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Calculation of the customer’s sojourn time distribution
function in M /GN /1 queue with customized services

using roots method∗

ZOU Xuehua1 YU Miaomiao1,† TANG Yinghui2 ZHOU Jie3

Abstract Taking the multilingual convenience service hotline for a practical exam-
ple, we study the numerical method for calculating the customer’s sojourn time distribu-
tion function in M/GN/1 queue with customized service. Firstly, we give the Laplace-
Stieltjes (LS) transform of the customer’s sojourn time by using the embedded Markov
chain technique and Pollaczek-Khintchine formula. Secondly, according to the specific
type of customized service time distribution function, we give the rational form of the
LS transform that mentioned above. By solving the zeros with negative real parts of the
denominator of the rational function, namely, the so-called characteristic roots, we finally
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give the customer’s sojourn time probability distribution function by using the method
of partial fraction and residue theory.

Keywords queueing system, customized service, sojourn time distribution function,
characteristic roots, Padé approximation
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/��
È4/í2ÚA^, ¿¡�2�	7<¬Jø=!{!F!�!̧ !�!Ü!Ä�
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�«y¢��ÅÑÖXÚ�éu, °¦·�éÑÖ�äkõa.ÑÖõU�üèXÚÐ

m�[ïÄ.¯¤±�,��3üèXÚ¥�Ï3�m´ïþüèXÚ5U1����
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w��©7�
. d	, ÏL¢/Nï, ·�uyJø�5zÑÖ�üèXÚ3�É¬)

'5���¥)+��Â�Øm. ÃX�Ú!uÜ��.Ikn`���¾�Jø�A

I��ÑÖ, Ø^��u�¿�¾<Jø��éØÓÜ ½õ�Ü ��ÆK�×£¢

SþÑ´Ï<É��5zÑÖ. �d, 3`���]4Ý;Ü"y��e, ïÄ��

3�5zÑÖüèXÚ¥���Ï3�m¯K,é��]�Ünü§!NÝ!|^�ä

kØ����¿Â.±þã¢S�µ�| ,�©ò|^CÏ ChaudhryÚ Gupta�Çì

è¤JÑ��«ÄuA��Ú PadW %C�5U�I�ü�{5¦)�5zÑÖè�¥

���Ï3�m©Ù¼ê, ±Ï�¡)Ö��Ï3�mù��ÅCþ��«ÚO5Æ.

¯¢þ3�CÊc��m¥,A���{Ú PadW%Câ���«{ük��Ãã

�^uüèXÚ5U�I,cÙ´�m�65�I�©Û¥. �Ä�½�ÑÖ�m©ÙØ

äkkn¼ê/ª� LS C�, Singh, Chaudhry, Gupta[7-8]|^ PadW %C�Ñ
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LS C��cJe, ¦�n<��â�þ/ª�è�1¼ê, |^A���{(Ü3êO

�½n�Ñ
��1þÑÖ5Ke MAP/R(a,b)/1üè�è�©Ù�{[9]. �C, Pradhan

Ú Gupta �3(Ü²;i\ Markov óÚÖ¿CþEâ�Ä:þ, |^A���{3©

z [10-13] ¥©O�é Poisson ��Ú1þ Poisson ��L§, ïÄ
ÑÖ�m©Ù�6

uÑÖ1þ���üèXÚ�è�©Ù�{. ¦��ïÄ��Jp
üè�.éy¢¯

K£ã�°O§Ý, ¦êÆ©Û�\bC¢S. Ø=Xd, Gupta, Singh Ú Chaudhry �

l����m��m©Ù��5��ÝÑu, òïÄó�ÿÐ������1þê¼�

�L§(BMAP), ¿3�DÚ�{�é'¥âÑ
ÄuA���{Ú PadW %C�©Ù�

ü�{�A^`³Údå. ¢¯¦´/ù, ISÆöéE©Û�{Ú¼ê%CØ3üè

+�¥�A^&Ä�¿Øõ. ·IüènØCÄ<M1�k)[14]3Ù@Ï²;Í�5�

ÅÑÖXÚ6¥�é1þÑÖÚ`k�üè, ¦^E©ÛE|&?LÙ�è�©Ù. �

Ö¥'u�����m!Ï3�m�½þz©Û �. ~XÒ GI/G/1üèXÚ����

�m�?Øó,�ö¿��Ñ���m©Ù¼ê�äNêÆL�ª,�´y²
©Ù¼

ê¤÷v���È©�§. �©�ïÄKÁãÏLE©ÛE|(Ükn¼ê PadW %

C�Ñ�5zÑÖüèXÚ¥��Ï3�m�VÇ©Ù¼ê�(�L�. Ïd·��ï

Äó�Ø2�Û�u�I$��:Ý�êiA��í�, ù´�ykïÄ���ØÓÚ

«O.

