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Abstract In this paper the Casimir number of a special kind of Verlinde modular
category C of rank n + 1 is calculated to be 2n + 4. As an application it follows
from Higman’s theorem that the Grothendieck algebra Gr(C ) ⊗Z K over a field K is
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semisimple if and only if 2n + 4 is a unit in K. This is equivalent to saying that the
(n + 1)-th Dickson polynomial En+1(X) of the second kind has no multiple factors
in K[X]. If 2n + 4 is zero in K, we use the factorizations of Dickson polynomials to
describe the Jacobson radical of Gr(C ) ⊗Z K explicitly.

Keywords Grothendieck ring; Verlinde modular category; Casimir number; Jacob-
son radical; Dickson polynomial
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1 jk
� R ���� Z �� Frobenius �. R � Casimir � !��� Z ��� Z �"� ,

���#$%�������. ������� Frobenius � R � Casimir �. Casimir ��

#&���' K �� Frobenius � R ⊗Z K ���(: R ⊗Z K �������� R ��

Casimir �)' K *��� (�� Higman �� [1, �� 1] � [2, �� 6]).

+�,-, fusion �� C � Grothendieck � Gr(C ) ���� Z �� Frobenius �. . 
 !�#"& Grothendieck � Gr(C ) � Casimir ��#� Grothendieck � Gr(C ) ⊗Z K �

��(. /0!"1$#&�#� fusion �� C = Re p(H) � Grothendieck ����(, %

* H ��&�� Hopf � (�� [2, �� 22]).

$23� n+1�%'()� Verlinde*(�� C ,%�+&',Grothendieck� Gr(C )�

� Casimir��#� Grothendieck � Gr(C )⊗Z K ���(.',()*- Gr(C )� Casimir

�� 2n+4. . Gr(C )⊗ZK �������� 2n+4)' K *���. ./, Grothendieck

� Gr(C ) ⊗Z K !+40��1� K[X]/(En+1(X)) 2,, %* En+1(X) �-.'5�
n + 1 / Dickson +40. � K[X]/(En+1(X)) �������� En+1(X) ) K[X] *67
.0. /�8!#� En+1(X) 967.0304%�123:54: En+1(X) ) K[X] *67
.0���� 2n + 4 )' K *���. /%()!-.'5� Dickson +40�.026�
�78;5 [3, 4]. � 2n + 4 )' K *��9, :<2 Dickson +40�.026��, 8!7
8;64 Grothendieck � Gr(C ) ⊗Z K � Jacobson 7.

%�- 289:<=4��� Z�� Frobenius�! Verlinde*(���%=:%(>;

- 3 8?@',4%'()� Verlinde *(���� Grothendieck �� Casimir �; - 4 8"

&�A Casimir ��#� Verlinde *(��� Grothendieck ����(, � Grothendieck 

������9, 8!:<2 Dickson +40�.026��78;64 Grothendieck �

� Jacobson 7.

2 l>m?
%��9��;��@)�<'�, 9= fusion ���:%>B��� [5]. ?@ Z ! C

2A*���!B�'. A<= Frobenius �9=(>. � R � Z- �C�B� Z- *

�3� n �C$*. C) R �#DD%�(5�DE�EE(5 (−,−), FG R �� Z ��

Frobenius�;C)�EE(5F�$��,FG R�� Z��$�� [2]. � {xi | 1 ≤ i ≤ n}
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! {yi | 1 ≤ i ≤ n} � R �LJ Z- :C�MK (xi, yj) = δij , %* δij � Kronecker ?@, LM
5 {xi, yi | 1 ≤ i ≤ n} �� R �%J$N:.  9 R *OMNP a �#*Q�

a =
n∑

i=1

(a, yi)xi � a =
n∑

i=1

(xi, a)yi.

