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Abstract This paper proposed a joint periodical inspection and spare parts policy for a single-unit system

subject to a three-stage failure process. In such a policy different maintenance activities are performed

depending on the state of the system at inspections. When the system is in the normal state, do nothing;

imperfect maintenance (IPM) is performed once a minor defect is found and the proportional age reduction

model is adopted to describe the effect of IPM; however, once a severe defect is detected the system should

be replaced. The spare parts state should be considered if the replacement is required for the system,

and there are three different scenarios. The first is that spare parts are available such that replacement

can be carried out immediately, the second is that spare parts have been ordered but not delivered so a

delayed replacement is performed till the arrival time of spare parts, and the last is that no spare parts

are ordered then an immediate order is placed and replacement till the arrival time of spare parts. The

objective function minimizing the long-run expected cost per unit time is developed by considering all

possible renewal events using the renewal award theorem in order to optimize the inspection interval and

the ordering point. Finally, the enumeration optimization algorithm and discrete simulation algorithm are

designed, respectively; and the effectiveness and applicability of the proposed model are illustrated by a

numerical example.
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1 NO

������, �����������, �������������� . ����������

��� ��������, ����!!��"�"#���$���. #�, �$��%&!!���

�; �", �%��������� [1]. �&����', (!')(����!!���������

�����, )(!'")(����$��#� ��. ��, *����*+$,+-"#,��%�
�� [2], & ���./���, �/�����*-0�12�.

�������.'��3�, 4$(56�7/,+ [3−4]. Horenbeek !������0"�.'+

$3�!!��� [5], 18$-0#������* ((&������*, (&92����*$���

�)�,�0")%�* ( �)%�*$3:)%�*) ����'!!�*;. ��,&� -0'& (

()*�����<���4*�+,+ 92$�����!&$�������"���!!����
� (preventive replacement, PR), �)*�����<���4*�-"� ""#����� (corrective

replacement, CR)[6−12]. .�� PR "� CR '#���*�,�,=�$, -�=. .��.�����
/���%=���%5, "$6&/��#���*�,�,=�$,� �$�%�4(0�$, -�

'7��; 8(���'7���*�,+Æ� [13−14]. ��, ������.'�*3��, "#�'7�

��,+"Æ), Yu ! [15] ,+�$������#� 3�, & ��*$1023/�+((���

 , ���!!�'7��; 1��-" N − 1 2� !, �4��+��,(�����, ��3 N 2�

 -"+���4&" �$!����, �"%����, !��. $((��-"� 5>!!�'

7��, 6$6789�-?5.6: &/0, %;97��!<1�. @�, &8���-"� �(�
40�$�2!!��, ������.1����12Æ:;.

)9�82�(������!3, &/4:���$;�����; �A=&)9���3:�, <

>?24�B=<5 (>=6$7�) "!��C�$>9#@8)9�*. 8$�),+���C�$>
9���������*!!�.'+$, .'& �����'7� [8−10]; .���?��9$1�'
6?;2�C�$>9<5, 9D@8)9�*:#@(� )������!3. )9D �/@ �@

����$!!)%, 0����-";��E�F�!!��DAA� -", �$�@8)9����

���*,+8$*�, .����4.'���,+:4&ÆBBC. %D!%���������*C

-!'8E,�:;12, ?+6?&/C%)9$��4:�E����)9$�!!+$ [16]. ,BC

%D!%��1��<D$�A*@�8BC#%D!%BC,2�0=�$,�E-"F�%�!%GG
@ “�8BC”, �0�E-"F,� FG@ “%D!%BC”. Wang =2,+�(&,BC%D!%��

����������4�*.'+$3�,��*���,H� ���)9�*�$��)%���*
.'-0,�!+$� E$� $�#)9$�D%H$)Æ!%F��I�� [17]. 1���9B*� 
8&?&!, �E,+G>@10?2I@/�; (&�&1 Wang !(B,+�� $�F����  
#�����!&4:��E 8, ?C%����$+A(�!�!!�H [18]. �,0,+�*�*$
10,BC%D!%��, 9D*�$6��$@�8$�E#� ; �@� .�)9-$4:+)94

:�8�$4.�!!�����, 9D'$)94:�EJ!!����, +'& !!�����. �

�.��*��$�A*$6K/�0, �(&����$;������!3, I%�'7��.

������, 8;2C$D$J��JAK�1�*$BC, CALD��4&K �E�$$DA
LM(E�E�$$JALD�8N!. @�, Wang =2,H��BC� /�EF [19], -1,BC%D

!%��%D!%BC!(BO*@E�EBC#K �EBC;8$P�)9�*+$�,+(&���

!!C- [20−21], .L"#����*+�'7��. �&���1���$A*@�8$E�E$K �
E#� �$G0, �@���AM)94:����$!!����,F�C-(M. I%, �97�!
<Q;/��, RN���&)OHGS)N#OI!�JHP�T8, UV�RNKP/QRB!E�E,
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�K !1WX9B*E, $�@K �E; ��-?8;2CDJK�2�$. 1(, SIJ $��2�
$!!)%, �.RB$QK"L@4&�8�$�;�M3����; �-B�EY/Q�RB"�@E

�E�$�!!T*��QL, QLL#2,�,�8�#, ?��=�$; �K RB:6N!, "�%-

��; �RN�&K RB.MN!"L@-"� , �!�)%-��. ((� ���!!��"NN

,1���*U�0"��*U$;4*U�O&; �@���4&" �$"%-00"��*UR��
�H0O:DP/����, ���8�4-, "�!S, , $�!�"-�4"�;4*U%-� 

?!, !&!!��. ��RN���)�����4�*.'+$3�, ��Z1��BC� /��

�(MQ, PC"#�'7��� �)9����4.'�*-0, �!�)9$�#��� F!!+
$D%H$)Æ!%F��I��.