©Ù{eSN©o�Ü©Ðm. Äk·�é¤�ïÄ�üè�.?1
�¡£ã,¿

é1©¥¤¦^�êÆÎÒ�Ñ7���. Ùg, �âi\ Markov ó©Û¤�(J, |

^Äu��Ï3�m©Ù¼êLSC��A���Ü©©ªÐm�{ÚE©Û¥�3ên

Ø, 0�
��Ï3�m©Ù¼ê�ê��ü¦)å». 2g, �?�Ú`²Tê�¦)

å»��15, ©¥�é�5zÑÖ�m LS C�´Ääkkn¼ê/ª, /Ï¼ê%C

Ø¥� Padé%C�Ñ
n��¢�ê��~. ��é�©�ïÄ�{�Ño(, ¿�Ñ

�
�±?�ÚÿÐïÄ�#��.

1 �.£ã

�©�ÄüÑÖ�õa.ÑÖ�M/GN/1üèXÚ. �1©�Bå�, yò�.�[

£ãXe:

(1) 3TüèXÚ¥�����Ìëê�λ� Poisson L§, =�����m��m

ÕáÓ©Ù�©Ù¼ê�F (t) = 1− e−λt, t > 0;

(2)z� ��XÚ���¬±VÇpiÀJ1i(i = 1, 2, · · · , N)«a.�ÑÖ,ÙÑÖ

�mÑl��©Ù, P©Ù¼ê�Bi(t), i = 1, 2, · · · , N , t > 0, ùpVÇpi÷v
∑N
i=1 pi =

1, ©Ù¼êBi(t)�þ�ÚLSC�©OP�:

1

µi
=

∫ ∞
0

tdBi(t), B∗i (s) =

∫ ∞
0

e−stdBi(t), i = 1, 2, · · · , N ;

(3) ?�Ú, ·�b½����m��mÚÑÖ�m�pÕá.
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2 Ï3�m©Ù¼ê�ê��{

PN(t)L«��tXÚ¥���êþ, 2PN+
nL«1n���ÑÖ�.�lmXÚ�

�33XÚ¥���ê, K´�{N+
n , n > 1}´è�L§{N(t), t > 0}�i\ Markov ó.

aqu²;M/G/1üèXÚ�©Û,þãi\Markovó{N+
n , n > 1}�=£VÇÝ
�L

«Xe

P =



a0 a1 a2 a3 · · ·
a0 a1 a2 a3 · · ·
0 a0 a1 a2 · · ·
0 0 a0 a1 · · ·
...

...
...

...
. . .

 ,

Ù¥ak =
N∑
i=1

pi
∫∞
0

(λt)k

k! e−λtdBi(t), k = 0, 1, 2, · · · - 1
µ =

∑N
i=1 pi

1
µi

, �XÚ�Ïr

Ýρ = λ/µ < 1 �, {N+
n , n > 1}´Ø��!�±Ï!�~��Markovó, Ù²©Ùπ+ =(

π+
0 , π

+
1 , · · ·

)
�3, ùp©þπ+

j = lim
n→∞

Pr {N+
n =j}, §�L��/el���XÚ¥�

�ê�j�VÇ, d�VÇ�þπ+�A÷v²ï�§π+P = π+. ?�Ú, �π+(z)�l�

��è�©Ù�VÇ1¼ê, KÏLþã²ï�§²{ü�ê$����

π+(z) =

[
N∑
i=1

piB
∗
i (λ(1− z))

]
(1− ρ)(1− z)[

N∑
i=1

piB∗i (λ(1− z))
]
− z

. (2.1)

e¡·�ò/Ï(2.1)ª5í���Ï3�m©Ù¼ê� LSC�.5¿�����

¯¢,=3ÚO²ï^�e,���É�ÑÖlmXÚ�¤�33XÚ¥���êþA�

u3T��Ï3�mS��XÚ���êþ. ePÏ3�mT�VÇ©Ù¼ê�W (t) =

Pr {T 6 t}, �â Poisson 6�OêL§nØAk

π+
j =

∫ ∞
0

(λt)j

j!
e−λtdW (t), j = 0, 1, 2, · · · (2.2)

