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The DGM(1,1)atan model with variable weight based on
arc-tangent function and its application

LI Chong, XIE Xiuping

(College of Economics and Management, Fuzhou University, Fuzhou 350116, China)

Abstract The accumulative generation operator of traditional DGM(1,1) model does not consider that

data volatility will affect the data development trend. This limitation makes a homogenous exponential

growth prediction model difficult to simulate stochastic oscillation sequence. To solve this problem, this

paper proposes a stochastic oscillation analysis method based on the mean value sequence of raw data, and

design a new accumulative operator using trigonometric function values during its weight generation. Based

on this accumulative operator, a new DGM(1,1)atan model with variable weights is provided. Finally, this

model is used to forecast data in field of marine water quality monitoring. Result shows the effectiveness

and practicability of the proposed model.

Keywords sequence prediction; DGM(1,1); variable weight accumulative generation operator; stochastic

oscillation sequence
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(, �/&) DGM(1,1) ���	�� �'�'(�� [5−7](*!�( [8−9])�!�( [10−11]�
	*)�*+ [12−13]�����	�+,�,�	��� [14] ��(��, -0-�	�'�'(.

�1� DGM(1,1)���	�$+������%,Æ./�"�2-&.���,.�'#(���
0)/"��/�1�30212*30�, 3� DGM(1,1) ���	�41��������+05. �

4, 4��56�1�30�����$-��72, �172�/,#�: 1) �	3-��(: 84��

9-:��6��	 [15−16]; DGM(1,1) 4�	"�;. [17−18]; 2) 5�5%<6��1�� [19]; 3) 6/5

%��( [20−21]. ��7���728Æ, �87����6/5%����	�=>�+0�8(�9�
(. 70: 8Æ [20] 5���12:�9!�6/5%, 83���-��������, �9���?@
���&�; 8Æ [21] ��9!�:+/�����4�; 8Æ [22] �4(A-B�, 3:-����/9

5�� WGM(1,1) �	, ���/95�;9�;������30��3�3+�=>.

�;
<=*+, �8���72���<, ,;.6/��5%9!�63�7, ��5�����
#7C>�D�<!E������30�; ?8���<!E�<@@5�, ;9:5�&�-:�96
/��5%�;</>; '=, �F5%��<3:-��<@@5�9!6/��� DGM(1,1) ���	.

:�	�2-=��1�30�, 	0
=����1�30�������, ��=;
- DGM(1,1) �

��	����"�2-������>3�>�*+.

2 ()L*MN+ DGM(1,1) ,-
2.1 ./O0PQ

1R 1[23] ���� X0 = {x0(1), x0(2), · · · , x0(n)} �� ∀k = 2, 3, · · · , n:

1) A x0(k) − x0(k − 1) > 0, �> X0 �?@2-��;

2) A x0(k) − x0(k − 1) < 0, �> X0 �?@B?��;

3) A ∃k, k∗ ∈ {2, 3, · · · , n} � x0(k) − x0(k − 1) > 0, x0(k∗) − x0(k∗ − 1) < 0, �> X0 �1�30�
�.

1R 2[24] ?���@�� X0 = {x0(1), x0(2), · · · , x0(n)}, D1 ���5%,

X0D1 = {x0(1)d1, x0(2)d1, · · · , x0(n)d1}.
+#, x0(k)d1 =

∑k
i=1 x0(i), k = 1, 2, · · · , n, �> D1 � X0 ���6/��5%, A� 1-AGO; > r ?5%

Dr � X0 �� r 6/��5%, r-AGO, A�

X0D1 = X1 = {x1(1), x1(2), · · · , x1(n)},
Xr−1Dr = Xr = {xr(1), xr(2), · · · , xr(n)}.

+#, xr(k) =
∑k

i=1 xr−1(i), k = 1, 2, · · · , n.

ST 1[24] CB�@����� r �6/��5%&�=�?@A2��.

U2 1 x1(k + 1) =
∑k+1

i=1 x0(i), x1(k) =
∑k

i=1 x0(i), x1(k + 1) − x1(k) = x0(k + 1), x0(k + 1) > 0, 3

� x1(k + 1) − x1(k) > 0, X1 �?@A2��.

D�, xr(k + 1) =
∑k+1

i=1 xr−1(i), xr(k) =
∑k

i=1 xr−1(i), xr(k + 1) − xr(k) = xr−1(k + 1) > 0. 3�, Xr

�?@A2��.

3V 1[24] Xr = {xr(1), xr(2), · · · , xr(n)} ��@�� X0 � r �6/����, r �CG�@H�, �

r B���, ��CG ε > 0, /� N , '��CG k, N < k ≤ n, ��E�::

pr(k) =
xr(k)∑k−1

i=1 xr−1(i)
< ε.

C�� Xr B�12212: pr(k) → 0, k → ∞.