2 P���
2.1 Q����R��

1) "#LB)0*��L$(�� -3���, @V$[Z�G “��”. Q��*$/�10�B

C� /�, -�8BC$E�EBC$K �EBC, �BCPRT%+104*U. %R 1 9D, 2�
Xn (n = 1, 2, 3) LD3 n 0BC�:N!!%���PE; 0����$W%A*@ S = {�8$E�E$
K �E$� } = {s1, s2, s3, s4}.

2) SIJ $� T = α ·ΔT D�� CI )%��, 2� ΔT LD)Æ!% (8 \@ 1 S� 1 0V2,

- 8 H!) +$ α ∈ N; @�VW����(X;2 “S” #@��)Æ, ���Z�X ΔT = 1 S. M()

9 Tk = kT (k ∈ N) '6+T4:���,��$, -)9�'7�.

3)%S)94:���4&�8�$ s1,�;�M3����DY���T:N!;1)94:��4

&E�E�$ s2, �%-;�����, .Q���6#��UV,=�$, -����'7�; ��, ((

)94:���4&K �E�$ s3, %-����.

4) ��� !6?-�4:�.�)9+1%-��� ��, .W6:( �YX/0 CF .

2.2  ST.!/0"#1$��
1) �4&E�E��!!�'7��!, (&ZI92V*-0& �!& τk !!3 k 2��#Q

(2��N!!%� (τk − τk−1) P@ (1 − ρ) (τk − τk−1), 2� ρ (0 ≤ ρ ≤ 1) �Y!�2, 2&K���]

S [13]. 1 ρ = 1 !, ���'7�; ρ = 0 !�%H��; ��!!�'7�� (0 < ρ < 1), ��5���[

UZZ92@ (1 − ρ) τk, -��^Æ��92�V*E@ ρτk. 0�E,��� τk !&!!�'7��5,

�!& t (t > τk) �$]92@ t− ρτk; ��$3���$]92L�Q(2�'7��!& τk $�, ��

(22�'7��!&.�. %R 2 �9D, 3 k − 1$k 2���!&*:@ 20$30, .3 k 2��5��

�92V*E ρτk @ 5$[UZZ92 (1 − ρ) τk @ 25, ��3 k 2��5!& t (t = 40) ���$]92

@ t − ρτk = (1 − ρ) τk + (t − τk) = 25 + 10 = 35.

 X1  X2  X3

% 1 &'45U67(Æ

5kρτ =

30kτ = 40t =
( )1 25kρ τ− =

1 20kτ − =

% 2 8)V*+,(Æ-), .I ρ = 1/6

�3 k 2�'7����3 i 2)9^Æ�, - τk = Ti, "���!& Ti !!�'7��5�[UZ

Z92@ ΔTi = (1 − ρ)Ti. Q[UZZ92WWX��S0*$BC�V!-"[, ��E,���!&

Ti �'7��5, E�EBC$K �EBC$� �V!-"[*:@:
λi+1(x) = λ (x + ΔTi) , x = t − Ti

φi+1(y) = φ (y + ΔTi) , y = t − Ti − x

ϕi+1(z) = ϕ (z + ΔTi) , z = t − Ti − x − y

(1)

2�, x LD\@Q(2�'7��!& Ti �!%\]$y �\E�EF�!%\]$z �\K �EF�
!%\]; 1 i = 0 !, LM(M()9]-4:���E�E�$, --!!�'7��. �$^���3
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��<D�E[ ][ @ f (t) = h (t) · e−
∫

t
0 h(s)ds, 2� h (t) LD� [[ ; �3 (1) W�H���!

& Ti �'7��5�BC�E[ ][ , *:LD@:

fX1,i+1(x) = λi+1(x) · e−
∫ x
0 λi+1(s)ds = λ (x + ΔTi) · e−

∫
x
0 λ(s+ΔTi)ds = λ (x + ΔTi) · e

− ∫ x+ΔTi
ΔTi

λ(s)ds

fX2,i+1(y) = φi+1(y) · e−
∫ y
0 φi+1(s)ds = φ (y + ΔTi) · e−

∫ y
0 φ(y+ΔTi)ds = φ (y + ΔTi) · e

− ∫ y+ΔTi
ΔTi

φ(s)ds

fX3,i+1(z) = ϕi+1(z) · e−
∫

z
0 ϕi+1(z)ds = ϕ (z + ΔTi) · e−

∫
z
0 ϕ(z+ΔTi)ds = ϕ (z + ΔTi) · e

− ∫ z+ΔTi
ΔTi

ϕ(s)ds

(2)

2) �S0@8!& to = o · ΔT (o ∈ N) �4��, Y/,(� L 5��, , �Z�L@ L �J 8

 + L = l ·ΔT (l ∈ N) (�@ ΔT = 1, 9D to, L ∈ N). �&)*����', �2"D$�F, L�� (

2+� E@ 1. ��4&"^�$!�W-"*$, -U94&=�$.

3)XPE Vtβ
LD���!& tβ !��$;A=&����� $��, , "#D[2��_: Vtβ

= 0

LD-� , �! to > tβ ; Vtβ
= 1, X8� .����Y Z�, - to + L > tβ + to ≤ tβ ; Vtβ

= 2 LD

!& tβ ��8, +�4&"^�$ to + L ≤ tβ .