3(2.2)ªüàÓ¦zj ,2éjl0�∞¦Ú��π+(z) = W ∗ (λ(1− z)),ùpW ∗ (λ(1− z))L
«Ï3�m©Ù¼êW (t)�LSC�3λ(1− z)?���. y-s = λ(1− z)Kk

W ∗ (s) =

(1− ρ)s

[
N∑
i=1

piB
∗
i (s)

]
s− λ

[
1−

N∑
i=1

piB∗i (s)

] . (2.3)

Botaa[15]�Ñ, �þüèØ©zïÄL²��ÑÖ�m©Ù¼ê� LS C�Ï~äk

kn¼ê/ª,~X�ÑÖ�mÑl�ê!Erlang!��ê9 �.(phase-type)©Ù�Ù

éA� LS C�þäkkn¼ê/ª. ,��¡, =¦ÑÖ�m©Ù¼ê� LS C�Øä

kkn¼ê/ª�, X�ÑÖ�mÑl Weibull!Gamma!�ä���©Ù�, ·�E,
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�±¦^ Padé%Cé�ù
©Ù¼ê� LS C�¤éA�kn¼ê/ª. �Ò´`, d

�Ï3�m©Ù¼ê LS C�¥�
∑N
i=1 piB

∗
i (s)�½�±ÏL·�å»L«¤Xe/ª:

N∑
i=1

piB
∗
i (s) =

P (s)

Q(s)
, (2.4)

Ù¥P (s)ÚQ(s)´gê©O�l1Úl2�knXêõ�ª, �l1 6 l2. ò(2.4)ª�\(2.3)ª,

�n�=k

W ∗(s) =
(1− ρ)sP (s)

sQ(s)− λ [Q(s)− P (s)]
. (2.5)

�
l(2.5)ª�üÑÏ3�m�©Ù¼ê, ·�I���Ù�A� LS C�©1�

":&E. äN5`, duVÇ©Ù¼ê�k.5, ·��AO'5ù
":¥äkK

¢Ü�":, =¤¢W ∗(s)�A��[16]. ��, 23dÄ:þ¦^Ü©©ª©)E|±

9E©Û¥�3ênØ�ª��©Ù¼ê�ê�L�.�Ä�l2 + 1g��ê�§sQ(s)−
λ [Q(s)− P (s)] = 03¦)L§¥�U¬Ñy�,Ïd·�©Xeü«�¹5?ØW ∗(s)

� Laplace _C�.

�/ 1 e�§sQ(s) − λ [Q(s)− P (s)] = 0��þ�ü�. d�b�l2 + 1�ü�¥

kl�¢Ü�K�ü�α1, α2, · · · , αl. |^ù
ü�ò(2.5)ª?1Ü©©ª©)���

W ∗(s) = c0 +

l∑
i=1

ci
s− αi

, (2.6)

ùpc0, c1, · · · , cl��½~ê. �â(2.6)ª¤�(J�±�B��üÑÏ3�mVÇ�Ý

¼êw(t)

w(t) = c0δ(t) +

l∑
i=1

cie
αit,

Ù¥δ(t)L«).�δ¼ê. ?�Ú, d).�δ¼ê�çÀ5���

W (t) =

∫ t

0

w(x)dx =

∫ t

0

c0δ(x)dx+

∫ t

0

l∑
i=1

cie
αixdx = c0 +

l∑
i=1

[
ci
αi

eαit − ci
αi

]
. (2.7)

5¿�W ∗(0) = 1, �þª¥~êc0 = 1 +
∑l
i=1

ci
αi

. òc0�\(2.7)ªz{�=kVÇ©Ù

¼ê

W (t) = 1 +

l∑
i=1

[
ci
αi

eαit

]
. (2.8)

d(2.8)ª´�, (½©Ù¼êW (t)ê�L�ª�'�3u(½~êc1, c2, · · · , cl���.

