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1 VW
� q ���XY�� q ≥ 3. ���XY� k ≥ 1 ��Y� m � n, k ���� G(m,k; q)

� Kloosterman � K(m,n; q) �����:

G(m,k; q) =
q∑

a=1

e

(
mak

q

)
� K(m,n; q) =

q∑′

a=1

e

(
ma+ na

q

)
,

�Z ∑ ′q
a=1 � �!"�[ 1 ≤ a ≤ q � (a, q) = 1 � a #�, e(y) = e2πiy, a � a � q ��

� $, !"% aa ≡ 1 mod q.

�&'#$\(�), *%+,�-&�.]'/(0), *+,12-"3�./ [4–11].

04, 5 Weil [7] !^�\(1_, 2�+,6345∣∣∣∣
p−1∑
a=1

χ(a)e
(
mak

p

)∣∣∣∣�k
√
p,

�Z p %78�, χ � � p ��� Dirichlet 9`, �k � 6 O 7�8:9Y� k.

;<=>:;? [11] 0)( G(m,k, p) �@�<a, *+,(1=>A�?@A).

Estermann [4] bB(6345
|K(m,n; q)| ≤ (m,n, q)

1
2 · d(q) · q 1

2 ,

�Z (m,n, q) � m,n, q �c6AB�, d(q) � q �Bd�=�.

Kloosterman [5] 0)(K(a, 1; p)�@�<a,*bB(C)∑p−1
a=1K

4(a, 1; p) = 2p3−3p2−
3p− 1. �1D�7� q ≥ 3 � (n, q) = 1, ;<= [9] bB(EC)

q∑
m=1

|K(m,n; q)|4 = 3ω(q)q2φ(q)
∏
p || q

(
2
3
− 1

3p
− 4

3p(p− 1)

)
,

�Z φ(q) %CFG�, ω(q) � q �HD8Bd�=�,
∏

p || q � � q �!"�[ p | q �
(p, q/p) = 1 �8Bd p #�I.

E&FJ p %78�� p ≡ 1 mod 3. ���XY� k, J

Sk(p) =
p−1∑
m=1

( p−1∑
a=0

e

(
ma3

p

))k

·
∣∣∣∣

p−1∑
a=1

e

(
ma+ a

p

) ∣∣∣∣
2

. (1.1)

K<e(%LM Sk(p) �5GHI. '=HIN7"3, B�-2�OfE&(PQ%R&
J����> Kloosterman ���ST<a�UKLM. E&VWNJX�Y�������

OZ.]0)HI (1.1), *[\-�1="3�P.]QA), !bBR^��_:

gh 1.1 � p %�[ p ≡ 1 mod 3 �78�, S���XY� k, E&"P.]QA)

Sk+3(p) = 3pSk+1(p) + dpSk(p),

�Z Sk(p) �TJU�

S1(p) = 2p2 + dpA(1) − pA2(1),

S2(p) = 2p3 + 2(d− 1)p2 + p
(
d2 − p

)
A(1) − dpA2(1),

S3(p) = (d+ 6)p3 + 3dp2A(1) − 3p2A2(1) − dp(p+ 1),

� d %5 4p = d2 + 27b2 � d ≡ 1 mod 3 V1K�, 7� A(1) ��� A(m) =
∑p−1

a=0 e(
ma3

p ).
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5'=]QA)2�i!Q\�RQj.

ij 1.2 � p %�[ p ≡ 1 mod 3 �78�, S"EC)
p−1∑
m=1

∣∣∣∣
p−1∑
a=0

e

(
ma3

p

) ∣∣∣∣
4

·
∣∣∣∣

p−1∑
a=1

e

(
ma+a
p

)∣∣∣∣
2

= 6p4+(8d−6)p3+p2
(
4d2−3p

)
A(1)−4dp2A2(1).

^Æ, A(1) %_���[45) |A(1)| ≤ 2
√
p. k�, |d| ≤ 2

√
p, &%56^��_ 1.1

�Qj 1.2, 2�Q\�R.j.

ij 1.3 � p %�[ p ≡ 1 mod 3 �78�, S"?@A)
p−1∑
m=1

∣∣∣∣
p−1∑
a=0

e

(
ma3

p

) ∣∣∣∣
4

·
∣∣∣∣

p−1∑
a=1

e

(
ma+ a

p

) ∣∣∣∣
2

= 6p4 +O
(
p

7
2
)
.

ij 1.4 � p %�[ p ≡ 1 mod 3 �78�, S"
p−1∑
m=1

∣∣∣∣
p−1∑
a=0

e

(
ma3

p

) ∣∣∣∣
6

·
∣∣∣∣

p−1∑
a=1

e

(
ma+ a

p

) ∣∣∣∣
2

= 18p5 + d2p4 +O
(
p

9
2
)
.

l 1.5 `6a�_Z, E&88LM(8� p �[ p ≡ 1 mod 3 b�cd. e_6, 4/

(3, p− 1) = 1, S" A(m) = 0. Bk`'mclR, .j%fm�, !4/ (3, p− 1) = 1, S�!

