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Robust facility location model with two multiplicative
uncertainties
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Abstract Traditional facility location is usually viewed as a deterministic problem. But there exist many

uncertain factors (i.e. demand, cost, risk) in a varying environment, which increase difficulties in facility

location. Based on considering single uncertainty respectively, we integrate two independent multiplicative

uncertainties (demand and transportation cost) together, introduce two budget uncertainty parameters,

formulate a novel and intractable nonlinear robust facility location model, and then converse this nonlinear

problem into a robust mixed integer linear counterpart. We also use CPLEX and MATLAB for program-

ming to solve this problem. Finally, we choose 13 cities to decide the location-allocation solutions for

temporary emergency supplies in Northwest Sichuan. Numerical results show that, compared with trans-

portation cost uncertainty, demand uncertainty has a strong impact on the total cost. Demand disturbance

also affects the total cost and location-allocation solution significantly. According to their risk preferences,

decision-makers choose the optimal combination of budget uncertainty and demand disturbance proportion,

so as to minimize the total cost and get optimal location-allocation solution.
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������!������, ������������, ������� ����!��"�Æ�#�

"����, 
�����������$���, ������%. �"�$����������, & 

� �$��������������� �'!!"#��(!. �����Æ��)�""#, FLP

� �#�: ������ (SFLP) �*$���� (RFLP)[1]. %�������, �Æ$%�"$%�Æ

��)�"$%, +&% �#&�'�� (##�'�,) �##�-$.&'(��), �/ P- �(0

)�## ! (�)) 0)� [2]; %�*$����, ��Æ�$�1�*,2�)�""#$%, �$��Æ

#�� 31!�"+���$�"#�,4'5, !+&$Æ #)���#%1�*�&- (����

,�) �'((.

")#6$*$)��� (%����, )*���)������#�&�. �������*'

Æ &+������, � ���(�")*��7��1!*+�$��, )+8.,������-

���. �!!"%�$�/.�������/0& 9:�#� [1−3]; Ahmadi-Javid �%+0Æ1;

,�-,+0���������/0& 12�%3 [4] ; Doyen�� �2,��-.,3<-./0*

����0), 4/�2,��0)�5�0#1Æ-.��, 1.627=4/ �5� [5]; Bieniek 3�

48��  036�"����(,)97�"$%,2" recourse$Æ,3�2,������0) [6];

Mestre ��  303�� ��#1!"#*+�$��, ,3%�5+38>��� - ����-.

0), 12&%�5��0)�3��6���)9 [7]. :��'!"45%������/0#�, #�

��.6 *� 3�1!*+���, ,3%-�0#;�1Æ-.0). <#4���5=�%���

����#>5�, 7!������ [8]; ?8:�+89'6�7:2,%;0@� ��$��, *�

 3�1!, ,3�� - ����0#;�1Æ-.0) [9]; ;<7�*��65A,38Æ-��6B<

�), ,3-,�!8Æ-��=� P- �?��0) [10]; =,C*��-��>8��*$� 9�D

57�, @.%9:1!*��+&)������0) [11]; A;?�+8�$�� �:@����, �

 �<'(-.��, ,3#&�������B+&��-.-,�!��0) [12]. =�������

���#��+CD [1–3].

��-. �$�����@>%&?���, )6>?&EAF: $�;'��1!�!�)@��

%; 	��E�%&FÆ(1!, &��<GF@��AG; +& #&��'��, $#=�7H��"�

��H?, /#%1�*��Æ�. *$)��&��<GBIG3�$, +J� ��?*��$�"#

� 31!�I, !+& #)��#%1�*�&- (����,) �'((.

#6$, �"*$)�����>��,�A%-�*$����#�4BBCD [1,3], )+J�#�#

�JJC+8?&��$���, 
 ���.6� ��: *��Æ��$�"#�*� 3�)1!�

min-max�" max-min (/ p-*$). Baron�,3*$8>����0),+8�;���@@��$��

 , $�.,���?C�Æ(�K(�@(��Æ, 2+8��� �$�"# [13]; Gabrel �+8�2,

��$�� *�*$��8>����, ,3�2,*$��0) [14]; Gülpınar �#�%@>?&@@�

E�K(��$�48� ������� [15]; Atamtürk � Zhang � �2,�*$)���#��$

�� *���8>�F�� [16]; An �+8���7�>���� �A7��, ,3%&5�=��2

,*$ P-�?����0),1@. ��D -'(L�4 �5� [17]; Hatefi� Jolai6>+8��&M
DGE���>����$�� , �  3�)1!*+�$��, 2" p- *$'(, ,3*$FK - N

K�	8>�F0) [18]; Boukani �*�LO����$��, +8K(F@, � min-max '((��,

,3*$LO��0), 1�$�0)/02& [19]. �'!"�*$�����:�#�G�%&F, HE

�,3*��$�� �D'-,;D8>-.0) [20]; ?H�IBC box �$�"#*+� ��$

��, ,3*$����8>�F0) [21]. �J:�#����6, JHE�5%M�@-P����, @

.&5B+&� - *$�I, !��0), J5D!*��Q !)E#���## !)� 1 − α[22].