Ïα1, α2, · · · , αl�À�W ∗(s)��?4:, ��â3êO�5Kci(i = 1, 2, · · · , l) �d
Xeúª(½

ci =
(1− ρ)αiP (αi)

Q(αi) + αiQ′(αi)− λ [Q′(αi)− P ′(αi)]
, (2.9)

ùpQ′(αi)ÚP ′(αi)�Lõ�ª¼êQ(s)ÚP (s)����ê3αi?���.
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�/ 2 e�§sQ(s) − λ [Q(s)− P (s)] = 0��¥�3�. Ø�b�3o��l2 +

1��¥kk�¢Ü�K��, P�α1, α2, · · · , αk, §��ê©O�r1, r2, · · · , rk, Ù

¥r1 + r2 + · · ·+ rk = l, �ri > 1(i = 1, 2, · · · , k). Ó�/1aq, |^ù
�ò(2.5)ª?

1Ü©©ª©)��

W ∗(s) = m0 +

k∑
i=1

ri∑
j=1

mij

(s− αi)j
, (2.10)

ùpm0,mij(i = 1, · · · , k, j = 1, · · · , ri)��½~ê. Ón�â(2.10)ª�üÑÏ3�m©

Ù�VÇ�Ý¼êw(t)

w(t) = m0δ(t) +

k∑
i=1

ri∑
j=1

mij

(j − 1)!
tj−1eαit.

?�Ú, |^Xe����'Xª∫ t

0

(−αi)(−αix)j−1

(j − 1)!
e−(−αix)dx =

∫ t

0

xj−1eαix

(j − 1)!
(−αi)j dx = 1− eαit

j−1∑
n=0

(−αit)n

n!
,

éw(t)È©, d).�δ¼ê�çÀ5���

W (t) =

∫ t

0

w(x)dx

=

∫ t

0

m0δ (x) dx+

k∑
i=1

ri∑
j=1

∫ t

0

mij

(j − 1)!
xj−1eαixdx

= m0 +

k∑
i=1

ri∑
j=1

[
mij

(−αi)j
−
j−1∑
n=0

mij (−αit)n eαit

(−αi)j n!

]
. (2.11)

2gdW ∗(0) = 1��m0 = 1 −
∑k
i=1

∑ri
j=1

mij

(−αi)j
. òm0�\þã(2.11)ª¥z{�¦�

VÇ©Ù¼ê

W (t) = 1−
k∑
i=1

ri∑
j=1

j−1∑
n=0

mij (−αit)n eαit

(−αi)j n!
. (2.12)

�¦�(2.12)ª©Ù¼ê�ê�L�ª'�3u(½~êmij���.òαi(i = 1, · · · , k)À

�W ∗(s)�4:,�â3ênØ¥j?4:�O�5K��ÑXe'uXêmij�O�úª

mij =
1

(ri − j)!
lim
x→αi

[
dri−j

dxri−j
W ∗(x)(x− αi)ri

]
, i = 1, 2, · · · , k; j = 1, 2, · · · , ri. (2.13)

3 ê�¢�

�Ð«�©1n!'u��Ï3�m©Ù¼ê��{A^, ·�/Ï~^ê�O�

^�Mathematica 10.3�Ñn��[�ê��~. ?�Ú, 3eã��~¥·�þ�½�

����m��mÑlëê�λ = 2��ê©Ù. �u©Ù�Ì��, ¢�¥¤�)��

«êâþ�3�6 �ê.
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�~1 b�XÚ¥ÑÖ
U�â���¦�ÙJø5«ØÓa.�ÑÖ,���©O

±p1 = 5/12, p2 = 1/4, p3 = 1/6, p4 = 1/8Úp5 = 1/24�VÇÀJ5«ÑÖa.¥��«.

ùp, 5«a.¤éA�ÑÖ�m©Ù©OÑlëê�12, 10, 8, 7, 4 ���!n�!o�!