"� k ≥ 1, " Sk(p) = 0.

2 noVp
KnV[\�_bBoÆZ!g�1hi_. E&VjNpq����OZ.] [1],'rH

kÆa. lm":

qh 2.1 � p %�[ p ≡ 1 mod 3 �78�, S���� p �Js9` ψ, "EC)
p−1∑
m=1

ψ(m)
∣∣∣∣

p−1∑
a=1

e

(
ma+ a

p

) ∣∣∣∣
2

=
τ5(ψ)
p

,

�Z τ(ψ) =
∑p−1

a=1 ψ(a)e(a
p ) � pq���.

rs 5� p tnop2�.]�������, "
p−1∑
m=1

ψ(m)
∣∣∣∣

p−1∑
a=1

e

(
ma+ a

p

) ∣∣∣∣
2

=
p−1∑
a=1

p−1∑
b=1

p−1∑
m=1

ψ(m)e
(
m(a− b) + a− b

p

)

=
p−1∑
a=1

p−1∑
b=1

p−1∑
m=1

ψ(m)e
(
mb(a− 1) + b(a− 1)

p

)

= τ (ψ)
p−1∑
a=1

p−1∑
b=1

ψ(b(a− 1))e
(
b(a− 1)

p

)

= τ (ψ)
p−1∑
a=1

ψ(a− 1)
p−1∑
b=1

ψ(b)e
(
b(a− 1)

p

)

= τ2 (ψ)
p−1∑
a=1

ψ ((a− 1)(a− 1))

= τ2 (ψ)
p−1∑
a=1

ψ
(−(a− 1)3)ψ(a(a− 1)

)
. (2.1)
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k�,, �!"� 1 ≤ a ≤ p− 1, " ψ
(±a3

)
= 1, τ(ψ)τ

(
ψ
)

= p, ψ = ψ
2
, �

p−1∑
a=1

ψ(a(a− 1)) =
1

τ
(
ψ
) p−1∑

b=1

ψ(b)
p−1∑
a=1

ψ(a)e
(
b(a− 1)

p

)

=
τ(ψ)
τ
(
ψ
) p−1∑

b=1

ψ
2
(b)e

(−b
p

)
=

τ(ψ)
τ
(
ψ
) p−1∑

b=1

ψ(b)e
(
b

p

)
=
τ2(ψ)
τ
(
ψ
) =

τ3(ψ)
p

. (2.2)

.T) (2.1) � (2.2), 2i!Q\EC)
p−1∑
m=1

ψ(m)
∣∣∣∣

p−1∑
a=1

e

(
ma+ a

p

) ∣∣∣∣
2

=
τ5(ψ)
p

.

i_ 2.1 +b.

qh 2.2 � p %�[ p ≡ 1 mod 3 �78�, `"qr GF (p) 6, J Ms � YÆ

X3
1 +X3

2 +X3
3 + · · · +X3

s = 0

�P�=�, Us = Ms − ps−1. S Us �[P.]QA) Us − 3pUs−2 − pdUs−3 = 0, � U1 = 0,

U2 = 2p− 2 � U3 = (p− 1)d, �Z d %5 4p = d2 + 27b2 � d ≡ 1 mod 3 V1K��7�.

rs u< [3, �_ 3].

qh 2.3 � p %�[ p ≡ 1 mod 3 �78�, S" τ3 (ψ) + τ3
(
ψ
)

= dp, �Z ψ %� p �

��Js9`, d ���Di_ 2.2.

rs e_6, '="3�C)2�`< [2] Zs,HD�d). �(K<�tY., `k[

\1=u�bB. ���Y� 1 ≤ a ≤ p−1,4/ a%� p�J�op,^Æ" 1+ψ(a)+ψ(a) = 3,

vS 1 + ψ(a) + ψ(a) = 0. Bk, ���� 1 ≤ b ≤ p− 1, 5�������.]"
p−1∑
a=0

e

(
ba3

p

)
= 1 +

p−1∑
a=1

(
1 + ψ(a) + ψ(a)

)
e

(
ba

p

)

=
p−1∑
a=0

e

(
ba

p

)
+ ψ(b)τ(ψ) + ψ(b)τ

(
ψ
)

= ψ(b)τ(ψ) + ψ(b)τ
(
ψ
)
. (2.3)

5) (2.3), JX�EC) p−1∑
m=0

e

(
nm

p

)
=

{
p, w (p, n) = p b;
0, w (p, n) = 1 b,

ψ3(b) = ψ
3
(b) = 1, τ(ψ)τ

(
ψ
)

= p ��
∑p−1

m=1 ψ(m) =
∑p−1

m=1 ψ(m) = 0, "