F+J$?�CD$', %��$�/.*�*$������, �!!"#��%&�, )#�%*

� 31!�I, 2C+8.?&�$���, G6�+8�5�$���2�503�$��Æ�HK�



3172 � � � � � � � � � � 37�

,4.H�#�LMR?,�'!"*$��,0#�N3��%OS2,.�C� *$ 3)���,*

�I��������, ��J+8?&�$����*KG, ,3%&5.K�6�P?� �����

HK�$���*$��0), 2"�5�$�NT�Æ, LF��#)��*$�. #', �O4PMN�

'4� 13 5QR�-,�!G�>-!��� �/0�I, $�#)���"A��!���O.

2 ()*_+,`-./a01234bc5d

2.1 67e8
*$)���H Ben-Tal�El-Ghaoui�Nemirovski���,BB,�%+J�*$)����HP7�,

,�%9?�6,4��Æ�$���;�-.�QR-.�S�-., @.%*$;�-.�*$QR-

.�*$S�-.0) [23]; Bertsimas � Sim @.%��*$;�-.�.��, �TU%AJ;�IJ�

)!, 2%0)�V5'(�TQ�<@>S9K@ [24]. �C� Bertsimas� Sim[24] *� box �$�"�

*$;�)����*KG,36�+8�$��� ������503��HK�*$��0).

+8&9�;�-.�� (LP): max c′x, Ax ≤ b, l ≤ x ≤ u. 3�Æ��$��CLTLM A �N

�,+8LMA�.&0 i,� a′
ix ≤ bi,12 Ji;'U i0�9?�$���Æ�"#.%�WRN� aij

��*'5��?M%VA� [aij − âij , aij + âij ]GE(����( ãij . �/���( zij = (ãij −aij)/âij ,

2� [−1, 1] GE(1�F&5$%�%V�", !�$�"# Z = {z|∑j zij ≤ Γi,−1 ≤ zij ≤ 1}. �W
*KG, 2"�A� [0, |Ji|] GE(��$�NT�Æ Γi, !Æ %LF*$)�0)XN��TUNT�
*$�.

max c′x (1)

s.t.
∑

j

aijxj + max
z∈Z

∑
j

âijxjzij ≤ bi, ∀i (2)

−yj ≤ xj ≤ yj , ∀j ∈ Ji (3)

l ≤ x ≤ u, y ≥ 0 (4)

�� Bertsimas � Sim[24], %� (2) ��'Y##���, 2"%X�( λi � pij , 0) (1)∼(4) �0

) (5)∼(10) �5:

max c′x (5)

s.t.
∑

j

aijxj + Γiλi +
∑
j∈Ji

pij ≤ bi (6)

λi + pij ≥ âijyi, ∀j ∈ Ji (7)

−yj ≤ xj ≤ yj , ∀j ∈ Ji (8)

lj ≤ xj ≤ uj, ∀j ∈ Ji (9)

yj , λi, pij ≥ 0, ∀j ∈ Ji (10)

2.2 f:;<
3��ST�C: �C�+8��-�Z?��,��%6O�,J����!&R�>-48� . �

i ∈ I, i = 1, 2, · · · , n  � 48�"#; j ∈ J, j = 1, 2, · · · , m  U���"#; di  48 i �� (, fj  

OV j ���E���, zj  �� j �K(F@; cij  �� j >-48 i �??����; yij  �� j >

-48 i �� �2�, Y yij = 1, G48 i �
?� 9N$&�� j >-; xj = 1, /W��OV (.,)

�� j, XG, xj = 0. Z/0) (�$���0), DM)  :

(DM) min
m∑

j=1

fjxj +
n∑

i=1

m∑
j=1

cijdiyij (11)

s.t.
m∑

j=1

yij = 1, ∀i ∈ I (12)
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n∑
i=1

diyij ≤ zj , ∀j ∈ J (13)

yij ≤ xj , ∀i ∈ I, j ∈ J (14)

xj ∈ {0, 1} , 0 ≤ yij ≤ 1, ∀i ∈ I, j ∈ J (15)

/Z/0) &5P)�?K(F@�E�,����������, 4 (11) #&�=��, [P,

3���E��������; '(4 (12) '5V548�� E6-$; '(4 (13) $T���-�F

@#Q; '(4 (14)  &5RS'(, �C�P?$OV���\#Y@>� ; '(4 (15)  0-1 1Æ�

(�@Z�(.