4) 1)94:��4&K �E�$ s3 ���-"� s4 !, �����; .$6�@���6?%

-��"�!!!S���� , ��&��� ���1�D5,+�!(BC-. @�C%(& �)

9���������.'�*-0, �\M_����!&��$6��$ {s3, s4} DN���$!!�
�, $6-"�[�%[:

[� 1: )9 Tk 4:��4&K �E�$ s3 +���$@ VTk
= 0, �!%-� ?!S, !&

���!!�=; ����!S�%F, �&��:4&N!�$"$$6-"� ;

[� 2: )9 Tk 4:��4&K �E�$ s3 +���$@ VTk
= 1, �!�E�!S��, !�

���; �`@, �!S��, ��%F, ��$$6-"� ;

[� 3: )9 Tk 4:��4&K �E�$ s3 +���$@ VTk
= 2, "%-����;

[� 4: ���!& Tf -"��� ��!���$@ VTf
= 0, �%-� ?!��, !&���

�;

[� 5: ���!& Tf -"��� +���$@ VTf
= 1, !S��, !&����;

[� 6: ���!& Tf -"��� +���$@ VTf
= 2, %-D����� ��.

5) ��4&K �E�$ s3 !)Æ!%F!S���_]�� Cs3
w H&��4&� �$ s4 !!S

���_]�� Cs4
w . �:)��@1��4&K �E�$!, X�!S��.�!��:�N!?`"

\a, ��1 Cs3
w < Cs4

w '�. )Æ!%F���$��@ CH .

6) �&4:K �E���-"� ����!!��!, 9^_���@ CR; Q_2`<>�4�

����$��-]a�"NN,���!!��!Æb�5;_$<�-?1b_$c=a`_2!.

3 /W>01?@XAY2Z[B3CD45E67\

\M��*$^FK�DN������4.'�*K�, 1;2�=bc��C%+$-0; ��P

E@)9$� T$���� F to, 8d[ @%H$)Æ!%F��I��. =c�)T d��=[�
�E[, ��E,P1��=$�F��I��#�I\]; (&3�K���a�[�, "���M([
�"#�K �EÆ4:�� -"(, ��"�)94:���E�E�$.

3.1 8G Tk 9HQ�I]^_:`a; s3, .!a;< VTk
= 0 = VTk

= 1

1) e_�=E[

�)9 Tk 4:K �E�$�(, A=&E�E�$��Æ4:+���!!��'7��, �"#

,�����=�b, *:%R 3 #R 4 9D. 2�R 3 LD�)9!& Tk(k = 1, · · · ,∞) �(, M()

9'-4:E�E�$; �R 4 Lc�!& Tk �(, )9 Ti (i = 1, · · · , k − 1; k = 2, · · · ,∞) %5(24:
��E�E�$ s2 ?!!�'7��. #�, 1�!& Tk ���$@ VTk

= 0 !, �%-!!� ?�

!& TR = Tk + L !!��, 2� TR LD���=!&; �1!& Tk ����Z�!, - VTk
= 1 �

to + L > Tk ∩ to ≤ Tk, �!, !& TR = to + L ����. �!S���% [Tk, TR] F.�!!)9J�
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,�=!& TR ����, �!& TR ��$6:4&K �E�$, %R 3(a) #R 4(a) �9D; .��!

S�%F��4$6-"��� , %R 3(b) #R 4(b) �9D, ['1*:��,��b!!C-. R�,

“ ” LD���=!&, “ ” LD%5(2�'7��!&, “ ” LD���K �E�$[N!?!S
��, “ ” LD���� �$[!S��.

X2
X3X1

1kT − kT RT0

X1 X2
X3

1kT − kT fT RT0

(a) (b)

% 3 >K Tk ?Lb@ s3 A VTk = 0 B 1, Tk CDEFc>K?Lb@ s2

X2 X2
X3X1X1

L
1iT − iT 1kT − kT RT

X2
X3X1 X1X2

kT fT RT1kT −iT1iT −

L

(a) (b)

% 4 >K Tk ?Lb@ s3 A VTk = 0 B 1, dGeCD Ti HfgIhMNJKLi
����!S���% [Tk, TR] F--"� , %R 3(a) #R 4(a) 9D, E,�=E[%3 (3) 9D:

P1 (TR)

=
k−1∑
i=0

PIPM (Ti)·P (Tk−1 − Ti < X1 < Tk − Ti, Tk−1 − Ti < X1 + X2 < Tk − Ti, X1 + X2 + X3>TR − Ti)

=
k−1∑
i=0

PIPM (Ti)·
∫ Tk−Ti

Tk−1−Ti

∫ Tk−Ti−x

0

∫ ∞

TR−Ti−x−y

fX1,i+1(x)fX2,i+1 (y) fX3,i+1(z)dzdydx (3)

2�, k = 1, · · · ,∞. PIPM (Ti) LD�!& Ti ���!!%5(2�'7���E[. #�, i = 0 LM(�
��4&[U!&, -!!�'7��, 0� PIPM (T0) = 1; [Z�B\P�. �� Ti !&(�Q(2�'

7��-"�3 j 0)9,"eWE, PIPM (Ti) =
∑i−1

j=0 PIPM (Tj)
∫ Ti−Tj

Ti−1−Tj

∫∞
Ti−Tj−x

fX1,j+1 (x) fX2,j+1(y)dydx[13].

%R 3(b) #R 4(b) 9D, ���!S���% [Tk, TR] F4$6-"� , .:��� �$[!S
��J���, !& TR >!!�=. 2�=E[@:

P2 (Tk < Tf < TR)

=
k−1∑
i=0

PIPM (Ti)·P (Tk−1−Ti <X1 <Tk−Ti, Tk−1−Ti<X1+X2 < Tk−Ti, Tk−Ti < X1+X2+X3 < TR−Ti)

=
k−1∑
i=0

PIPM (Ti)·
∫ Tk−Ti

Tk−1−Ti

∫ Tk−Ti−x

0

∫ TR−Ti−x−y

Tk−Ti−x−y

fX1,i+1(x)fX2,i+1 (y) fX3,i+1(z)dzdydx (4)

2) �=$�F��I��#�I\]
��R 3(a) #R 4(a) ���=[�$3, ����=$� [0, TR] F�O��@ C1 (T, t0), %3 (5) 9

D; 2� CIPM (ρ) LDS2�'7���_2, Q_2�Y!�2 ρ �d[ .