����1�30�������, �6/��5%�&�, �D?F1��, C�Æ.�"�2-
&..

2.2 DGM(1,1) 4W564X7
?�@�� X0 = {x0(1), x0(2), · · · , x0(n)}, +��6/����� X1 = {x1(1), x1(2), · · · , x1(n)}, +
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# x1(k) =
∑k

i=1 x0(i), k = 1, 2, · · · , n, >

x1(k + 1) = β1x
1(k) + β2 (1)

� GM(1,1) �	�@GIE, E> DGM(1,1) �	.

A β̂ = [β1, β2]T, +# Y =

⎡
⎢⎢⎢⎣

x1(2)
x1(3)

...
x1(n)

⎤
⎥⎥⎥⎦ B =

⎡
⎢⎢⎢⎣

x1(1) 1
x1(2) 1

...
...

x1(n − 1) 1

⎤
⎥⎥⎥⎦, ���H��� x̂1(k + 1) = β1x̂

1(k) + β2

#6��'�EFF8� β̂ = (BTB)−1BTY . I x̂1(1) = x0(1), �E% (1) ���>DE�:

x̂1(k + 1) =
(

x0(1) − β2

1 − β1

)
βk

1 +
β2

1 − β1
, k = 1, 2, · · · , n − 1 (2)

E (2) �6?0�E�:

x̂0(k + 1) = x̂1(k + 1) − x̂1(k) (3)

��E (2), x0(1) − β2
1−β1

� β2
1−β1

<�
�, 3�E (2) ��/�"�2-5�.

1E (2)(3)�GH��X0 ���>DE� x̂0(k + 1) = (β1 − 1)(x0(1) − β2
1−β1

)βk−1
1 , k = 1, 2, · · · , n − 1

+#, (β1 − 1)(x0(1) − β2
1−β1

) �
�, 3��� X0 ���>DE�/�"�2-5�.

I�?6/����9!� 1 ��96/���, GH��� X0 ���>DE�/�"�2-5
�, .�G�� X0 �	�1�30��, IJÆ9�"�2-KL�, �	���>39��HJ.

��6/��5%��A���I6���70)L, '��9�&.���C��2-KL, �3�

�	-(��K8. ���6/��5%9�BC�����L2�, 6/���6?0�JD���,

6?0�GH���JDEK9KE����30�.

3 9Y:Z;<Æ[\()MN= DGM(1,1) -]

3.1 >^?_@A`Ba5./PQ
1R 3[24] ?�@���� X0 = {x0(1), x0(2), · · · , x0(n)}, X̄0 = 1

n · ∑n
i=1 x0(i), �>

ϕ0(k) =
x0(k − 1)

X̄0
, k = 2, 3, · · · , n + 1

��� X0 �<!E, -�<!E�� ϕ0 = {ϕ0(2), ϕ0(3), · · · , ϕ0(n + 1)}.
ST 2[24] ���� X0 �<!E�� ϕ0 �J�;F3�� 1, <!E�� ϕ0 J���M��.M=

JÆJD.

U2 ���� X0 = {x0(1), x0(2), · · · , x0(n)} � ϕ0 = {ϕ0(2), ϕ0(3), · · · , ϕ0(n + 1)} -3JD, 2)!
G���H, +# ϕ0(k) = x0(k−1)

X̄0 , k = 2, 3, · · · , n + 1, 1
X̄0 
�, 18Æ [24] C, ��J�;F3IL�

�J���M��.M=DF��N�, J�;F3� 1 �, IL���.M=J�, ;2�F�����
J�;F3. L� ϕ0 = X0

X̄0 , ϕ0  X0 � 1
X̄0 O, 3��� X0 ��� ϕ0 �J�;F3� 1, C���� X0

� ϕ0 J���M��.M=JD.

1R 4 ?�@�� X0 = {x0(1), x0(2), · · · , x0(n)}, W 1 ��?6/����5%,

X1
w = X0W 1 = {x0(1)w1, x0(2)w1, · · · , x0(n)w1}.

x0(k)w1 = x1
w(k) =

k∑
i=1

(
2
π
· arctan(ϕ0(i)) · x0(i)

)
, k = 1, 2, · · · , n.

+#, ϕ0(1) = 1; ϕ0(i), i = 2, 3, · · · , n + 1 ��� X0 �<!E. �> W 1 � X0 �<@@5�9!�?6/
��5%, A� 1-WAGO. > r ?5% W r � X0 � r �<@@5�9!6/��5%, A� r-WAGO.

Xr
w = Xr−1W r = {xr−1(1)wr, xr−1(2)wr , · · · , xr−1(n)wr}.

xr−1(k)wr = xr
w(k) =

k∑
i=1

(
2
π
· arctan(ϕr−1(i)) · xr−1

w (i)
)

, k = 1, 2, · · · , n.

