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1 QRSTUVW
Hausdorff �X	�
�������, �� [11]. ��������� (0,+∞) �	

�� Φ, �� Hausdorff �X���

HΦ(f)(x) =

∫ ∞

0

Φ(t)

t
f

(
x

t

)
dt =

∫ ∞

0

Φ(xt )

t
f(t)dt, x ∈ R.

Hausdorff �X��� Hardy �X�Cesàro �X�Hardy-Littlewood-Polya �X�YÆ�X. �

� Φ(t) =
χ(1,∞)(t)

t �,

HΦ(f)(x) = H(f)(x) =
1

x

∫ x

0

f(t)dt, x �= 0.

Z�YÆ	 Hardy �X. 1921  , Hardy[9] �����	 Hardy ��!:

∫ ∞

0

|Hf(x)|pdx ≤
(

p

p− 1

)p ∫ ∞

0

|f(x)|pdx, 1 < p < ∞,

�"[#� p
p−1 �\���. $% Φ(t) = χ(0,1)(t), &

HΦ(f)(x) = H∗(f)(x) =
∫ ∞

x

f(t)

t
dt,

' (�: 2015-12-01. )! '"(�: 2016-06-06.

#�*+: $%],&�#� (No. 11501516, No. 11426204, No. 11471288) '��-],&�#� (No.
LQ15A010003, No. LY14A010015).
E-mail: wuxm@zjnu.cn



794 . � ( / 46�

Z� Hardy �X	)^�X. � Φ(t) = χ(0,1)(t)(1 − t)δ 0 Φ(t) = χ(0,1)(t) +
χ(1,+∞)(t)

t �, HΦ

*+�YÆ	 Cesàro �X Cδ � Hardy-Littlewood-Polya�X P . 12���3:

Cδf(x) =

∫ 1

0

t−1(1− t)δ−1f(t−1x)dt,

P (f)(x) = Hf(x) +H∗f(x) =
∫ ∞

0

f(t)

max{t, x}dt.

,�	 Hausdorff �X4-_5.67, /0�� [2–4] �. 18 Φ(t) � R
+ �29��,

& n �	 Hausdorff �X���

HΦ,Af(x) =

∫
Rn

Φ(y)

|y|n f(A(y)x)dy,

:` A(y)� n×n3a"4-566	 y ∈ suppΦ4 detA(y) �= 0. � A(y) = diag( 1
|y| ,

1
|y| , · · · ,

1
|y|) �, ;27 HΦ,A = HΦ, 8

HΦf(x) =

∫
Rn

Φ(y)

|y|n f

(
x

|y|
)
dy.

Hausdorff �X�9��� Hardy �X�Cesàro �X�Hardy-Littlewood-Polya�X�YÆ
�X, :"1�;�<<=�Fourier *>�-=*>�?@4bABC (�� [1, 4, 10–11]).

DE, > ?, Hausdorff �X	�
F�@GHABIc	Cd, ��� [3, 6–8, 12–15] ��.

18 Φ � R
n �	DÆ/E��, 4JK	9L �α = (α1, α2, · · · , αn), :` αi ∈ R, ���

F Hausdorff �X HΦ,�α �

HΦ,�αf(x) =

∫
Rn

Φ(y)

|y|n f

(
x1

|y|α1
,

x2

|y|α2
, · · · , xn

|y|αn

)
dy, x = (x1, x2, · · · , xn).

�% A(y) = diag
(

1
|y|α1

, 1
|y|α2

, · · · , 1
|y|αn

)
�, HΦ,A = HΦ,�α. � �α = (1, 1, · · · , 1) �, HΦ,�α = HΦ.

M Minkowski ��!GHLNIOe, $
∫
Rn

|Φ(y)||y|−n+n
p dy < ∞,

&4JK	 1 ≤ p ≤ ∞, HΦ � Lp J��4K. PLMNO�, � Φ �PQ���, �QRR

S� HΦ � Lp J��4K	SARR. ��fT	UV� HΦ,�α � Lp J��4K	TARR

�WXUV�WXYZUV, �[�\O�]�^�X4K	_�
‖HΦ,�α‖Lp(Rn)→Lp(Rn).

Y�`Z,> ?B[=�X�aF��J��4K=	�
\�b�c�*>	bA`9
g�. 2012  , def� [5] ���B[=	 Hausdorff �X SΦ �"���^�X� Lp J�

�	4K=. 18 Φ(s1, s2, · · · , sm) � R
+ × R

+ × · · · × R
+ �	DÆ/E��, & SΦ ���

SΦ(f1, f2, · · · fm)(x) =

∫
Rnm

Φ
(

x
|u1| ,

x
|u2| , · · · , x

|um|
)

|u1|n|u2|n · · · |um|n
m∏
j=1

fj(uj)du1du2 · · ·dum.
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2014  , _md�jne [7] [�\�
�oF*�pB[= Hausdorff �X� Lebesgue

J��	4K=. 189L �u = (u1, u2, · · · , um), ui ∈ R
ni , 7 d�u = du1du2 · · ·dum, 9L �β =