C1 (T, t0) = k · CI + (TR − Tk) · Cs3
w +

k−1∑
i=1

PIPM (Ti)·CIPM (ρ) + CR (5)

2�, 1 k = 1 !
∑k−1

i=1 PIPM (Ti)·CIPM (ρ) = 0. d'3 (3) ���=E[, E,����=$� [0, TR] F

��I�� EC1 (T, t0) #�I\] EL1 (T, t0):

EC1 (T, t0)=
∞∑

k=1

C1 (T, t0) ·P1 (TR)=
∞∑

k=1

[
k · CI +(TR−Tk) · Cs3

w +
k−1∑
i=1

PIPM (Ti)·CIPM (ρ)+CR

]
·P1(TR)(6)

EL1 (T, t0)=
∞∑

k=1

[TR] · P1 (TR) (7)

�3 (4) E,���!S$� [Tk, TR] F-"��� +���, !& TR !!�=��I��
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EC2 (T, t0) #�I\] EL2 (T, t0):

EC2 (T, t0) =
∞∑

k=1

[
k · CI + CF + (Tf − Tk) · Cs3

w + (TR − Tf ) · Cs4
w +

k−1∑
i=1

PIPM (Ti) · CIPM (ρ) + CR

]
· P2 (Tk < Tf < TR) (8)

EL2 (T, t0) =
∞∑

k=1

[TR] · P2 (Tk < Tf < TR) (9)

2�, Tf = Ti + x + y + z.

3.2 8G Tk 9HQ�I]^_:`a; s3, .!a;< VTk
= 2

R 5 K��)9 Tk 4:K �E�$ s3 +�&���$@ VTk
= 2 !�%-!!�=��b. "#

,�)9!& Tk ���$@ VTk
= 2, "( $ to + L ≤ Tk; #�, 1 to + L = Tk !, ��f, ; �"

to + L < Tk LM(���4&"^�$.
X2 X2 X3X1X1

kT

o kt L T
1kTiT1iT

% 5 >K Tk ?LjkMlb@ s3, PNb@O VTk = 2

�R 5 ���=�bC%�=E[-0, %[:

P3 (TR = Tk)

=
k−1∑
i=0

PIPM (Ti)·P (Tk−1 − Ti < X1 < Tk − Ti, Tk−1 − Ti < X1 + X2 < Tk − Ti, X1 + X2 + X3>Tk − Ti)

=
k−1∑
i=0

PIPM (Ti) ·
∫ Tk−Ti

Tk−1−Ti

∫ Tk−Ti−x

0

∫ ∞

Tk−Ti−x−y

fX1,i+1(x)fX2,i+1(y)fX3,i+1(z)dzdydx (10)

?E,Q�=$�F��I��#�I\], *:@:

EC3 (T, t0) =
∞∑

k=1

[
k · CI + (Tk − to − L) · CH +

k−1∑
i=1

PIPM (Ti)·CIPM (ρ) + CR

]
· P3 (TR = Tk) (11)

EL3 (T, t0) =
∞∑

k=1

[Tk] · P3 (TR = Tk) (12)

3.3 Q�mPQ Tf QRSÆRn s4, .!a;< VTf
= 0

Q[��b[�&� Tf !&���$@ 0, $3 Tf < to ( �%, %R 6 �9D; �A=& to # Tk

�&H, to ���ge$*@D[,�: Tk−1 < to < Tk # to ≥ Tk. �@��� !"-� , 9D%-�

 ?� L )Æ!%5���!!��, 9D�=!&� Tf + L.

X2 X3X1 X1X2

1iT iT 1kT fT kT

f oT t

% 6 dGST5UCUTUPNVWoVN

��T Q[���=E[@:

P4 (Tk−1 < Tf < min (to, Tk))

=
k−1∑
i=0

PIPM (Ti)·P
(

Tk−1 − Ti < X1 < min (to, Tk) − Ti, 0 < X2 < min (to, Tk) − Ti − X1,

0 < X3 < min (to, Tk) − Ti − X1 − X2

)

=
k−1∑
i=0

PIPM (Ti)·
∫ min(to,Tk)−Ti

Tk−1−Ti

∫ min(to,Tk)−Ti−x

0

∫ min(to,Tk)−Ti−x−y

0

fX1,i+1(x)fX2,i+1(y)fX3,i+1(z)dzdydx

(13)
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?E,Q�=$�F��I��#�I\], *:@:

EC4(T, t0) =
∞∑

k=1

[
(k − 1) · CI + CF + L · Cs4

w +
k−1∑
i=1

PIPM (Ti) · CIPM (ρ) + CR

]
·

P4(Tk−1 < Tf < min(to, Tk)) (14)

EL4 (T, t0) =
∞∑

k=1

[Tf + L] · P4 (Tk−1 < Tf < min (to, Tk)) (15)

3.4 Q�mPQ Tf QRSÆRn s4, .!a;< VTf
= 1

��b[� F!& Tf e& to < Tf < to + L +�&����)9`% [Tk−1, Tk] F-"� , 0�

$T max (to, Tk−1) < Tf < min (to + L, Tk); f[:���[��d�$6�b*:!!C-.