+#, ϕr−1(k) = xr−1
w (k−1)

X̄r−1 , k = 2, 3, · · · , n + 1, X̄r−1 = 1
n · ∑n

i=1 xr−1
w (i).
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1� 2 �G<!E�� ϕ0 ��� X0 J���M��.M=JÆJD, C���<!E�� ϕ0 <
D�� X0 J���M�70KL. 2

π · arctan(ϕ0(i)) ��@?@A25�, 3� 2
π · arctan(ϕ0(i)) D���

<M���� X0 �30��.

ST 3 <@@5�9!6/��5%?@A2��.

U2 �@�� X0 ��?<@@5�9!6/���� X1
w = {x1

w(1), x1
w(2), · · · , x1

w(n)}, 1+N 4 G

x1
w(k) =

k∑
i=1

(
2
π
· arctan(ϕ0(i)) · x0(i)

)
,

x1
w(k + 1) =

k+1∑
i=1

(
2
π
· arctan(ϕ0(i)) · x0(i)

)
,

x1
w(k + 1) − x1

w(k) =
2
π
· arctan(ϕ0(k + 1)) · x0(k + 1).

1�<@@5�?@A25�, 2I ϕ0(k + 1) > 0 �, 0 < 2
π · arctan(ϕ0(k + 1)) < 1, 3�

x1
w(k + 1) − x1

w(k) > 0.

X1
w �?@A2��.

D�, ���� Xr
W = {xr

w(1), xr
w2), · · · , xr

w(n)}, 1+N 4 G

xr
w(k) =

k∑
i=1

(
2
π
· arctan(ϕr−1(i)) · xr−1

w (i)
)

,

xr
w(k + 1) =

k+1∑
i=1

(
2
π
· arctan(ϕr−1(i)) · xr−1

w (i)
)

,

xr
w(k + 1) − xr

w(k) =
2
π
· arctan(ϕr−1(k + 1)) · xr−1

w (k + 1) > 0.

3� Xr
W �?@A2��.

3.2 >^?_@A`Ba./PQ5bE4W
?�@���� X0 = {x0(1), x0(2), · · · , x0(n)}, M�+N 4, �� X0 ��?<@@5�9!6/��

��� X1
W ={x0(1)w1, x0(2)w1, · · · , x0(n)w1},M�NE (1)G x̂1

w(k+1)=β3x̂
1
w(k)+β4,+#, ω̂ = [β3, β4]T

= (BTB)−1BTY , 2 Y =

⎡
⎢⎢⎢⎣

x1
w(2)

x1
w(3)
...

x1
w(n)

⎤
⎥⎥⎥⎦, B =

⎡
⎢⎢⎢⎣

x1
w(1) 1

x1
w(2) 1
...

...
x1

w(n − 1) 1

⎤
⎥⎥⎥⎦.

1) I x̂1
w(1) = x0(1)

x̂1
w(k + 1) =

(
x0(1) − β4

1 − β3

)
βk

3 +
β4

1 − β3
, k = 1, 2, · · · , n − 1 (4)

2) 0�!
x̂1

w(k + 1) − x̂1
w(k) =

2
π
· arctan(ϕ̂0(k + 1)) · x̂0(k + 1), k = 1, 2, · · · , n − 1 (5)

OP�8Æ [25] #���6?0���#, ��O5�6ID(�9J� x̂0(k + 1) ���O5, �-

PK6I�D���3+�=>, ?8-�F;.6?0���. �89Q��F;.6?0���, 9�

��0���IR�:

1) I�	�����, C k = 1, 2, · · · , n − 1 �:

x̂0(k + 1) =
((β3 − 1) · x0(1) + β4)βk−1

3
2
π · arctan(ϕ̂0(k + 1))

(6)

+#, ϕ̂0(k + 1) = ϕ0(k + 1) = x0(k)
X̄0 .

2) I�	�����, C i = 1, 2, · · · �:

x̂0(n + i) =
((β3 − 1) · x0(1) + β4)βn+i−2

3
2
π · arctan(ϕ̂0(n + i))

(7)

+#, ϕ̂0(n + i) = x̂0(n+i−1)
X̄0 .
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E (6) � (7) �>���<@@5�9!6/�� DGM(1,1) �	, E>� DGM(1,1)atan.

3.3 DGM(1,1)atan 4WGc
1R 5 ?�@�� X0 = {x0(1), x0(2), · · · , x0(n)}, �> μ(k + 1) = x0(k+1)−x0(k)

x0(k) , k = 1, 2, · · · , n − 1,

��� X0 �2-=.