2.3 67gh>i
+J�	��8>�������$���, /� ������������, ]QV�[E�$��

Æ�9$"#�"T$��)�". �C�I���0)*KG, ,3*$��0). ����6�9$[
 di � cij �9$Æ�S9��#, �C+848� di ����� cij ���$��, 3�48� ��

���1R?RS�LT, ��"�\03.

�*$�����, 48�  d̃i, 2 d̃i ⊆ [di − aiui, di + aiui], di  Z/0)��48� , ai  

� �[7(, !�$�" U = {u :
∑n

i=1 ui ≤ Γu, ∀i = 1, 2, · · · , n, 0 ≤ ui ≤ 1}; ??���� c̃ij , 2

c̃ij ⊆ [cij − bijvij , cij + bijvij ], cij  Z/0)��??����, bij  �����[7(, !�$�"# 

V = {v :
∑n

i=1 vij ≤ Γvj , ∀j = 1, 2, · · · , m, 0 ≤ vij ≤ 1}, !� Γu, Γvj �J'548� �??�����

�$�"#��$�S5NT,  $8]�8('(/.�TU�<, 7H��"���H?�<: Γu, Γvj

�Æ(T#, ��"���U^�<T^. S*$WX�?&�$����������.

i) YC+8??���� c̃ij ���$��, ��'(/.��P c̃ij , G*$0)C+&$Æ�7�

�, *$��0)_ RMtc:

(RMtc) min
m∑

j=1

fjxj + max
v∈V

n∑
i=1

m∑
j=1

(cij + bijvij)diyij (16)

s.t. (12), (13), (14), (15)

?: 1 *$���� (16) �0#;�1Æ�� (17)∼(20) �5.

min
m∑

j=1

fjxj +
m∑

j=1

n∑
i=1

cijdiyij + t (17)

s.t. (12), (13), (14), (15)

t ≥
m∑

j=1

n∑
i=1

θij +
m∑

j=1

βjΓvj (18)

θij + βj ≥ bijdiyij , ∀i ∈ I, j ∈ J (19)

t, θij , βj ≥ 0, ∀i ∈ I, j ∈ J (20)

j@ ��4 (16) �P?##��� maxv∈V

∑n
i=1

∑m
j=1 bijvijdiyij , V���$�"# V , G�4'

Y##���W.'3 4 (21):⎧⎨
⎩max

v

m∑
j=1

n∑
i=1

θij +
m∑

j=1

βjΓvj :
n∑

i=1

vij ≤ Γvj , 0 ≤ vij ≤ 1, ∀i ∈ I, j ∈ J

⎫⎬
⎭ (21)

��\%X�, �J2"%X�( βj � θij ,  (%X�� (22).⎧⎨
⎩min

θ,β

n∑
i=1

m∑
j=1

bijvijdiyij : θij + βj ≥ bijdiyij , θij , βj ≥ 0, ∀i ∈ I, j ∈ J

⎫⎬
⎭ (22)

�W, 4'Y##���X� #&���, 2"`*�( t, � (�� (17)∼(20), �]� 1.
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ii) YC+848�  d̃i ���$��, ��'(/.�C'(4 (13) P? d̃i, G*$0)+&$Æ

�'(>�7��, '(4 (13)  �$�� F@, W0)_ RMd:

(RMd) min

⎧⎨
⎩

m∑
j=1

fjxj + max
u∈U

n∑
i=1

m∑
j=1

cij(di + aiui)yij

⎫⎬
⎭ (23)

s.t. max
u∈U

n∑
i=1

(di + aiui)yij ≤ zj , ∀j ∈ J (24)

(12), (14), (15)

?: 2 '(4 (24) ��� (26) �5.

j@ %�1�. y, ��48�  d̃i �$�, Y%, '(4 (24) �5��� (25).
n∑

i=1

d̃iyij =
n∑

i=1

diyij + max
u∈U

n∑
i=1

aiuiyij ≤ zj , ∀j ∈ J

n∑
i=1

ui ≤ Γu , 0 ≤ ui ≤ 1, ∀i ∈ I

(25)