� Z(R) � R �*O. �@ Z- E(PR
c : R → Z(R), a �→

n∑
i=1

yiaxi,

�PR�� R � Casimir ,Q (�� [2, 3.1 8]). $2$N: {xi, yi | 1 ≤ i ≤ n} ��RS2E
E(5 (−,−) �ST (�� [2, 1.2.2 8]), . Casimir ,Q c !$N: {xi, yi | 1 ≤ i ≤ n} �
ST6=. R ��UN 1 ) Casimir ,Q c T�U c(1) �� R � Casimir N. R ���2EE
(5NO�2� Casimir N, P��2 Casimir NVQR WS%�*O�VN (�� [2, 1.2.5

8]). Casimir ,Q c �U Imc � Z(R) �� , �� �� R � Casimir � . $� [2, 3.2 8]

�-, R � Casimir � ! R �EE(5�ST6=. Casimir � Imc ! Z ���W%��
����� Z �"� . ������� R � Casimir �. XX, R � Casimir �! R �EE
(5�ST6=.

8!Y<=%= Verlinde *(���9=(). � g �B�' C ���Y�, n �Z�
�, q = e

πi
n+2 . !N$ (g, q) Z[� Verlinde *(�� C (g, q) �@� Lusztig \Q] UL

q (g)

�*Q���W0 “��T2” (�� [6] � [7, 8.12.2 8]). %���Æ^ g = sl2 _[. 8!
U Verlinde *(�� C (sl2, q) 9V� Cn(q).  9*(�� Cn(q) *��$Æ� Lusztig \Q
] uq(sl2) ���\*Q X0,X1, . . . ,Xn; �� Cn(q) *�]\W(,� uq(sl2) �*Q��*�
]\W(,� “XY”, Z uq(sl2) *Q��*�]\W Xi ⊗ Xj *`�a “�[” T2. \C�

n = 1 9, C1(q) =Vecω
Z/2Z

, %* ω � Z/2Z ��b] 3- �^�; � n = 2 9, C2(q) � Ising *

(�� [8].

�� Cn(q) � Grothendieck � Gr(Cn(q)) �� [7, c 4.10.6] ���XY Verlinde �, %^

"(,�

XiXj =
min{i,j}∑

l=max{i+j−n,0}
Xi+j−2l. (2.1)

)EE(5 (Xi,Xj) = δij T, � Grothendieck �� Z ��$� Frobenius �.  9, N$

{Xi,Xi | 0 ≤ i ≤ n} ,� Gr(Cn(q)) �%J$N:.

Grothendieck � Gr(Cn(q)) B� Z �� Frobenius �, % Casimir ,Q�
c(x) =

n∑
i=0

XixXi,

%*, x ∈ Gr(Cn(q)). _M_ Gr(Cn(q)) ��`�, c(x) = c(1)x, %* c(1) =
∑n

i=0 X2
i �

Gr(Cn(q)) � Casimir N. d���� m MK Z ∩ Im c = (m), L m � Grothendieck �

Gr(Cn(q)) � Casimir �. $2 Casimir ��*(�� Cn(q) ��Æ\, Z! Cn(q) ]\ab�
*(��?9W2� Casimir �, . `U Grothendieck � Gr(Cn(q)) � Casimir ���*(
�� Cn(q) � Casimir �.
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3 Casimir a
%8', Verlinde *(�� Cn(q) � Casimir �. eANO Casimir N c(1) �?@*c0.

nb 3.1 8!9 c(1) =
∑[ n

2 ]
j=0(n + 1 − 2j)X2j .

oc dd',�e

c(1) =
[ n
2 ]∑

j=0

X2
j +

n∑
j=[ n

2 ]+1

X2
j

=
[ n
2 ]∑

j=0

j∑
l=0

X2j−2l +
n∑

j=[ n
2 ]+1

j∑
l=2j−n

X2j−2l (� (2.1))

=

⎧⎨
⎩

2(X0 + (X0 + X2) + · · · + (X0 + X2 + · · · + Xn−2))
+(X0 + X2 + · · · + Xn), 2 |n
2(X0 + (X0 + X2) + · · · + (X0 + X2 + · · · + Xn−1)), 2 � n

=
[ n
2 ]∑

j=0

(n + 1 − 2j)X2j .

ef.

$2OM x ∈ Gr(Cn(q)), �4�� c(x) � Z- E(*c0, f:gCThghB. i^Æ`
Xi ): {X0,X1, . . . ,Xn} T$j4%�fk Xi, Z

Xi

⎛
⎜⎜⎜⎝

X0

X1

...
Xn

⎞
⎟⎟⎟⎠ = Xi

⎛
⎜⎜⎜⎝

X0

X1

...
Xn

⎞
⎟⎟⎟⎠ .

