂ:‘f n =3 (mod 4) i}, HHRFEES, F0<j<n—1,

= 3 (mod4), H n > 0 Af;

dn((80,0,03)) =

dn (870, @0) — (gz’io,aa)) =0,
dn ((83,0,b1) + (85,0, a2)) =0,
dn (85,0, a2) + (80,0,03)) =0,
dn((80 ;> a3) + (80 j1+1,03))

= (g4, a2a3) — (875", azao) — (g5 s azas) + (g1, azag) = 0,
dn((g?,j’ b2) + (85 41, a2))
—(g5; " aras) + (g5 azas) + (g5, 1, araz) — (g5 5 asaz) =0,
dn((87 j11,00) + (87, 00) — (85 j4+1,a2) — (85, 02))
= (g1 ", asa0) — (g5, ', aoar) — (87", azao) + (g5 aoar) — (g5, araz)
+ (g5 " azaz) + (g5 araz) — (g5 ' azaz) = 0,
dn((g2,a1) + (8 41,01) + (83, 02) + (83 41, a2))
= (g5, ', a0m1) — (855", ara2) — (g5, aoan) + (g5, aras) — (g5, araz)
+ (g5 " azaz) + (g5 araz) — (g5 azaz) = 0,
dn (85,5, b2) + (85 j4+1,a2) + (80,5, a3) + (80,541, b3))
= (g5 ', a2a3) — (855", a1a2) + (85 araz) — (g5, azaz) + (g5, azas)
— (877", asa0) — (g5 azas) + (877, asao) = 0.
% j=n i,
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WS
K ={(800,03), (87.0,20) — (830, 2), (820, 01) + (830, a2), (850, a2) + (850, b3)}
U{(go,>a3) + (80,+1,03), (83, b2) + (85 j41,22), (8 j 41, 20)
+ (87 j,00) — (85 j11,a2) — (83, 02), (82 ;,a1) + (8% j+1,b1) + (85, b2)
+ (85415 02), (855, b2) + (85 511, 02) + (80,5, a3) + (80 j11,03) [0 < j <n—1}
U {(80.n:@3): (81n:b0) = (851> b2), (82.0:a1) + (851, b2), (85 1, 02) + (80,05 a3)}
C Kerd,,.

B K e R&rEIoe, XEH dimKerd, = [4" © B| —rank D,, = 8n 48 — 3n = 5n.+ 8, fif
Ph K & Kerd, fy—4. XHTX 1<) <n,

+1((g1 0 ,el) (82 0 762)) = (gfo,ao) - (g§,07a2)3
+1((g1j se1) — (ggérlvez)) = (81;:a0) + (871, b0) — (85, a2) — (8% ;_1,b2),
n+1((g1 n+17 61) (g27n+1762)) = (gin,bo) - (gg,nﬂ b2)v
n+1((g2 0 ,62)) (gg,o?bl) + (gf{m az),
n+1((g2] ,62)) (gg,j—lval) + (gg,jv bl) + (gg,j—lv b2) + (gg,j’aQ)’
n+1((g2 n+1’ 62)) = (gg,m al) + (gg,nv b2)’
n+1((g30 763)) (gg’iO)a?) + (g8,07b3)7
n+1((g3J .€3)) = (gg,j—lv ba) + (gg,j7a2) + (gg,j—lva’?)) + (gg,j7b3)>
n+l((g3 n+1s e3)) = (gg,na ba) + (g(T)L,nv as).

B {(g7 0, a0)— (850, a2), (8T s b0) — (85 - b2), (85,0, b1)+(85 0, @2), (85,1, a1) (85 1, b2), (850, a2)+
(80.0,63) (85 1, b2) + (80, a3) } U{(8T j, a0) + (8T j_1,00) — (85 ;> a2) — (&% ;_1,b2), (8 ;_1,a1) +
(géﬁ,bl) (85 ,-1,b2) + (85 ;. a2), (85 ;_1,b2) + (83 j,a2) + (80 j_1.a3) + (87, b3)} C Imdyi1;
XETTR BARKAETCR, XK dimImd,y 1 = rank Dyyy = 3(n + 2), FrRAXEITTERE Ind, 4y
Hy—23%E. T dim HH,(A) = 5n + 8 — 3(n +2) = 2n + 2, FIi
HH, (A) = Kerd,,/Imd,,+1
= span{(gy j, a3) + (80 j11:03), (85, b2) + (85 j41,02) [0 < j <n—1}
U {(g0.n>a3), (80,0, 03)}-
LI, 24 n =2 (mod 4) B, FfiTH
Kerd,, = span{—(gg ;, azas) + (&1 j, azao), — (80, a2a3) + (83 ;, a0a1), — (&g ;» a2as3)
+ (83, a1a2), (8¢ ;, azas) |0 < j < n},
Imd,, 1= span{—(gyg ;, aza3) + (&7 ;, azao), —(80.;, azaz) + (85, a0a1), — (8o j, a2a3)
+ (85, a1a2) |0 < j < n}.
A
HH,,(A) = Kerd,,/Imd, ., = span{(gg ;,aza3) |0 < j < n}.
% n =0 (mod 4) i}, RLIHIHE] Kerd, = span{(gf ;,e0) [0 < j < n}, Imd,,11 =0, HIL
HH,,(A) = Kerd,,/Im d,,+1 = span{(gg ;,€0) |0 < j < n}}.
% n=1 (mod 4) i}, ¥°® B =0, Kt HH, (A) = 0.
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it HC, (A) MEL A 058 n MMEEFFVERE 1. 98§FFF VS Hochschild [RG5S 53 001k
£, EMJE de Rham [RIJHHIEASHMA OB AL K- BHLHY Lie B0l 4R k AFFER 0
i, EATE

HEig 3.4 5 chark =0, U
4, Y m = 4k Bt
0, Y om =4k + 1 B
Ak +7, % m— 4k + 2 B
Ak +5, % m =4k + 3 B

dimk HCm (A) =

JEBA WS¢ (1, EFE 4.1.13] A[4%
dimy HC,, (A) — dimy HC,, (k*) = —(dimy HC,,,_;(A) — dimy HC,,, _1 (k%))
+ (dimy HH,,(A) — dimy HH,,,(k*)),

Nii]
dimye HC,, (A) — dimy HC,p (k*) =) ~(=1)" " (dimy HH; (A) — dimy HH; (k*)).
=0
p.

0, %i>1H,

4, 24 m I ER

dimi HHE () = { 0, % m AR,

H. dimy HC,, (k%) = {
st 3.2 SRl

4, Y m = 4k Bt
0, Y om =4k + 1 B
Ak +7, % m =4k +2 it
Ak +5, % m—4k+3 B,

dimk HCm (A) =

Z2 F X W
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