1) 1 to ≤ Tk−1 !, %R 7 9DE�EF$K �EF#� F]g�`% [Tk−1, min (to + L, Tk)] Q,

0�E,��� Tf , Tf ∈ [Tk−1, min (to + L, Tk)] -"� ��=E[@:

P51 (Tk−1 < Tf < min (to + L, Tk))

=
k−1∑
i=0

PIPM (Ti) · P
(

Tk−1 − Ti < X1 < min (to + L, Tk) − Ti, 0 < X2 < min (to + L, Tk) − Ti − X1,

0 < X3 < min (to + L, Tk) − Ti − X1 − X2

)

=
k−1∑
i=0

PIPM (Ti) ·
∫ min(to+L,Tk)−Ti

Tk−1−Ti

∫ min(to+L,Tk)−Ti−x

0

∫ min(to+L,Tk)−Ti−x−y

0

fX1,i+1(x)fX2,i+1(y)fX3,i+1(z)dzdydx (16)

X1
X2

X2 X3
X1

1iT − iT 1kT −

1o kt T −≤
fT ( )min ,o kt L T+

L

% 7 dGe Tf , Tf ∈ [Tk−1, min (to + L, Tk)] ST5U, PNb@O VTf = 1

2) 1 Tk−1 < to < Tk !, �!(B"#E�EF#K �EFg�`% [Tk−1, min (to + L, Tk)] Q��

�$6�b, %R 8 9D.

X2 X3X1 X1X2

1iT − iT 1kT − ot fT ( )min ,o kt L T+
L

X2 X3
X1 X1X2

1iT − iT 1kT − ot fT ( )min ,o kt L T+
L

(a) (b)

X2 X3
X1 X1

X2

1iT − iT 1kT − ot fT ( )min ,o kt L T+
L

% 8 dGe Tf , Tf ∈ [to, min (to + L, Tk)] ST5U, PNb@O VTf = 1

��, E,��� Tf , Tf ∈ [to, min (to + L, Tk)] -"� +!S��, !&!!�=�E[:

P52 (to < Tf < min (to + L, Tk))

=
k−1∑
i=0

PIPM (Ti)·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P

(
Tk−1 − Ti < X1 < to − Ti, 0 < X2 < to − Ti − X1,

to − Ti − X1 − X2 < X3 < min (to + L, Tk) − Ti − X1 − X2

)
+

P

(
Tk−1 − Ti < X1 < to − Ti, to − Ti − X1 < X2 < min (to + L, Tk) − Ti − X1,

0 < X3 < min (to + L, Tk) − Ti − X1 − X2

)
+

P

(
to − Ti < X1 < min (to + L, Tk) − Ti, 0 < X2 < min (to + L, Tk) − Ti − X1,

0 < X3 < min (to + L, Tk) − Ti − X1 − X2

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

=
k−1∑
i=0

PIPM (Ti)·
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ to−Ti

Tk−1−Ti

∫ to−Ti−x

0

∫ min(to+L,Tk)−Ti−x−y

to−Ti−x−y

fX1,i+1(x)fX2,i+1 (y) fX3,i+1(z)dzdydx+

∫ to−Ti

Tk−1−Ti

∫ min(to+L,Tk)−Ti−x

to−Ti−x

∫ min(to+L,Tk)−Ti−x−y

0

fX1,i+1(x)fX2,i+1(y)fX3,i+1(z)dzdydx+

∫ min(to+L,Tk)−Ti

to−Ti

∫ min(to+L,Tk)−Ti−x

0

∫ min(to+L,Tk)−Ti−x−y

0

fX1,i+1 (x)fX2,i+1(y)fX3,i+1 (z) dzdydx

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(17)

�3 (16) # (17) $e_E,�=$�F��I�� EC5 (T, t0) @:

EC5 (T, t0) =
∞∑

k=1

[
(k − 1) · CI + CF + (to + L − Tf) · Cs4

w +
k−1∑
i=1

PIPM (Ti)·CIPM (ρ) + CR

]
·

P5 (max (to, Tk−1) < Tf < min (to + L, Tk))

(18)

2� P5 (max (to, Tk−1) < Tf < min (to + L, Tk)) = P51 (Tk−1 < Tf < min (to + L, Tk)) + P52(to < Tf <

min (to + L, Tk)).

�&��=[�,1��, !& to+L�� ��!!��, 9DE,�=$�F��I\] EL5 (T, t0)

@:

EL5 (T, t0) =
∞∑

k=1

[to + L] · P5 (max (to, Tk−1) < Tf < min (to + L, Tk)) (19)

3.5 Q�mPQ Tf QRSÆRn s4, .!a;< VTf
= 2

�&���!& Tf -"� !���$@ VTf
= 2, 0�T to + L ≤ Tf ; f�@���)9`%

[Tk−1, Tk] F-"� , E,� F!& Tf e& max (to + L, Tk−1) < Tf < Tk, �!�� !& Tf %-�

=. ['&/ZÆ to + L # Tk−1 e_�[�[��=E[:

1) 1 to +L ≤ Tk−1 !, ��E�EF$K �EF#� F]g�`% [Tk−1, Tk] F (%R 9 9D), �

�E,��-"� +%-!!�=�E[@:

P61 (Tk−1 < Tf < Tk)

=
k−1∑
i=0

PIPM (Ti) ·

P (Tk−1 − Ti < X1 < Tk − Ti, Tk−1 − Ti < X1 + X2 < Tk − Ti, Tk−1 − Ti < X1 + X2 + X3 < Tk − Ti)

=
k−1∑
i=0

PIPM (Ti)·
∫ Tk−Ti

Tk−1−Ti

∫ Tk−Ti−x

0

∫ Tk−Ti−x−y

0

fX1,i+1(x)fX2,i+1 (y) fX3,i+1(z)dzdydx (20)

X2 X3
X1 X1X2

1iT − iT 1kT − fT

1o kt L T −+ ≤
kT

L

% 9 dGeCD Tf , Tf ∈ [Tk−1, Tk] ST5U, PNb@O VTf = 2

2) 1 Tk−1 < to + L < Tk !, ��E�EF#K �EF�`% [Tk−1, Tk] Q���$6�b (%R 10

9D) W��=E[.