M5 =
p−1∑
a=0

p−1∑
b=0

p−1∑
c=0

p−1∑
d=0

p−1∑
e=0

a3+b3+c3+d3+e3≡0 mod p

1 =
1
p

p−1∑
a=0

p−1∑
b=0

p−1∑
c=0

p−1∑
d=0

p−1∑
e=0

p−1∑
m=0

e

(
m
(
a3 + b3 + c3 + d3 + e3

)
p

)

= p4 +
1
p

p−1∑
m=1

( p−1∑
a=0

e

(
ma3

p

))5

= p4 +
1
p

p−1∑
m=1

(ψ(m)τ(ψ) + ψ(m)τ(ψ))5

= p4 +
1
p

p−1∑
m=1

(ψ(m)τ5(ψ) + 5pτ3(ψ) + 10p2ψ(m)τ(ψ))

+
1
p

p−1∑
m=1

(10p2ψ(m)τ(ψ) + 5pτ3(ψ) + ψ(m)τ5(ψ))

= p4 + 5(p− 1)(τ3(ψ) + τ3(ψ)). (2.4)
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WNi_ 2.22+ U4 = 3p(2p−2) = 6p(p−1), U5 = 3pU3+pdU2 = 3pd(p−1)+pd(2p−2) =

5dp(p− 1). Bk, 5) (2.4) "

5dp(p− 1) + p4 = U5 + p4 = M5 = p4 + 5(p− 1)
(
τ3(ψ) + τ3

(
ψ
))
,

5kx+\

τ3(ψ) + τ3
(
ψ
)

= dp.

i_ 2.3 +b.

3 tuvpwxy
KnVtye(�_�bB. lm, ����Y� 1 ≤ m ≤ p− 1, J

A(m) =
p−1∑
a=0

e

(
ma3

p

)
,

S5) (2.3) �i_ 2.3, "

A3(m) =
(
ψ(m)τ(ψ) + ψ(m)τ

(
ψ
))3

= 3pA(m) + dp. (3.1)

.T) (2.3), i_ 2.1 �� 2.3, "

S1(p) =
p−1∑
m=1

(
p−1∑
a=0

e

(
ma3

p

))
·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

=
p−1∑
m=1

(
ψ(m)τ(ψ) + ψ(m)τ

(
ψ
)) · ∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

=
τ(ψ)τ5

(
ψ
)

p
+
τ5(ψ)τ

(
ψ
)

p
= τ4(ψ) + τ4

(
ψ
)

=
(
τ(ψ) + τ

(
ψ
)) (

τ3(ψ) + τ3
(
ψ
))− p

(
τ2(ψ) + τ2

(
ψ
))

= dp
(
τ(ψ) + τ

(
ψ
))− p

(
τ2(ψ) + τ2

(
ψ
))

= 2p2 + dpA(1) − pA2(1). (3.2)

5) (3.2), i_ 2.1 � 2.3, *k�,EC)
p−1∑
m=1

∣∣∣∣
p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

= p(p− 1) − 1 = p2 − p− 1,

E&v2�+,

S2(p) =
p−1∑
m=1

(
ψ(m)τ(ψ) + ψ(m)τ

(
ψ
))2 · ∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

=
p−1∑
m=1

(
ψ(m)τ2(ψ) + 2p+ ψ(m)τ2

(
ψ
)) · ∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

=
1
p

(
τ7(ψ) + τ7

(
ψ
))

+ 2p(p2 − p− 1)

= d
(
τ4(ψ) + τ4

(
ψ
))− p2

(
τ(ψ) + τ

(
ψ
))

+ 2p(p2 − p− 1)

= 2dp2 + p
(
d2 − p

)
A(1) − dpA2(1) + 2p(p2 − p− 1). (3.3)
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5) (3.2) "

S3(p) =
p−1∑
m=1

( p−1∑
a=0

e

(
ma3

p

))3

·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

)∣∣∣∣
2

=
p−1∑
m=1

(3pA(m) + dp) ·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

= 3p
(
2p2 + dpA(1) − pA2(1)

)
+ dp

(
p2 − p− 1

)
= (d+ 6)p3 + 3dp2A(1) − 3p2A2(1) − dp(p+ 1). (3.4)

����Y� k ≥ 1, 5) (3.1) � Sk(p) ���, 2+

Sk+3(p) =
p−1∑
m=1

( p−1∑
a=0

e

(
ma3

p

))k+3

·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

=
p−1∑
m=1

Ak(m) (3pA(m) + dp) ·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

= 3p
p−1∑
m=1

Ak+1(m) ·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

+ dp

p−1∑
m=1

Ak(m) ·
∣∣∣∣

p−1∑
b=1

e

(
mb+ b

p

) ∣∣∣∣
2

= 3pSk+1(p) + dpSk(p). (3.5)

.T) (3.2)–(3.5), x2+E&�_�.j.

z{ zw;<={x�|}>Of, vzwy~z{\|}��u, ~j<Q�t�.
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