V Ei+1,j+1 � n + 1 ifk�U: (i + 1, j + 1)- N� 1, %lN� 0, Lfk Xi �#��CT
Xi = E1,i+1 + E2,i+2 + E3,i+3 + · · · + En−i+1,n+1

+ E2,i + E3,i+1 + E4,i+2 + · · · + En−i+2,n

+ E3,i−1 + E4,i + E5,i+1 + · · · + En−i+3,n−1 + · · ·
+ Ei+1,1 + Ei+2,2 + Ei+3,3 + · · · + En+1,n−i+1

=
i∑

s=0

n−i∑
t=0

Es+t+1,i+t−s+1. (3.1)

$2OM�� i, C) i �N��@ δ(i) = 1; C) i �g�, �@ δ(i) = 0.

m� 3.2 � x =
∑n

k=0 λkXk, L c(x) �E(*c0* Xi hi�n��

(n + 1 − i)
i∑

k=0

(k + 1)δ(i + k)λk + (i + 1)
n∑

k=i+1

(n − k + 1)δ(i + k)λk.

oc � XjXk =
∑n

i=0 N i
jkXi, L N i

jk = (XjXk,Xi) = (XiXj ,Xk) = Nk
ij , /�.�EE

(5 (−,−) �(5$��. $ �e
c(x) = c(1)x =

n∑
j,k=0

(n + 1 − j)δ(j)λkXjXk =
n∑

i,j,k=0

(n + 1 − j)δ(j)λkNk
ijXi.
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. , c(x) �E(*c0* Xi hi�n�� ∑n
j,k=0(n + 1 − j)δ(j)λkNk

ij . j%j, �n��#
o�#T[0:

n∑
j,k=0

(n + 1 − j)δ(j)λkNk
ij = (λ0, λ1, . . . , λn)Xi

⎛
⎜⎜⎜⎝

(n + 1)δ(0)
nδ(1)

...
δ(n)

⎞
⎟⎟⎟⎠

=
i∑

s=0

n−i∑
t=0

(λ0, λ1, . . . , λn)Es+t+1,i+t−s+1

⎛
⎜⎜⎜⎝

(n + 1)δ(0)
nδ(1)

...
δ(n)

⎞
⎟⎟⎟⎠

=
i∑

s=0

n−i∑
t=0

(n + 1 − i − t + s)δ(i + t − s)λs+t. (3.2)

dd',*-: C) s + t = k ≤ i, FG (3.2) 0*�n� λk � (n + 1 − i)(k + 1)δ(i + k); C)

s + t = k > i, FG (3.2) 0*�n� λk � (i + 1)(n − k + 1)δ(i + k). . (3.2) 0Z�

(n + 1 − i)
i∑

k=0

(k + 1)δ(i + k)λk + (i + 1)
n∑

k=i+1

(n − k + 1)δ(i + k)λk.

ef.

%8":()*�CT.

pb 3.3 Verlinde *(�� Cn(q) � Casimir �� 2n + 4.

oc � x =
∑n

k=0 λkXk. 7k�� 3.2, c(x) �E(*c0* Xi hi�n� αi �

αi = (n + 1 − i)
i∑

k=0

(k + 1)δ(i + k)λk + (i + 1)
n∑

k=i+1

(n − k + 1)δ(i + k)λk,

%* 0 ≤ i ≤ n. C) c(x) ∈ Z, FG αi = 0, %* 1 ≤ i ≤ n. Æ^# λ0, λ1, . . . , λn �Æ\�E
(!kJ: {

αn = 0,
αn−2 = 0.

ddA6�e λn = 0. 'll, A6E(!kJ{
αn−1 = 0,
αn−3 = 0,

Cm λn = 0, 6e λn−1 = 0. �Y7B��&k, 6e λn = λn−1 = · · · = λ3 = 0. qmÆ^
E(!kJ {

α2 = 0,
α1 = 0,

m λn = λn−1 = · · · = λ3 = 0, 6e λ1 = 0, λ0 = −3λ2. . X0 hi�n� α0 �

α0 = (n + 1)λ0 +
n∑

k=1

(n − k + 1)δ(k)λk

= (n + 1)λ0 + (n − 1)λ2 = −(2n + 4)λ2.