��
∑

diyij �Y�$���LT, ��'( (24) �P?##�, �J2"%X�( θ1
u � ρ1

i , ��\

%XZ�, 4'Y##���X� #&���, �W�� (24) � (26) �5. a[A.
n∑

i=1

diyij +
n∑

i=1

ρ1
i + Γuθ1

u ≤ zj, ∀j ∈ J

ρ1
i + θ1

u ≥ aiyij , ∀i ∈ I, j ∈ J

ρ1
i , θ

1
u ≥ 0, ∀i ∈ I

(26)

?: 3 *$���� (23) �0#;�1Æ�� (27)∼(30) �5.

min
m∑

j=1

fjxj +
m∑

j=1

n∑
i=1

cijdiyij + t (27)

s.t. (12), (14), (15), (26)

t ≥
n∑

i=1

αi + Γuγ (28)

αi + γ ≥ aicijyij , ∀i ∈ I, j ∈ J (29)

t, αi, γ ≥ 0, ∀i ∈ I, j ∈ J (30)

j@ W�+&$Æ�'(�>���$�� �Æ. %�+&$Æ�P?�$�� �##���,

�_\]� 1 �3��4, /0�5Xb. %�'(4���$�� �Æ, �+]� 2. U#�N�, Y 

(*$���� (23) �0#;�1Æ�� (27)∼(30) �5.

%#]� 2 �]� 3, `%+&$Æ����$��!, '(4 (13) � (24) �4P?�$�� , ]�

2 1.%P?�$�� �'( (24) ��5,4, �2AJ�$�'( (13), '(4 (26) CZ*�\, ]&

 *$���� RMd = TU, ]�&��<G47H.� ��$��%0)?=#�LT, �*$�

�0) RMtc �2, ]�5��I�4��'., 97V[ 1�' 4 �' 5.

iii) � i) � ii) �J+8?&�$����*KG, S*$6�+848�  d̃i ����� c̃ij 6

����$��, G*$������0)_Æ RMboth:

(RMboth) min

⎧⎨
⎩

m∑
j=1

fjxj + max
u∈U,v∈V

n∑
i=1

m∑
j=1

c̃ij d̃iyij

⎫⎬
⎭ (31)

s.t. (12), (14), (15), (24)

��48� �����6��$�, 2�� (31)��� ������HK�,4��, ]�&��<G

��%0)�%<. Y%, �� (31)  @\�BY@;�-.0), )���$�"#> Box �$�",
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W���X� ?Y0#;�1Æ;�-.��. 48�  d̃i �??���� c̃ij �J[P�&5%

V�?MaA�, G2"`*�( t:

t ≥ max
u∈U,v∈V

n∑
i=1

m∑
j=1

c̃ij d̃iyij =
n∑

i=1

m∑
j=1

cijdiyij+ max
u∈U,v∈V

n∑
i=1

m∑
j=1

(cijaiui + bijvijdi + aibijuivij)yij (32)

%�W^E�� y (,
∑n

i=1

∑m
j=1 cijdiyij  Z/���=����, a (32) �5�E�=�����

G'SN��##���, !�W%'SN��##���, 
�, 2"`*���( wij , 4@;�'b4

;��, �c^ wij = uivij , �� 0 ≤ ui ≤ 1, G (32) �W.'b �� (33)∼(40):

max
u,v,w

n∑
i=1

m∑
j=1

(cijaiui + bijvijdi + aibijwij)yij (33)

s.t. ui ≤ 1, ∀i ∈ I (34)

vij ≤ 1, ∀i ∈ I, j ∈ J (35)

−ui + wij ≤ 0, ∀i ∈ I, j ∈ J (36)

−vij + wij ≤ 0, ∀i ∈ I, j ∈ J (37)
n∑

i=1

ui ≤ Γu (38)

n∑
i=1

vij ≤ Γvj , ∀i ∈ I, j ∈ J (39)

ui, vij , wij ≥ 0, ∀i ∈ I, j ∈ J (40)

?: 4 %�E���� yij ∈ [0, 1],GW^1��1Æ Γu � Γvj ,�� (33)∼(40)�#)� (u∗, v∗, w∗)

4 1Æ.

j@ 6][C]� 4 �3, P�[C'(/.�LM9?S9A0� (total unimodularity, TU). '(

4 (34)∼(39) �LM'b,4/*:⎡
⎢⎢⎢⎢⎢⎢⎢⎣

In 0 0
0 Inm 0

Anm 0 Inm

0 −Inm Inm

1T
n 0 0
0 Enm 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎣

u

v

w

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

1n

1nm

0nm

0nm

Γu

Γv

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(41)

!�, nm = n× m, In '5 n× n �??LM,c1n '5N�E 1 � n× 1 �K(, 0nm '5N�E 0

� nm × 1 �K(, LM Anm  .%XN� n × n ��M (N�> −1), Enm = [ 1n 1n · · · 1n ].