P62 (to + L < Tf < Tk)

=
k−1∑
i=0

PIPM (Ti)·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P

(
Tk−1 − Ti < X1 < to + L − Ti, Tk−1 − Ti < X1 + X2 < to + L − Ti,

to + L − Ti < X1 + X2 + X3 < Tk − Ti

)
+

P

(
Tk−1 − Ti < X1 < to + L − Ti, to + L − Ti < X1 + X2 < Tk − Ti,

to + L − Ti < X1 + X2 + X3 < Tk − Ti

)
+

P

(
to + L − Ti < X1 < Tk − Ti, to + L − Ti < X1 + X2 < Tk − Ti,

to + L − Ti < X1 + X2 + X3 < Tk − Ti

)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
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=
k−1∑
i=0

PIPM (Ti)·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ to+L−Ti

Tk−1−Ti

∫ to+L−Ti−x

0

∫ Tk−Ti−x−y

to+L−Ti−x−y

fX1,i+1 (x)fX2,i+1(y)fX3,i+1 (z) dzdydx+
∫ to+L−Ti

Tk−1−Ti

∫ Tk−Ti−x

to+L−Ti−x

∫ Tk−Ti−x−y

0

fX1,i+1(x)fX2,i+1(y)fX3,i+1(z)dzdydx+
∫ Tk−Ti

to+L−Ti

∫ Tk−Ti−x

0

∫ Tk−Ti−x−y

0

fX1,i+1(x)fX2,i+1(y)fX3,i+1(z)dzdydx

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(21)

X2 X3
X1 X1X2

1iT − iT 1kT − fT
L

ot L+ kT
X2 X3

X1 X1X2

1iT − iT 1kT − fT
L

ot L+ kT

(a) (b)

X2 X3
X1 X1X2

1iT − iT 1kT − fT
L

ot L+ kT

% 10 dGeCD Tf , Tf ∈ [to + L, Tk] ST5U, PNb@O VTf = 2

P1@, E,��-"� 5%-!!�=��I��@:

EC6 (T, t0) =
∞∑

k=1

[
(k − 1) · CI + CF + (Tf − to − L) · CH +

k−1∑
i=1

PIPM (Ti)·CIPM (ρ) + CR

]
·

P6 (max (to + L, Tk−1) < Tf < Tk)

(22)

2�, P6 (max (to + L, Tk−1) < Tf < Tk) = P61 (Tk−1 < Tf < Tk) + P62 (to + L < Tf < Tk).

�3 (20) # (21) E,���!& Tf (max (to + L, Tk−1) + z < Tf < max (to + L, Tk−1) + z + dz,

z ∈ (0, Tk − max (to + L, Tk−1))) -"� �E[ ][ , -

P (max (to + L, Tk−1) + z < Tf < max (to + L, Tk−1) + z + dz) /dz =
k−1∑
i=0

PIPM (Ti)·⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫ Tk−1−Ti+z

Tk−1−Ti

∫ Tk−1−Ti+z−x

0

{fX1,i+1(x)fX2,i+1 (y) fX3,i+1 (Tk−1 − Ti + z − x − y)}dydx+
∫ to+L−Ti

Tk−1−Ti

∫ to+L−Ti−x

0

{fX1,i+1(x)fX2,i+1 (y) fX3,i+1 (to + L − Ti + z − x − y)}dydx+
∫ to+L−Ti

Tk−1−Ti

∫ to+L−Ti+z−x

to+L−Ti−x

{fX1,i+1(x)fX2,i+1(y)fX3,i+1 (to + L − Ti + z − x − y)}dydx+
∫ to+L−Ti+z

to+L−Ti

∫ to+L−Ti+z−x

0

{fX1,i+1(x)fX2,i+1 (y) fX3,i+1 (to + L − Ti + z − x − y)}dydx

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

/dz

(23)

��, E,�=�I\]@

EL6(T, t0) =
∞∑

k=1

∫ Tk−max(to+L,Tk−1)

0

[max(to + L, Tk−1) + z] ·

P (max(to + L, Tk−1) + z < Tf < max(to + L, Tk−1) + z + dz) (24)

3.6 WXYX —— ZYPZ[[\]\]
� Ross ��=bc��C%D%H$)Æ!%F�I��@��8d$D)9$� T #���4F

to @��PE�+$-0
[22]:

C (T, to) =
EC (T, to)
EL (T, to)

=
6∑

w=1

ECw (T, to)
/ 6∑

w=1

ELw (T, to) (25)

2�, EC (T, to) # EL (T, to) *:LD�=$�F��I��#�I\].

4 ^_^p

4.1 _X`q
Weibull *U82&K���*$/� [13], 9D�_I4;2 Weibull *UK���*$��0BC;

Weibull *U�� [[ @:

h (t; α, β) = α · β · (αt)β−1
, α > 0, β > 0, t ≥ 0 (26)
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2�, α # β *:@f]g $_�g . L 1 7H��BC*$/��[U� [g , d��g %

L 2 9D, �&1Y!�2 ρ = 1 !LM('7��, ���!!'7�=���@ CR = 50, 0�T 

CIPM (ρ) = CR · ρ (0 < ρ < 1). �_I�!%)Æ�S, ��g )Æ@gh, I%SS"^���_2@

0.2 gh, � ,(� L = 7 S.