8!ee Verlinde *(�� Cn(q) � Casimir �� 2n + 4.
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Æ 3.4 fk Xi �no��(rs�� Xi � Frobenius–Perron n�, V� FPdim(Xi).

$� [7, t� 4.10.7] �-
FPdim(Xi) =

qi+1 − q−i−1

q − q−1
,

%* 0 ≤ i ≤ n. Verlinde *(�� Cn(q) � Frobenius–Perron n� FPdim(Cn(q)) �@�
FPdim(Cn(q)) = FPdim(c(1)) =

n∑
i=0

(FPdim(Xi))2 =
2n + 4

(q − q−1)2
.

�0pQ4 Verlinde *(�� Cn(q)� Casimir� 2n+4! Cn(q)� Frobenius–Perron n�V
Q�=n. �0`�#�CTqrs#6o: $�� 3.3 - 2n + 4 = c(1)x, %* x = 3 − X2. &
FPdimB&a0Lt,`�#e_ 2n+4 = FPdim(Cn(q))FPdim(x) = FPdim(Cn(q))(q−q−1)2.

4 Jacobson u
$ Higman ��-, ' K �� Frobenius ��������� 1 ∈ Im c (��� [1,

�� 1]). u Higman ��j&2 Grothendieck � Gr(Cn(q)) ⊗Z K, e_CT��:

m� 4.1 Grothendieck � Gr(Cn(q)) ⊗Z K �������� Casimir � 2n + 4 )
' K *���.

� 2n + 4 )' K *��9, 8!�p� Grothendieck � Gr(Cn(q)) ⊗Z K � Jacobson

7. A:p� Gr(Cn(q)) ⊗Z K �+40*c0. _M_-.'5� Dickson +40�#+&C
Tvq=n�@:

E0(X) = 1, E1(X) = X, Ei+1(X) = XEi(X) − Ei−1(X), %* i ≥ 1. (4.1)

7k� [4, a0 (1.2)], - i / Dickson +40 Ei(X) �#vr�CT[0

Ei(X) =
[ i
2 ]∑

j=0

(
i − j

j

)
(−1)jXi−2j ,

%* [ i
2 ] *Q�w& i

2 �qo��.

� Z[X] �# X �Æ\� Z ��+40�, (En+1(X)) � Z[X] �# En+1(X) ���Q�
"� . Z[X] *�+40 f(X) )x�2s Z[X] → Z[X]/(En+1(X)) T�UV� f(X).

nb 4.2 ) Z[X]/(En+1(X)) *, 9

Ei(X)Ej(X) =
min{i,j}∑

l=max{i+j−n,0}
Ei+j−2l(X),

%* 0 ≤ i, j ≤ n.

oc !yt�, � s < 0 9, � Es(X) = 0. $ i + j &�wzu"e-�x�. /v��
e- 0 ≤ i + j ≤ n _[, $ n ≤ i + j ≤ 2n �_['l�#e-. XX i + j = 0 9a0�w. $

2OM 1 ≤ k ≤ n − 1, {�� 1 ≤ i + j ≤ k 9a0�w. Tie- i + j = k + 1 9a0xX�

w. _M_ (i− 1) + j ≤ k C� (i− 2) + j ≤ k, $ (i− 1) + j ≤ k #| (i− 2) + j ≤ k "&zu
{�e_:

Ei−1(X)Ej(X) =
min{i−1,j}∑

l=max{i−1+j−n,0}
Ei−1+j−2l(X), (4.2)
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Ei−2(X)Ej(X) =
min{i−2,j}∑

l=max{i−2+j−n,0}
Ei−2+j−2l(X). (4.3)

Æ^ Z[X]/(En+1(X)) *�^W XEi−1(X)Ej(X). %!i, 7k (4.2) 9

XEi−1(X)Ej(X) = X

min{i−1,j}∑
l=max{i−1+j−n,0}

Ei−1+j−2l(X)

=
min{i−1,j}∑

l=max{i−1+j−n,0}
(Ei+j−2l(X) + Ei−2+j−2l(X)) (� (4.1)).

.%!i, 7k (4.3) 9
XEi−1(X)Ej(X) = (Ei(X) + Ei−2(X))Ej(X)

= Ei(X)Ej(X) +
min{i−2,j}∑

l=max{i−2+j−n,0}
Ei−2+j−2l(X).