��CD [25],WE'(LM�&B0K(,40K(���5N�,/WU&N�0K(��Y_UQ

N�0K(��'%-�DK(�N�P? 0, −1, 1, G'(LM%S9A0�. �%�W^�&B0K(,

/WV50K(H� 1 �" −1 '��%-�DN�P? 0, −1, 1, G'(LM%S9A0�. +84 (41)


5�'(LM, 4�ZLM��U`0H� −1 �GUO0, G%-�DK(�N�P? 0, −1, 1, 6�,

�/&d40K(H� 1�" −1��'& %-�DK(�N�P? 0, −1, 1, G'(LM%S9A0�,

�%�W^1��1Æ Γu � Γvj , �� (33)∼(40) ��4 1Æ. �� 0 ≤ u, v, w ≤ 1, 
��6G#)�
� 0 � 1 3E . a[A.

]� 4 F���I�� (33)∼(40) �#)�C��'(4 (34)∼(39) B���:7e!E .

���� (33)∼(40)�#)+& =��#&�, ��\%X�, � ui, vij , wij  ���(, %�'(4

(34)∼(39), �J2"%X�( αi, θij , hij , πij , γ, βj G0) (33)∼(40) �%X�� (42)∼(46):

min Γuγ +
m∑

j=1

Γvjβj +
n∑

i=1

αi +
n∑

i=1

m∑
j=1

θij (42)
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s.t. −
m∑

j=1

hij + γ + αi ≥
m∑

j=1

cijaiyij , ∀i ∈ I (43)

−πij + βj + θij ≥ bijdiyij , ∀i ∈ I, j ∈ J (44)

hij + πij ≥ bijaiyij , ∀i ∈ I, j ∈ J (45)

hij , πij , γ, βj, αi, θij ≥ 0, ∀i ∈ I, j ∈ J (46)

?: 5 *$���� (31) �0#;�1Æ�� (47) �5.

j@ U#]� 1 � 2 �[Cd�, �G�� (33)∼(40) ��5X�, Y .]� 5 �U�, �][�_

Wef3.

�W, 4@\�BY;�-.0) (31), X� Y ��?Y0#1Æ;�-.�� (47), 2��^4

��'Y �, G��L +JH?�Æ! �a (/ CPLEX, GUROBI)  �.

min
m∑

j=1

fjxj +
n∑

i=1

m∑
j=1

cijdiyij + Γuγ +
m∑

j=1

Γvjβj +
n∑

i=1

αi +
n∑

i=1

m∑
j=1

θij (47)

s.t. (12), (14), (15), (26), (43) ∼ (46)

?: 6 g Γu = Γvj = 0 �, RMboth �5�$�0) (DM); g Γu = 0 �, RMboth �5� RMtc; g

Γvj = 0 �, RMboth �5�$�0) RMd.

j@ �+8?&��`�$���0)*KG, ���$�"# U � V ��/, Y�_]� 6. g�

$�S5NT Γu = Γvj = 0 �, W� ui = vij = 0, � �����> $��, a�5�$�0) (DM).

�>5, g Γu = 0 � Γvj = 0 �, G ui = 0 � vij = 0, W�C?�����$��"� �$�, 
�

RMboth �5� RMtc � RMd.

]� 6 1.%J50)A���5��, ?*��IJ5�$���%0)�LT.

3 CDEk

O4PMN%59�bc	�fd�&MDG�72&e"�A,, �Efgh>\h�!]AÆ 5
9�&MDG�7�i�A,. �/���, i��YD!6�4%-,!�G�>-�U�5!, �E�

#�YD!?�Q�'4�jQ�E^a�FQ�kb�lG�mc�iQ�M4�gh��^�̀ `i 13 5

QR, �J&T 1, 2, · · · , 13. �� 2014 6O4n�F6_��5NT��J5A�<> GDP, +8d 

N�o@�Æ@�ep�-,!�, Ji��YD!�,����G�>-!�j-K( (V' 1) �-,!
��Z/� �[7( (V' 2), !�JYD!�Z/� %��J5A<`e<jF, [7(�2��J

 2%�5%�10%, ' 2  � 5% �[7; ' 3  �� google 5[�P;a  .�� !(YD!�Z

/����; �/���6>+8+8�����[72� 5%. �+8�$�NT Γvj �, 3��%-J

'(���k<��, � Γvj = Γ, 2�c� Γu, Γv > 1Æ.