` 1 aa5Ubbc
λ0 (x) φ0 (y) ϕ0 (z)

α1 β1 α2 β2 α3 β3

0.07 1.20 0.15 1.10 0.21 1.70

` 2 cdbc
CI CIPM (ρ) CF CR CH Cs3

w Cs4
w

0.4 50ρ 200 50 0.2 1.2 2.5

4.2 der�fe
@��H-0 (25) �%+)9$� T ∗ #� F t∗o, \M-0����)9$� (Tk−1, Tk] F-"d

��=[��a�, 1e%[�hi+$_M.

gh: hbhfjic�j	ic�L�ρ

For T = 1, 2, · · ·
For to = 1, 2, · · ·

EC (T, to) = 0; EL (T, to) = 0

For k = 1, 2, · · · %ikgkdj��h� (Tk−1, Tk] lkmn;

%i>K Tk?LdGVjkMlb@C
If to > Tk %��je VTk = 0, oiljmlfp Tk + L lkkm

EC (T, to) = EC (T, to) + (6) + (8); EL (T, to) = EL (T, to) + (7) + (9)

Elseif to ≤ Tk ∩ to + L > Tk %��je VTk = 1, 
n��olfp to + L lkkm

EC (T, to) = EC (T, to) + (6) + (8); EL (T, to) = EL (T, to) + (7) + (9)

Elseif to + L ≤ Tk %��je VTk = 2, oilfp Tk lkkm

EC (T, to) = EC (T, to) + (11); EL (T, to) = EL (T, to) + (12)

End;

%dGeCD Tf , Tf ∈ (Tk−1, Tk)iSTjk5U
If to ≥ Tk %��je VTf = 0, oiljmlfp Tf + L lkkm

EC (T, to) = EC (T, to) + (14); EL (T, to) = EL (T, to) + (15)

Elseif Tk−1 < to < Tk %��je VTf = 0 m 1

EC(T, to) = EC(T, to) + (14); EL(T, to) = EL(T, to) + (15) %VTf = 0, oiljm
n��ol

EC (T, to) = EC (T, to) + (18); EL (T, to) = EL (T, to) + (19) %VTf = 1, 
n��ol

Elseif to ≤ Tk−1 ∩ to + L > Tk−1 %VTf = 1, 
n��olfp to + L km

EC (T, to) = EC (T, to) + (18); EL (T, to) = EL (T, to) + (19)

Elseif to + L ≤ Tk−1 %��je VTf = 2, oin��knhf��
EC (T, to) = EC (T, to) + (22); EL (T, to) = EL (T, to) + (24)

Elseif Tk−1 < to + L < Tk %��je VTf = 2, oin��knhf��
EC (T, to) = EC (T, to) + (22); EL (T, to) = EL (T, to) + (24)

End;

End;

C (T, to) = EC (T, to)/EL (T, to) % og��pc: pofqq��pj	

If C (T, to) > C (T, t′o), then rr t∗o = t′ � C (T, t∗o); sh for qs End; %t′o rijqqs� to

End; %skr��h� T tf, j��pc C (T, to) lt�lls t∗o
End; %skj��pc C (T, to) ltf�l�t (T ∗, t∗o)

gm: l�t (T ∗, t∗o) nupofqq�lt�pj	n C (T ∗, t∗o).

4.3 lmosfe
R 11 ��-0@8v,_M�u�R, ��$DvH: =c1pg PE, �5#���E[ ][ 

��"��BC��:\], ?kt#�a� y > t k ��$)94:E�E�$, �$"!!�'7�

�; �"T:kta� z > t, %S�%"LM()9 t 4:K �E?\M���$6�$*:!!��,

���%"Lc���4)9$�F-"� , �`A����$*:!!��. %5, lH)Æ!%F�



� 12� �, 
: �������������������� 3211

�I�� C(T, t0). f[:1*:?2hi+$_M#@8v,_MP/uqH�$]�.

ρ, L, Nmax, T, t0, ta= t0+L,TC=0, TL=0

C(T,t0)=TC/TLIf i=Nmax? Yes

: X1, X2, X3; x=X1,y=x+ X2, z=y+X3

No

If x>t?

t=t+T

Yes

TC=TC+CI

If y>t?

No

Yes

No

(2) :X1, X2, X3; 
x=t+X1,y=x+ X2, z=y+X3

TC=TC+CI+50 ρ

If z>t?NoIf ta≤z?

TC=TC+CF+CR+(z-ta)CH

TL=TL+z

Yes

No

If t0<z?

TC=TC+CF+CR+(ta-z)
TL=TL+ta

Yes

TC=TC+CF+CR+L
TL=TL+z+L

No

If ta≤t?Yes

TC=TC+CR+(t-ta)CH

TL=TL+t

Yes

No

If t0<t?

TC=TC+CR+(min(ta,z)-t)
+max(ta-z,0)

TL=TL+ta

Yes

TC=TC+CR+(min(t+L,z)-t)
+max(t+L-z,0)

TL=TL+t+L

No

i=i+1

4s
wC 4s

wC
4s

wC3s
wC 3s

wC 4s
wC

% 11 nortps
4.4 qtuu

\M9C%�8d[ -0, -3 (25), DN9,H�hi+$_M, ?2 Matlab m�u��-0!!

�H. R 12 7H�1Y!�2 ρ = 0.6 !, )Æ!%F�I���)9$� T #� F to P$!� 3-D n

oR. �R 12 �dSE,%+)9$� T ∗ = 19$� !% t∗o = 19 DN%+�*[)Æ!%F�%H�
I�� C (T ∗, t∗o) = 5.6569. "#,�U�R 12 �vH%+�*�'F, !(B\MR 12 �dS7H�1
)9$� T *:@ 18$19$20, � !%� 15 , 25 �%P$!)Æ!%F��I��, %R 13 9D. &

/�R 13 dS�wv6pUE,: %+�.'�*� (T ∗, t∗o) = (19, 19). �R 12 #R 13 9D, 1)9$
�J !, )Æ!%F��I���� !%dxwBHc(�5dx�no, ��.�bPy'. ���
@1� !%ÆH!��, ÆF, dx�$��; �1� !%Æ&!, UHB1��� ��&)94

:K �E��!!��!, :-�4�����-, ��b, 0�dx�� ^Æ�_]��. �4H
q��������@�AA� V��1�r�!%sw, &8x$6F�!!� ; .�R 13 �)Æ
!%F�I���noR�yvH� !%4�v/F, �)\M��*$g #��g ztT , �4
�!!���������4.'�*+$�8�.