Ê�98�Erlang©Ù, =§�äkXe�VÇ©Ù¼ê:

B1(t) = 1−
1∑
k=0

(12t)k

k!
e−12t, t > 0, B2(t) = 1−

2∑
k=0

(10t)k

k!
e−10t, t > 0,

B3(t) = 1−
3∑
k=0

(8t)k

k!
e−8t, t > 0, B4(t) = 1−

4∑
k=0

(7t)k

k!
e−7t, t > 0,

B5(t) = 1−
5∑
k=0

(4t)k

k!
e−4t, t > 0,

�þ�©O� 1
µ1

= 1
6 , 1

µ2
= 3

10 , 1
µ3

= 1
2 , 1

µ4
= 5

7Ú
1
µ5

= 3
2 . 3þã^�eTXÚ��Ïr

Ýρ = λ
µ = 0.759 127. ò5«ÑÖ�m©Ù�LSC�9ÑÖa.ÀJVÇpi(i = 1, 2, 3, 4, 5)

�\(2.4)ª, ²Mathematica 10.3$�z{���

P (s) = 974 504 457 142 272 000 + 2 729 965 958 411 059 200s+ 3 608 410 507 779 768 320s2

+2 983 578 568 149 172 224s3+1 727 150 228 477 313 024s4+742 860 136 076 541 952s5

+245 954 156 360 269 824s6 + 64 090 952 698 085 376s7 + 13 325 259 963 744 256s8

+2 227 179 579 047 936s9 + 299 981 829 006 592s10 + 32 485 311 382 528s11

+2 807 436 552 472s12 + 191 003 896 460s13 + 10 005 315 206s14

+389 380 373s15 + 10 602 064s16 + 180 240s17 + 1 440s18;

Q(s) = 24(4 + s)6(7 + s)5(8 + s)4(10 + s)3(12 + s)2.

yòõ�ªP (s)�Q(s)�\(2.5)ª�=�W ∗(s)�äN)ÛL�ª. |^ Mathematica

10.3¥ Solve·-O���W ∗(s)©1äk 21�ü�,Ù¥k20�¢Ü�K�ü�,·�

òÙ©OP�α1, α2, · · · , α20, ���äN�XL 1 ¤«, L¥i=
√
−1, §L«Jêü .

L 1 W ∗(s)20�A���ê�O�(J

j αj j αj j αj j αj

1 –14.346 761 6 –11.030 746+2.280 004i 11 –7.647 572-0.411 801i 16 –5.066 039+0.401 942i

2 –11.289 496 7 –9.134 473–0.471 222i 12 –7.647 572+0.411 801i 17 –4.571 864–1.368 600i

3 –7.600 680 8 –9.134 473+0.471 222i 13 –6.221 259–3.041 430i 18 –4.571 864+1.368 600i

4 –0.622 661 9 –8.198 641–2.223 028i 14 –6.221 259+3.041 430i 19 –2.699 607–1.667 630i

5 –11.030 746–2.280 004i 10 –8.198 641+2.223 028i 15 –5.066 039–0.401 942i 20 –2.699 607+1.667 630i

dL 1��d�~�!�¥�/1�©Û´¬Ü�,d(2.9)ªO���cj(j = 1, 2, · · · , 20)�

�XL 2 ¤«.
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L 2 W (t)¥�½Xêcj�ê�O�(J

j cj j cj j cj j cj

1 –1.791 654 6 –0.043 670+0.505 632i 11 –0.002 060–0.000 111i 16 0.002 963+0.002 294i

2 0.015 065 7 0.001 467–0.003 559i 12 –0.002 060+0.000 111i 17 0.013 847–0.025 562i

3 –0.001 122 8 0.001 467+0.003 559i 13 0.345 635–0.339 667i 18 0.013 847+0.025 562i

4 0.600 040 9 0.098 280–0.115 496i 14 0.345 635+0.339 667i 19 0.170 747+0.086 448i

5 –0.043 670–0.505 632i 10 0.098 280+0.115 496i 15 0.002 963–0.002 294i 20 0.170 747–0.086 448i

²w, òL1�L2¥�ê�(J�\(2.8)ªO��¬uy, d���Ï3�m©Ù¼êL

�ª¥Ñy
EXê, ù�VÇØ¥DÚ¿Âþ�ÅCþ©Ù¼ê�L�/ª��$�.