H 1 IJlKLMNOPQ (mn) RSTop (Uq)

j 1 2 3 4 5 6 7 8 9 10 11 12 13

fj 3.06 3.83 4.20 2.75 3.75 3.13 3.97 3.23 1.94 1.36 3.70 1.78 1.36

zj 1135 1207 1163 1101 1250 1392 1377 1097 1312 1139 1347 1105 1352

H 2 IÆVWMXrÆVT di (Uq) RYZ[T (5%)

i 1 2 3 4 5 6 7 8 9 10 11 12 13

di 179 267 290 421 569 467 421 348 417 336 435 561 545

ai 8.95 13.35 14.5 21.05 28.45 23.35 21.05 17.4 20.85 16.8 21.75 28.05 27.25
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H 3 IÆVW\IJlKLMXrs]PQ cij (n/Uq)

(i, j) 1 2 3 4 5 6 7 8 9 10 11 12 13

1 0 57 97 132 161 183 212 230 274 286 209 273 313

2 57 0 40 76 105 127 156 174 219 230 153 213 258

3 97 40 0 116 146 167 196 153 127 117 193 258 216

4 132 76 116 0 34 36 84 103 147 159 81 142 187

5 161 105 146 34 0 24 60 78 123 134 57 117 158

6 183 127 167 36 24 0 32 54 98 109 38 98 156

7 212 156 196 84 60 32 0 27 76 88 25 64 134

8 230 174 153 103 78 54 27 0 48 56 56 78 118

9 274 219 127 147 123 98 76 48 0 13 83 73 82

10 286 230 117 159 134 109 88 56 13 0 94 83 143

11 209 153 193 81 57 38 25 56 83 94 0 65 122

12 273 213 258 142 117 98 64 78 73 83 65 0 49

13 313 258 216 187 158 156 134 118 82 143 122 49 0

	d MATLAB k��a, 1L CPLEX 12.6   �a, � Intel i5 2.5GHz 4G RAM �lb*/0

 �. _ ZD  Z/0)�#)=��, ZR  *$0)�#)=��, α = (ZR − ZD)/ZD × 100%  ��

6�$�NT�[72�*��%*$f&, �&��<G�8(#)��*$�. ��]� 6,g�$�N

T Γu = Γv = 0 �, W�*$���� RMboth �5�Z/��0) DM , ZD = 232160; g Γu = 0 �, �

5�C+8�����$��� RMtc; g Γv = 0 �, �5�C+8� �$��� RMd. [ 1(^)  C

+8� ������$��, =����$�NT�Æ Γu � Γv ���q9. UW'C, g�$�NT�

Æ Γv ≤ 2 �, �" Γv BB��, #)=����, g Γv ≥ 2 �, #)=��q���; MG, %�� �

$�NT�Æ Γu ���, #)=��Zb��, 2=��CZ^�C+8�$�����*�#)=��.

�W, ]�&��<G�C, � ��$��2������$��%#)�=��LT#.

H 4 _`_aObctd (Γu, Γv) uMvwxPQ (emn)

0 1 2 3 4 5 6 7 8 9 10 11 12 13

0 2.322 2.343 2.360 2.361 2.361 2.361 2.361 2.361 2.361 2.361 2.361 2.361 2.361 2.361

1 2.338 2.360 2.377 2.378 2.378 2.378 2.378 2.378 2.378 2.378 2.378 2.378 2.378 2.378

2 2.354 2.376 2.393 2.395 2.395 2.395 2.395 2.395 2.395 2.395 2.395 2.395 2.395 2.395

3 2.374 2.396 2.412 2.416 2.416 2.416 2.416 2.416 2.416 2.416 2.416 2.416 2.416 2.416

4 2.391 2.413 2.429 2.434 2.434 2.434 2.434 2.434 2.434 2.434 2.434 2.434 2.434 2.434

5 2.408 2.429 2.445 2.451 2.451 2.451 2.451 2.451 2.451 2.451 2.451 2.451 2.451 2.451

6 2.424 2.447 2.462 2.468 2.468 2.468 2.468 2.468 2.468 2.468 2.468 2.468 2.468 2.468

7 2.438 2.463 2.477 2.483 2.483 2.483 2.483 2.483 2.483 2.483 2.483 2.483 2.483 2.483

8 2.450 2.476 2.490 2.491 2.491 2.491 2.491 2.491 2.491 2.491 2.491 2.491 2.491 2.491

9 2.461 2.483 2.494 2.494 2.494 2.494 2.494 2.494 2.494 2.494 2.494 2.494 2.494 2.494

10 2.464 2.485 2.496 2.496 2.496 2.496 2.496 2.496 2.496 2.496 2.496 2.496 2.496 2.496

11 2.465 2.486 2.498 2.498 2.498 2.498 2.498 2.498 2.498 2.498 2.498 2.498 2.498 2.498