(β1, β2, · · · , βm), βi ∈ R G β ∈ R, oF*�pB[= Hausdorff �X*+���3:

RΦ,�β(f1, f2, · · · , fm)(x) =

∫
Rn1

∫
Rn2

· · ·
∫
Rnm

Φ( x
|u1| ,

x
|u2| , · · · , x

|um| )∏m
i=1 |ui|ni−βi

m∏
i=1

fi(ui)d�u;

SΦ,β(f1, f2, · · · , fm)(x) =

∫
Rn1

∫
Rn2

· · ·
∫
Rnm

Φ( x
|�u| )

|�u|∑m
i=1 ni−β

m∏
i=1

fi(ui)d�u,

:` |�u| = √|u1|2 + |u2|2 + · · ·+ |um|2.
F�� [7] 	fn, V�WqgY�Fh	B[= Hausdorff�X. 18 Φ � R

nm �	DÆ

/E��, 4JK	 x ∈ R
n, �β = (β1, β2, · · · , βm), :` βi ∈ R, ��B[= Hausdorff �X�

SΦ,m,�β(f1, f2, · · · , fm)(x) =

∫
Rnm

Φ(y1, y2, · · · , ym)∏m
i=1 |yi|n

m∏
i=1

fi

(
x

|yi|βi

)
dy1dy2 · · · dym, yi ∈ R

n.

� �β = (1, 1, · · · , 1) �, 7 SΦ,m,�β = SΦ,m, 8

SΦ,m(f1, f2, · · · , fm)(x) =

∫
Rnm

Φ(y1, y2, · · · , ym)∏m
i=1 |yi|n

m∏
i=1

fi

(
x

|yi|
)
dy1dy2 · · · dym.

V�Wij�X SΦ,m,�β � Lebesgue J��4K	TARRG:\���. k��k	�,

0�� [5] G [14] �l, V�`	rm4�X SΦ,m,�β `	�� Φ �nAol�29��. 3Z

�]V�	ÆA�s:

mn 1.1 p 1 ≤ p ≤ ∞, $ Φ(y) � R
n �	PQ��, 7

A :=

∫
Rn

Φ(y)|y|−n+
n∑

i=1

αi
p
dy.

& HΦ,�α � Lp(Rn) J��	4K�X�"9�

A < ∞.

[�\, ;24

‖HΦ,�α‖Lp(Rn)→Lp(Rn) = A.

mn 1.2 p 1 ≤ p, p1, p2, · · · , pm ≤ ∞, 1
p = 1

p1
+ 1

p2
· · · + 1

pm
, 18 Φ(y1, y2, · · · , ym) �

R
nm �	PQ��, 7

B :=

∫
Rnm

Φ(y1, y2, · · · , ym)

m∏
i=1

|yi|−n+
nβi
pi dy1dy2 · · · dym.

& SΦ,m,�β � Lp1(Rn)× Lp2(Rn)× · · · × Lpm(Rn) � Lp(Rn) J��	4K�X�"9�

B < ∞.
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[�\, ;24

‖SΦ,m,�β‖Lp1(Rn)×Lp2(Rn)×···×Lpm(Rn)→Lp(Rn) = B.

2 opqrs
mn 1.1 tuv q[T*=. M Minkowski ��!GHLNI, ;24

‖HΦ,�αf‖Lp(Rn) ≤
∫
Rn

(∫
Rn

∣∣∣∣Φ(y)|y|n f

(
x1

|y|α1
,

x2

|y|α2
, · · · , xn

|y|αn

) ∣∣∣∣
p

dx

) 1
p

dy

= A‖f‖Lp(Rn).

DE, � A < ∞ �, HΦ,�α � Lp(Rn) J��4K, "4

‖HΦ,�α‖Lp(Rn)→Lp(Rn) ≤ A. (2.1)

r[SA=. % fk(x1, x2, · · · , xn) = x
− 1+ 1

k
p

1 χ{x1>1}(x1) · · ·x− 1+ 1
k

p
n χ{xn>1}(xn), :` k > 1.

PLtwO�, 4

‖fk‖Lp(Rn) = k
n
p , (2.2)

"

HΦ,�αfk(x) =
(
x
−(1+ 1

k )
1 · · ·x−(1+ 1

k )
n

) 1
p

∫
Rn

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p

n∏
i=1

χ{
xi

|y|αi >1
}
(

xi

|y|αi

)
dy.

$ αi = 0, 4D4	 i = 1, 2, · · · , n, &�ssTbu. DE, ;2*t_67[#.