�
5;ù«/ªþ�É~, ·�æ^E©Û¥� Euler úªeix = cosx+ i sinx, ò©Ù

¼ê^¢Xê��ê9�!{u¼ê\±L«, �ª�ÑXe'uW (t)�)ÛL�

W (t) = 1 + 0.124 882e−14.346 761t − 0.001 334e−11.289 496t

+0.000 148e−7.600 679t − 0.963 670e−0.622 661t

+2[0.000 269e−7.647 572t cos (0.411 801t)

+e−5.066 039t(−0.000 545 cos (0.401 942t) + 0.000 496 sin (0.401 942t))

+e−9.134 473t(−0.000 140 cos (0.471 222t) + 0.000 397 sin (0.471 222t))

+e−4.571 864t(−0.001 244 cos (1.368 600t) + 0.005 963 sin (1.368 600t))

+e−2.699 607t(−0.060 097 cos (1.667 630t) + 0.005 102 sin (1.667 630t))

+e−8.198 641t(−0.007 608 cos (2.223 028t) + 0.016 150 sin (2.223 028t))

+e−11.030 746t(0.012 886 cos (2.280 004t) + 0.043 175 sin (2.280 004t))

+e−6.221 260t(−0.023 297 cos (3.041 430t) + 0.065 987 sin (3.041 430t))].

�~2 b�XÚ¥ÑÖ
U�â���¦�ÙJø 3«ØÓa.�ÑÖ,���©

O±p1 = 1/2, p2 = 1/3Úp3 = 1/6�VÇÀJ3«ÑÖa.¥��«. ùn«ÑÖ�mV

Ç�Ý¼êéAXe:

f1(t) =
2

0.3
√

2π
e−

t2

2×0.09 , t>0, f2(t) =
2

0.7
√

2π
e−

t2

2×0.49 , t>0, f3(t) =
2

0.9
√

2π
e−

t2

2×0.81 , t>0.

¯¢þ, þãn«ÑÖ�m©Ù´þ��� 0, ��©O�σ2
1 = 0.09, σ2

2 = 0.49,

σ2
3 = 0.81���©Ù��ä©Ù. d�, TXÚ��ÏrÝρ = λ

µ = 0.851 077. duþã

�ä��©Ù� LS C�Øä�kn¼ê/ª, nÜ�Äê�O�°Ý��¦, ÏL¦)

ùn«©Ù�g�c11��:Ý, ·�k¦^/ª� [5/6] � Padé%Cé�z�©Ù¼

ê� LSC�¤éA�kn¼ê/ª,ùpÎÒ [5/6]L« Padé%C¥©f´'us�5g

õ�ª, ©1´'us� 6 gõ�ª.

P1(s)

Q1(s)
=

1 + 0.231 207s+ 0.028 170s2 + 0.001 901s3 + 0.000 072s4 + 1.175 655× 10−6s5

1+0.470 572s+0.095 809s2+0.010 839s3+0.000 722s4+0.000 027s5+4.428 194×10−7s6
;

P2(s)

Q2(s)
=

1 + 0.539 482s+ 0.153 372s2 + 0.024 143s3 + 0.002 127s4 + 0.000 081s5

1+1.098 001s+0.521 626s2+0.137696s3+0.021 387s4+0.001 862s5+0.000 072s6
;

P3(s)

Q3(s)
=

1 + 0.693 620s+ 0.253 533s2 + 0.051 314s3 + 0.005 812s4 + 0.000 286s5

1+1.411 716s+0.862 280s2+0.292 655s3+0.058 442s4+0.006 543s5+0.000 323s6
.
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ò LSC��kn¼ê/ª9Ù¤éA�ÑÖa.ÀJVÇpi(i = 1, 2, 3)�\(2.4)ª,

z{���

P (s) = 9.788 853× 1013 + 2.500 807× 1014s+ 3.048 466× 1014s2

+2.348 261× 1014s3 + 1.276 946× 1014s4 + 5.189 651× 1013s5

+1.628 721× 1013s6 + 4.023 885× 1012s7 + 7.909 183× 1011s8

+1.242 150× 1011s9 + 1.557 313× 1010s10 + 1.549 326× 109s11

+1.208 736× 108s12 + 7.248 505× 106s13 + 323 180.522 064s14

+10 114.393 670s15 + 199.000 998s16 + 1.854 238s17;

Q(s) = 9.788 853× 1013 + 2.917 361× 1014s+ 4.121 873× 1014s2

+3.666 375× 1014s3 + 2.299 332× 1014s4 + 1.078 924× 1014s5

+3.922 833× 1013s6 + 1.129 173× 1013s7 + 2.606 600× 1012s8

+4.858 076× 1011s9 + 7.322 915× 1010s10 + 8.902 121× 109s11

+8.660 745× 108s12 + 6.652 634× 107s13 + 3.948 274× 106s14

+174 897.216 257s15 + 5 454.727 314s16 + 107.131 628s17 + s18.