12 2.467 2.488 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500 2.500

13 2.468 2.489 2.501 2.501 2.501 2.501 2.501 2.501 2.501 2.501 2.501 2.501 2.501 2.501

g Γu = Γv = 13 �, W��� c%*$����, W�#%1�*�#)�� ZR(13, 13) =

250092. ' 4 ��6�$�NTB# (Γu, Γv) *, � ������[72�> 5%��#)��=��,

�$��ÆB# (Γu, Γv) �=����q9/[ 1(g) 
5. ��' 4 �%, g� (�[72� 5% �,

�"�$�NTB# Γu � Γv ���, #&��@lY, )%���k<�6, g Γu � Γv &&�, #)
����TO�TZ��, g Γu � Γv &#�, #)=����-WCZ, 7! ZR(13, 13) = 250092, W�

α = 0.0772,&AZ/0), #)���� 7.72%. 6>5�H, g Γv &&2E��, �" Γu ���, #)=
����Zh, ]�C� ��$��%#)=���LT&#. 6�g Γu &&2E��, �" Γv ���,
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#)=��WBBOS��'LMTZ��, ]�C������$��%#)��LT&&, �][ .

�J:6>�U�. 
�%#[ 1(g) �' 4, &A������$��, � ��$��%=���LTi
.]5?, ]42&KY�_, �*$����0)�, ����C.H�+&�, MG� �C.H�+&

�, .&��!K(�'(�4���$�� ('(4 24), F/]� 2 
'3, ]�&��<G�d� 

��$��%=���LT. bem�, � �A7�U�!-�K(�'(?�, ]<RSLT(U�!

��j. ��G#!A��Z/�����m�%n#, ����%=���LT&&.

0 2 4 6 8 10 12 14
2.32

2.34

2.36

2.38

2.4

2.42

2.44

2.46

2.48 ×10
5

u ( v)

 

 

u

v

0
2

4
6

8
10

12
14

0

5

10

15
2.3

2.35

2.4

2.45

2.5

2.55

u
v

×105

f 1 Uy_aOzguvwxPQh Γu i Γv jk ({) lvwxPQh (Γu, Γv) tdMjk (|)

H 5 _`_aObcRÆVTZ[mntdMopqrms (emn)

Γu rnof
Γv = 0 Γv = 2 Γv = 4 Γv = 6 Γv = 8

ZR α ZR α ZR α ZR α ZR α

0

2% 2.322 0 2.360 1.64 2.361 1.68 2.361 1.68 2.361 1.68

5% 2.322 0 2.360 1.64 2.361 1.68 2.361 1.68 2.361 1.68

10% 2.322 0 2.360 1.64 2.361 1.68 2.361 1.68 2.361 1.68

2

2% 2.334 0.55 2.373 2.20 2.374 2.26 2.374 2.26 2.374 2.26

5% 2.354 1.41 2.393 3.07 2.395 3.16 2.395 3.16 2.395 3.16

10% 2.401 3.40 2.438 5.00 2.444 5.25 2.444 5.25 2.444 5.25

4

2% 2.345 1.02 2.384 2.68 2.385 2.75 2.385 2.75 2.385 2.75

5% 2.391 3.01 2.429 4.61 2.434 4.84 2.434 4.84 2.434 4.84

10% 2.478 6.76 2.512 8.18 2.512 8.18 2.512 8.18 2.512 8.18

6

2% 2.355 1.45 2.394 3.11 2.396 3.21 2.396 3.21 2.396 3.21

5% 2.424 4.40 2.462 6.06 2.468 6.30 2.468 6.30 2.468 6.30

10% 2.510 8.13 2.545 9.63 2.545 9.63 2.545 9.63 2.545 9.63

8

2% 2.365 1.85 2.403 3.49 2.406 3.62 2.406 3.62 2.406 3.62

5% 2.450 5.53 2.490 7.25 2.491 7.31 2.491 7.31 2.491 7.31

10% 2.534 9.13 2.569 10.67 2.569 10.7 2.569 10.7 2.569 10.7

10

2% 2.371 2.14 2.409 3.75 2.413 3.92 2.413 3.92 2.413 3.92

5% 2.464 6.12 2.496 7.51 2.496 7.51 2.496 7.51 2.496 7.51

10% 2.570 10.67 2.606 12.24 2.607 12.3 2.607 12.3 2.607 12.3

12

2% 2.377 2.37 2.414 3.97 2.418 4.17 2.418 4.17 2.418 4.17

5% 2.467 6.27 2.500 7.67 2.500 7.67 2.500 7.67 2.500 7.67

10% 2.626 13.12 2.664 14.74 2.664 14.7 2.664 14.7 2.664 14.7

%��6��$�NT Γu � Γv �� (�[72� (2%, 5%, 10%) �J`B#/0F5UWV' 5,

!������[72� 5%. �' 5 %, �" Γu � Γv ���, 0)��TU��\, #)=����.