1NE (6) G, ��!�2-=�:
x̂0(k + 1) − x̂0(k)

x̂0(k)
= β3 · arctan(ϕ0(k))

arctan(ϕ0(k + 1))
− 1, k = 1, 2, · · · , n − 1 (8)

1NE (7) G, ��!�2-=�:
x̂0(n + i + 1) − x̂0(n + i)

x̂0(n + i)
= β3 · arctan(ϕ̂0(n + i))

arctan(ϕ̂0(n + i + 1))
− 1, i = 1, 2, · · · (9)

�� DGM(1,1) �	���>DE: x̂0(k + 1) = (β1 − 1)(x0(1) − β2
1−β1

)βk−1
1 , k = 1, 2, · · · , n − 1, +2

-=�:
x̂0(k + 1) − x̂0(k)

x̂0(k)
= β1 − 1 (10)

ST 4 DGM(1,1)atan �	�	JÆ��/�"�2-��.

U2 ?/�/�"�2-�� X0 = {x0(1), x0(2), · · · , x0(n)} = {c, c2, · · · , cn}, +2-=� c − 1.

$? DGM(1,1)atan �		JÆ���� X0, � x̂0(k) = ck, k = 1, 2, · · · , n. M�+N 5, ��!�2-
=�:

x̂0(k + 1) − x̂0(k)
x̂0(k)

=
ck+1 − ck

ck
= c − 1, k = 1, 2, · · · , n − 1 (11)

1NE (8) C�	 DGM(1,1)atan ���!2-=�: x̂0(k+1)−x̂0(k)
x̂0(k) = β3 · arctan(ϕ0(k))

arctan(ϕ0(k+1)) − 1. M�E

(8)(11) C, I$?�:�, ��CG k = 1, 2, · · · , n − 1 �

β3 · arctan(ϕ0(k))
arctan(ϕ0(k + 1))

− 1 = c − 1 (12)

�:.

PL�, 1+N 3C arctan((ϕ)0(1)) = arctan(1), arctan(ϕ0(k+1)) = arctan(n.ck−1.(1−c)
1−cn ), k = 1, 2, · · · ,

n − 1, 3�, arctan(ϕ0(1))
arctan(ϕ0(2))

arctan(ϕ0(2))
arctan(ϕ0(3))· · ·arctan(ϕ0(n−1))

arctan(ϕ0(n)) �ÆJ�, C/� k = 1, 2, · · · , n − 1, 'G

β3 · arctan(ϕ0(k))
arctan(ϕ0(k + 1))

�= c (13)

E (12) �E (13) LS, C$?��:, 3��	 DGM(1,1)atan �	JÆ��/�"�2-��.

18Æ [26] �C DGM(1,1) �	��JÆ��/�"�2-�� X0 = {c, c2, · · · , cn}. M�� 4 �

C, DGM(1,1)atan �	�	JÆ��/�"�2-��, I�����"�2-��QÆ."�2-��
�, DGM(1,1)atan �	��>3�	�;� DGM(1,1) �	. � DGM(1,1) �	JÆ��/�"�2-
�����>D5��"�5����, ' DGM(1,1) �	�	M������70KL@H2-=, TH
�1�30��3����O5(�. 1E (8)(9) C DGM(1,1)atan �	���>D5���"�2-
5�, +2-=� β3 ��?<@@5�9!6/��5%�:!J;, ��?<@@5�9!6/��5
%�:!J;��	#�U�FQR�/4, �	���=M������70KL@H2-=, <M�
��1�30�..

DGM(1,1)atan �	�	��<!E�<@@N65�<D���L2��, D�����	#�U/
4FQR, R;�-FQR;S���, P3�-MOQR, '�	�2-=��(
�
D�, PQ�Æ.
"�2-������+�0 DGM(1,1) �	, ���VNO��30��PT����*+, <M-2-
=����, 'G�		�0
=
D�������30�, �>-�	�Q'�����.

4 dIJe
SUR �SV�)TR�K/=>,��=��SUÆSSU�R "W���4SSUT�ST*

+(A�XL.SUR  ��L1��.���,2R �.�LPT��.�89D�DGM(1,1)atan
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�	-3V3U4SUT4SW�UUDMYZ%VUU�>VWW"��.��,;9:�	����+
�[�� DGM(1,1) �	(A:0���. N 1 #���WNV3U4SUT4SW�UUW�QR.

O 1 2016 P 4 f – 10 fgQRhiSTUVWjklm
�X 4 � 5 � 6 � 7 � 8 � 9 � 10 �

X\]YX^X$YYYXZ$(g\l) 39.0 32.5 38.6 36.2 33.7 35.0 34.85

N 1#� 2016Z 4YH 10Y���-���X0 = {39.0, 32.5, , 38.6, 36.2, 33.7, 35.0},�_�DGM(1,1)

�	 DGM(1,1)atan �	��� X0 -3���	, 9 10 Y�����Z[�	����+.

,Z 1 ��A�, ������ X0 1�30, �[[&., ��<@@5�9!6/5%��=,
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