L 3 \MR 12 �dS7H���)9$�[, #)Æ!%F�I��%H�%+� !%#�1�8
d[ �. @��Q�H!!uq, ;2R 11��@8v,_ME,��)9$�[�%+� F#8d[
 �,%L 49D. �L 4�dS$DvH,%+���hi+$_M�d�(�,�&�NN,Z*�e_,

�����12�.'�*$;2@8v,e_!!��D(�e_�<];1)9$�^:H! (5),�&

)9JH$6��Æ���'7��+"^��, 0�dx��, �)9$�^:&! (50), ��z&$6

-"� ?����dx.0L 3�dS$DvH�J )9$�[,%+� F�3(0)9!& T {G,

`"��dS�w�<>,!'�u: (�����$��H&�&� ���_]�� (CH < Cs3
w , Cs4

w ),

x2yyH&��� ^Æ��� (CH < CF ); x���_I����*$g $�, -���)9!&Æ

4:4&K �E�$J!!�����, 9D&8�^G)9!&�4��; .�&�4:��E�E!

!!�'7��, 9Dx�� T = 5 !� ÆF, .�&4:K �E�!!���!&Æz, 9D%+�
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*[���P�ÆG. �Q, $vH�-0�%+H���g $�, 5:1 F*;��g �%+H�
*�WX.

1516171819202122232425

5 8 11 14 17 20 23 26 2930

5.5
6

6.5
7

7.5
8

8.5
9

9.5
10

T
to

% 12 ρ = 0.6 C, wrCsi�tcdxuvw%

15 16 17 18 19 20 21 22 23 24 25

5.5

5.7

5.9

6.1

6.3

6.5

6.7

6.9
7

T=18
T=19
T=20

C(18,18)=5.6729 C(19,19)=5.6569
C(20,21)=5.6587

to

% 13 Nx>Kv�w, wrCsi�tcdj
TyCsxuVvwx

` 3 Nx>Kv�w, gyVTyCszwrCsiVgz�tcd
T 15 16 17 18 19 20 21 22 23 24 25

t∗o 13 15 16 18 19 21 22 23 24 25 27

C (T, t∗o) 5.7731 5.7060 5.6788 5.6729 5.6569 5.6587 5.6661 5.6904 5.7574 5.8127 5.8756

` 4 �{nortpsVgy{
T 5 10 15 18 19 20 25 30 35 40 45 50

t∗o 8 11 14 17 18 21 26 30 33 38 42 46

C (T, t∗o) 7.4666 6.5490 6.0121 5.7643 5.6212 5.6734 5.9062 6.5121 6.8526 7.2639 7.5268 7.9379

15 16 17 18 19 20 21 22 23 24 25

5.5

6

6.5

7

7.5

8

 to

ρ 0.4, T*=17
ρ 0.6, T*=19
ρ 0.8, T*=20

% 14 �{NxyH|}, gy>Kz|wwrCsi�tcdVvw%

R 14 7H�1Y!�2����!, %+)9�*[)Æ!%F�I���� !%P$�noR.

['0Y!�2�%+)9$�#)Æ!%F%H�I��,!'�WX!!*;:

1) �e_dSE,: Y!�2 ρ = 0.6 !%+�)9�*� T ∗ = 19, 1Y!�2 ρ @ 0.4$0.8!, %+
�)9�*@ 17$20. $DWH�(Y!�2 ρ �dx, %+�)9$�wB{{dx�no, �:)��
@Y!�2 ρ {&�'7��5���[U92|{H, #��UV,�vE��$, 9D$%\)9$�
���!!)9; �"�|, 92{&���{pU-"� , �wy)9$�DJH)%��, �|-"�
 .

2) �R 14 �dS$DEH: �(Y!�2�dx, )Æ!%F�%H�I��(�; ��, ��'7

�����Y!�2��� CIPM (ρ) = 50ρ $3Y!�2dxW�����dx. 0��8d[ L+3

C(T, to)$DEHd�: EC(17,16)
EL(17,16) > ΔEC(19,19)

ΔEL(19,19) +
EC(19,19)
EL(19,19) > ΔEC(20,20)

ΔEL(20,20) ,2�ΔEC(19, 19) = EC(19, 19)−
EC(17, 16)$ΔEL(19, 19) = EL(19, 19)−EL(17, 16)$ΔEC(20, 20) = EC(20, 20)−EC(19, 19)$ΔEL(20, 20) =
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EL(20, 20)−EL(19, 19). X��_I�dSLc: �(�'7��{:{fG&'7��, )Æ!%F�%
H�I��{:{H, .�&2x*$g #��g �-0Qd�?�( y2, �)!e_?z�.

5 }~

1) (&)9������������12:Æ{z, �%D!%��6?C%)9$�����$
�%���. (&97�;2CDJK�RN��*$����], ;2��BC� /���LD2*$

/�, 0�1���$W%A*@�8$E�E$K �E#� . ��)9!&��94����$, ;�

������.

2) ^|ZI92V*-0LD1)94:��4&E�E�$!!!�'7�����$]92�W
X. �"#�'7����b[, C%� �)9����������4.'�*-0, &/%H$)Æ
!%F��I���)9$�#� F!!+$. &/_I*;�dS$DvH: �7 �g [, %+�
 F�(��)9$�F, �y'�.�b. �@����, ���$��)yyH&�&� ���� 

�����, 9D�IxF� . .�, 1���" �$$*$^F�,(����PE�3��")!
z�, �4�D5�,+�(.

3) (&ZI92V*-0, ���Y!�2���[U92�WX��, 0�WX��E�E$K �
E#� �V!-"[. ��(MQ, �_I�����Y!�2[�%+�*!!�*;?EHd�: �

(Y!�2�dx, %+�)9$�dx+)Æ!%F�%H�I��(�. ��, �&2x*$g ��

������-0, %+�*� =e_. �Z�9,H(& �)9����������4.'�*-
01{=����!�)�eA#���4eA!!}6��, 0��}t~](���.
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