g� �[72��6�, #)=���"�$�NT���G��, ��"���&o%�$�����
H?�<�j#p��$�NTB# (Γu, Γv); g�$�NTB# (Γu, Γv) �6�, �"� �[72��
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�, #)=��4#k<��, ]^c"�$��<T#, q.�;54T#. � Γv = 0  �, �6� [

72�*#)=��� Γu ���/[ 2 
5. ' 5 ��" (Γu, Γv) ���, α �(BB��, rk%0)

TU�&\, )g� [72� 10%, 2 (Γu, Γv) &#�, α ≤ 0.147, ]7H%H Z/0)#)(��
%2�, 6�4rk%0)�*$�&?. ���$�NT Γu � Γv �&��<G��8(��"���H

?�TU�, �W, ��"���&o%�$�����H?�<�j#p��$�NTB#�� [72
�, & =��#&.

0 2 4 6 8 10 12
2.3

2.35

2.4

2.45

2.5

2.55

2.6

2.65

 

 

2%
5%
10%

×105

u

f 2 _`ÆVZ[mnuvwxPQh Γu Mjk (Γv = 0)

f 3 ÆVZ[mn 5% Mvwl}tulvw

f 4 ÆVZ[mn 2% Mvwl}tulvw



3180 � � � � � � � � � � 37�

f 5 ÆVZ[mn 10% Mvwl}tulvw

S*$�I�$�NTB# (Γu, Γv)*,� ��$��%-,�!G�>-!���"A��!��
8>�LT. �� �[72� 5%, Γu = 4 � Γv = 5  �, F 13 5U�!�i�E'4�kb�lG�
M4��^�`` 6 5G�>-!, 97/[ 3 
5, dls'5#)��!, ge'5���G�>-!

�!���� !���. �/'4Æ &5-,�!�G�>-!, `@>&t�� !, N �Q�E

^a�jQ@>� . [ 4 �[ 5 �J � [72� 2% � 10% �-,�!G�>-!���"A�
��8>. 2&[ 3, 4 � 5 �H, �"� [72����, �E�G�>-!�7��, 2Æ(��, � 6

5��( 7 5, �!���1�4<�7��. �&g� [72� 2% � 5% �, 6>�E�6� 6 5

>-!, )�!����7�� (V[ 3 � 4).

W!, g[72��� (/ 10%) �, �"�$�NT Γu � Γv BB��, �E�>-!�Æ(BB�

�, ]�C�"� �������$����, & �6,3=���!>-!-$� , hp�$�h

$�LT.

4 xy

�C*�I��Z/����0), ��J+8�����?&�$��� (� �����) �*K

G, 6�+848� ������5HK�Æ��$��,2"�5�$�NT�Æ Γu � Γv <(�$�

�, ,3%&5.K�*$����0). ���5�$��Æ HK,4, & 
,*$0) @;�0

), ]��% �0)�%<. �C� *$)���, 4@;�'b4;��3�, #m .Y ��0#
;�1Æ-.*$�5��, 1	d CPLEX � MATLAB 0#k��H �. #', �O4PM5A� 13

5QR�-,�!G�>-!������ �, $�#)���"A��!���O, 1F�$��%�

�=���#)������O�5X</0�I. 5�UW'C, &A������$��, � ��$

��%��=��@7&#�LT, 2� [72�%��=��������O?CZ�LT. *$��

0)?-, 6�0)#)�49?i?�*$�. ��*$)�*+%��%�$��A7�K@�<�0

)��TU�, G]E#RS57H��$�S5NT�Æ Γu � Γv G. /W��" ��-qH?, G�

E&#� Γu � Γv (�[72�,  �����O�?-�0@>&#��)T[; �r, /W��" �

�n H?, G�E&&� Γu � Γv (�[72�, )W�j6rs�$���#h$�fB; /W���

�, G�j&5o��$��B#�O. 
�, ��"���&o%�$�����H?�<�j#p��
$�NTB#�� [72�, �[ #)=��������O, 6� ��Ng@>,p���qZ.

�C
@.�*$����0) ?2,�kg0), G�&E�6�� (/-,�!��C�), �#

�"���hr�C�6Æ(��!.�W,4�C�0)l� 7g�2,������!�����,1

+8���>��, ]%S*$/&d#���K.
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