. 

Ei(X)Ej(X)=
min{i−1,j}∑

l=max{i−1+j−n,0}
(Ei+j−2l(X)+Ei−2+j−2l(X))−

min{i−2,j}∑
l=max{i−2+j−n,0}

Ei−2+j−2l(X).

$ i − 1 < j, i − 1 = j #| i − 1 > j y0_[2As#z>, ;{e_

Ei(X)Ej(X) =
min{i,j}∑

l=max{i+j−n,0}
Ei+j−2l(X).

ef.

pb 4.3 Grothendieck � Gr(Cn(q)) !1� Z[X]/(En+1(X)) 2,.

oc Æ^CT Z- E(PR
θ : Gr(Cn(q)) → Z[X]/(En+1(X)), Xi �→ Ei(X), 0 ≤ i ≤ n.

$x� 4.2 -�PR��M2s. Tiye�PR��R, �
∑n

i=0 λiEi(X) = 0, L})+40
f(X) ∈ Z[X], |e

n∑
i=0

λiEi(X) = En+1(X)f(X).

\~a0Lt+40�/��- f(X) = 0, . $2OM 0 ≤ i ≤ n, ;9 λi = 0. ef.

Dickson +40�.026z)� [3, 4] *}9{~. 7k�� 4.3, e_CT Dickson +4
0 En+1(X) ) K[X] *967.0�%�#�. �#�!� [3, 4] * Dickson +40.026
9=()78;5.

m� 4.4 -.'5� n + 1 / Dickson +40 En+1(X) ) K[X] *67.0����
2n + 4 )' K *���.

oc $�� 4.3 - Gr(Cn(q))⊗Z K ∼= K[X]/(En+1(X)). 7k�� 4.1, 2n + 4 )' K *
������� K[X]/(En+1(X)) ����, ���� En+1(X) ) K[X] *67.0. ef.
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TiÆ^ 2n + 4 )' K *��9, Grothendieck � Gr(Cn(q))⊗Z K (�+40�1�
K[X]/(En+1(X))) � Jacobson 7. _M_ K[X] �"� ��, K[X] ��%�P� ;�n
o� , . K[X]/(En+1(X)) � Jacobson 7� En+1(X) *��W2���\.0�^W)
1� K[X]/(En+1(X)) *���"� .

m� 4.5 �' K �(r� p > 2. C) p | 2n+4, V n+2 = pr(m+1),%* (p,m+1) = 1,

L K[X]/(En+1(X)) � Jacobson 7� Em(X)(X2 − 4) ���"� .

oc $� [3, 3 8] -, Dickson +40 En+1(X) ) K[X] *9.026
En+1(X) = Em(X)pr

(X2 − 4)
pr−1

2 ,

%* Dickson+40 Em(X))K[X]*67.0 (��� 4.4). . Em(X)(X2−4)� En+1(X)

*��W2���\.0�^W, �� K[X]/(En+1(X)) � Jacobson 7� Em(X)(X2 − 4) �

��"� . ef.

�' K �(r� 2. C) m �N�, $� [3, �� 6] - Em(X) = Fm(X)2, %*

Fm(X) =

m
2∑

j=0

(
m − j

j

)
(−1)jX

m
2 −j

� K[X] *%=��W2���\.0�^W.

m� 4.6 �' K �(r� 2.

(1) C) n + 1 �N�, K[X]/(En+1(X)) � Jacobson 7� Fn+1(X) ���"� .

(2) C) n + 1 �g�, V n + 2 = 2r(m + 1), %* m �N�, L K[X]/(En+1(X)) �

Jacobson 7� XFm(X) ���"� .

oc (1) C) n + 1 �N�, FG Fn+1(X) � En+1(X) *�9��W2���\.0�
^W (�� [3, �� 6]). . K[X]/(En+1(X)) � Jacobson 7� Fn+1(X) ���"� .

(2) C) n + 1 �g�, V n + 2 = 2r(m + 1), %* r ≥ 1 � m �N�. $� [3, 3 8] -
En+1(X) = X2r−1Em(X)2

r

= X2r−1Fm(X)2
r+1

.

. , XFm(X)� En+1(X)*�9��W2���\.0�^W, K[X]/(En+1(X))� Jacobson

7� XFm(X) ���"� . ef.
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