UòP (s)�Q(s)�\(2.5)ª���W ∗(s)�äNê�)ÛL�ª. 2|^ Mathe-

matica 10.3 ¥ Solve ·-��W ∗(s)©1äk19�ü�, Ù¥k18�¢Ü�K�ü�, ·

�òÙP�α1, α2, · · · , α18, Ù(JXL 3 ¤«.

L 3 W ∗(s)18 �A���ê�O�(J

j αj j αj j αj

1 –13.498 720 7 –6.153 209+0.963 524i 13 –3.773 321+0.585 255i

2 –11.174 145–5.888 456i 8 –4.697 577–2.880 774i 14 –3.467 864–1.745 791i

3 –11.174 145+5.888 456i 9 –4.697 577+2.880 774i 15 –3.467 864+1.745 791i

4 –9.326 209–8.117 249i 10 –3.903 610–3.417 033i 16 –3.134 519–2.694 234i

5 –9.326 209+8.117 249i 11 –3.903 610+3.417 033i 17 –3.134 519+2.694 234i

6 –6.153 209–0.963 524i 12 –3.773 321–0.585 255i 18 –0.372 001

dL 3 ��d�~E�!n¥�/ 1 �©Û´¬Ü�, d(2.9)ªO���cj(j =

1, · · · , 18)

��XL 4 ¤«.
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L 4 W (t)¥�½Xêcj�ê�O�(J

j cj j cj j cj

1 –1.110 033 7 0.213 074+0.211 178i 13 0.005 040 58+0.004 004 1i

2 –0.127 550–0.858 193i 8 0.093 305–0.206 673i 14 0.007 963 59–0.018 077 6i

3 –0.127 550+0.858 193i 9 0.093 305+0.206 673i 15 0.007 963 59+0.018 077 6i

4 0.227 457+0.153 675i 10 0.068 925 6+0.082 136 8i 16 0.015 394+0.017 977 3i

5 0.227 457–0.153 675i 11 0.068 925 6–0.082 136 8i 17 0.015 394–0.017 977 3i

6 0.213 074–0.211 178i 12 0.005 040 58–0.004 004 1i 18 0.378 951

aq�~ 1 ¥�?n�{, d�©Ù¼êW (t)�^¢Xê��ê9�!{u¼ê\

±L«

W (t)= 1− 1.018 682e−0.372 001t + 0.082 233e−13.498 720t

+2[e−11.174 145t(0.040 610 cos (5.888 456t) + 0.055 402 sin (5.888 456t))

+e−9.326 209t(−0.022 037 cos (8.117 249t) + 0.002 702 sin (8.117 249t))

+e−6.153 209t(−0.028 554 cos (0.963 524t) + 0.038 791 sin (0.963 524t))

+e−4.697 577t(0.005 173 cos (2.880 774t) + 0.040 824 sin (2.880 774t))

+e−3.903 610t(−0.020 425 cos (3.417 033t) + 0.003 162 sin (3.417 033t))

+e−3.773 321t(−0.001 144 cos (0.585 255t) + 0.001 239 sin (0.585 255t))

+e−3.467 864t(0.000 262 cos (1.745 791t) + 0.005 081 sin (1.745 791t))

+e−3.134 519t(−0.005 660 cos (2.694 234t) + 0.000 871 sin (2.694 234t))].

�~ 3 b�XÚ¥ÑÖ
U�â���¦�ÙJø 8 «ØÓa.�ÑÖ, �z�

I�ÑÖ���©O±p1 = 1.624 098 × 10−14, p2 = 0.750 752, p3 = 0.217 637, p4 =

0.029 282 6, p5 = 0.002 226 82, p6 = 0.000 098 696 8, p7 = 2.387 801 × 10−6Úp8 =

2.444 813× 10−8�VÇÀJù 8«ÑÖa.¥��«. ùp, 8«a.¤éA�ÑÖ�m

©Ù©OÑlëêþ�7���!��!n�!o�!Ê�!8�!Ô�Úl�� Erlang

©Ù, =§�äkXe�VÇ©Ù¼ê:

B1(t) = 1− e−7t, t > 0, B2(t) = 1−
1∑
k=0

(7t)k

k!
e−7t, t > 0,

B3(t) = 1−
2∑
k=0

(7t)k

k!
e−7t, t > 0, B4(t) = 1−

3∑
k=0

(7t)k

k!
e−7t, t > 0,

B5(t) = 1−
4∑
k=0

(7t)k

k!
e−7t, t > 0, B6(t) = 1−

5∑
k=0

(7t)k

k!
e−7t, t > 0,

B7(t) = 1−
6∑
k=0

(7t)k

k!
e−7t, t > 0, B8(t) = 1−

7∑
k=0

(7t)k

k!
e−7t, t > 0,

�þ�©O� 1
µ1

= 1
7 , 1

µ2
= 2

7 , 1
µ3

= 3
7 , 1

µ4
= 4

7 , 1
µ5

= 5
7 , 1

µ6
= 6

7 , 1
µ7

= 1Ú 1
µ8

= 8
7 . 3þã

^�eXÚ��ÏrÝρ = λ
µ = 0.652 369. ò 8«ÑÖ�m©Ù� LSC�9ÑÖa.À
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JVÇpi(i = 1, 2, · · · , 8)�\(2.4)ª, ² Mathematica 10.3 $�z{���

P (s) = 5.764 801× 106 + 4.707 956× 106s+ 1.602 395× 106s2 + 290 942.138 907s3

+29 721.378 095s4 + 1 619.697 241s5 + 36.786 848s6 + 1.136 868× 10−13s7;

Q(s) = (s+ 7)8.

UòP (s)�Q(s)�\(2.5)ª���W ∗(s)�äNê�)ÛL�ª. 2|^ Mathematica

10.3¥ NSolve·-��W ∗(s)©1äk 8��.Ù¥α1 = −7.353 588�α2 = −1.502 076´

ü�, α3 = −7.524 056´8�. ��/ 2 aq, òαi(i = 1, 2, 3)�\(2.13)ª��X

êm11, m219m3j(j = 1, · · · , 6)�ê�(JXL 5.

L 5 W (t)¥�½Xêmij�ê�O�(J

j = 1 j = 2 j = 3 j = 4 j = 5 j = 6

i = 1 –2.765 961 – – – – –

i = 2 1.820 960 – – – – –

i = 3 0.945 000 2.293 986 –1.024 748 0.424 300 –0.085 668 0.009 174

òþãmij(i = 1, 2, 3; j = 1, 2, · · · , 6)�\(2.12)ª, �����Ï3�m©Ù¼ê�:

W (t) = 1− 0.163 842e−7.524 056t + 0.376 138e−7.353588t − 1.212 296e−1.502 076t

−0.287 755te−7.524 056t + 0.064 449 8t2e−7.524 056t − 0.009 150 11t3e−7.524 056t

+0.000 467 66t4e−7.524 056t − 0.000 010 160 5t5e−7.524 056t, t > 0.

��, ��*å�·�3ã 1 ¥±�
��Ï3�m©Ù¼ê�ã�, lã¥��

�t→∞�©Ù¼êW (t)���ªCu1, ù�¯¢´��¬Ü�.

ã1 �~ 1!�~ 2 ��~ 3 ¥��Ï3�m©Ù¼ê�ã�

4 (Ø

©Ùòüè�.©Û¥�ü«;.©Û�{, =i\ MarkovóÚ LSC��{�E

©Û¥�,
?nE|9ê�%C¥� Padé%C�(Ü, |^kn¼ê/ª���Ï3
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�m LSC�,|©/Ï“Äu©1A��”�C��üg�¤õ&¢
¦)�5zÑÖü

èXÚ¥��Ï3�m©Ù¼ê�ê�å». ���J�´, �©�ïÄó�Ø2==

�ò5¿åÊ33XÚ'�5U�I�$��:Ý�êiA��nØí�þ, ´¿©

|^©1A���ê�(J�Ñ��Ï3�m©Ù¼ê���°O�ê��O. ÎÃ¦

¯, ù¬¦<��\�¡��/Ýº�ÅÑÖXÚ¥��Ï3�m�I��«VÇ&E,

l�y¢¥XÚ�+nûüL§Jø�\�¦���þz�â. Ïd, ØØl¢^5

�Ýw�´lnØ5�Ýw�©�ïÄÑäk�¿Â. d	, òY�©�©Ûg´, ·

�@���ò�����L§l Poisson6í2��\��� Markovian Arrival Process

(MAP), ïÄäkê¼��L§��5zÑÖüèXÚ¥��Ï3�m�VÇ©Ù.
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