67 1: $ αi > 0, �v18 α1 < α2 < · · · < αn, &4JK	 i, 4 |y| < x
1
αi

i . DE�%

xi > k (k > 1) �, ;2�

‖HΦ,�αfk‖Lp(Rn) ≥
(∫

x1≥k

· · ·
∫
xn≥k

∣∣∣∣
∫
|y|<min{x

1
α1
1 ,··· ,x

1
αn
n }

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

∣∣∣∣
p

· x−(1+ 1
k )

1 · · ·x−(1+ 1
k )

n dx

) 1
p

≥
(∫

x1≥k

· · ·
∫
xn≥k

∣∣∣∣
∫
|y|<k

1
αn

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

∣∣∣∣
p

x
−(1+ 1

k )
1 · · ·x−(1+ 1

k )
n dx

) 1
p

.

uZ, rw (2.2) !, 4

‖HΦ,�αfk‖Lp(Rn) ≥
(∫

x1≥k

· · ·
∫
xn≥k

x
−(1+ 1

k )
1 · · ·x−(1+ 1

k )
n dx

) 1
p
∫
|y|<k

1
αn

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

= k−
1
k ·np k

n
p

∫
|y|<k

1
αn

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

= k−
1
k ·np ‖fk‖Lp(Rn)

∫
|y|<k

1
αn

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy.
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DE,

‖HΦ,�α‖Lp(Rn)→Lp(Rn) ≥ k−
1
k ·np

∫
|y|<k

1
αn

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy.

p k → +∞ (xC k
1
k → 1 G k

1
αn → +∞), ;24

‖HΦ,�α‖Lp(Rn)→Lp(Rn) ≥
∫
Rn

Φ(y)|y|−n+
n∑

i=1

αi
p
dy. (2.3)

67 2: $ α1 < α2 < · · · < αn < 0, &4 |y| > x1
i αi. DE�% xi > k (k > 1) �, �

‖HΦ,�αfk‖Lp(Rn) ≥
(∫

x1≥k

· · ·
∫
xn≥k

x
−(1+ 1

k )
1 · · ·x−(1+ 1

k )
n dx

) 1
p

·
∫
|y|>max{x

1
α1
1 ,··· ,x

1
αn
n }

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

≥ k−
1
k ·np k

n
p

∫
|y|>k

1
α1

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

= k−
1
k ·np ‖fk‖Lp(Rn)

∫
|y|>k

1
α1

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy.

p k → +∞ (xC k
1
k → 1 G k

1
αn → 0), ;24

‖HΦ,,�α‖Lp(Rn)→Lp(Rn) ≥
∫
Rn

Φ(y)|y|−n+
∑n

i=1
αi
p dy. (2.4)

67 3: $ α1 < α2 < · · · < αi < 0 < αi+1 < · · · < αn, &rw�Qo_67, 4

max
{
x

1
αi+1

i+1 , · · · , x
1

αn
n

}
< |y| < min

{
x

1
α1

1 , · · · , x
1
αi

i

}
.

DE,

‖HΦ,�αfk‖Lp(Rn) ≥
(∫

x1≥k

· · ·
∫
xn≥k

x
−(1+ 1

k )
1 · · ·x−(1+ 1

k )
n dx

) 1
p

·
∫
k

1
αi+1 <|y|<k

1
αi

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

= k−
1
k ·np k

n
p

∫
k

1
αi+1 <|y|<k

1
αi

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy

= k−
1
k ·np ‖fk‖Lp(Rn)

∫
k

1
αi+1 <|y|<k

1
αi

Φ(y)

|y|n |y|
∑n

i=1 αi(1+
1
k

)

p dy.

p k → +∞, dK� k
1
k → 1, k

1
αi → +∞ G k

1
αi+1 → 0, ;24

‖HΦ,�α‖Lp(Rn)→Lp(Rn) ≥
∫
Rn

Φ(y)|y|−n+
n∑

i=1

αi
p
dy. (2.5)

rw (2.3), (2.4) G (2.5) !, 4JK	 n �9L �α, ;24

‖HΦ,�α‖Lp(Rn)→Lp(Rn) ≥ A. (2.6)
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u� HΦ,�α � Lp(Rn) J��4K, DE4 A < ∞. rw (2.1) G (2.6) !, [�\�

‖HΦ,�α‖Lp(Rn)→Lp(Rn) = A.

�s 1.1 [y. �
mn 1.2 tuv q[T*=. �v�z=, ;2�v18 m = 2. PL Minkowski��!,

Hölder ��!GHLNI, ;2�

‖SΦ,2,�β(f1, f2)‖Lp(Rn)

=

(∫
Rn

∣∣∣∣
∫
R2n

Φ(y1, y2)

|y1|n|y2|n f1
(

x

|y1|β1

)
f2

(
x

|y2|β2

)
dy1dy2

∣∣∣∣
p

dx

) 1
p

≤
∫
R2n

|Φ(y1, y2)|
|y1|n|y2|n

(∫
Rn

∣∣∣∣f1
(

x

|y1|β1

)
f2

(
x

|y2|β2

)∣∣∣∣
p

dx

) 1
p

dy1dy2

≤
∫
R2n

|Φ(y1, y2)|
|y1|n|y2|n

(∫
Rn

∣∣∣∣f1
(

x

|y1|β1

)∣∣∣∣
p1

dx

) 1
p1

(∫
Rn

∣∣∣∣f2
(

x

|y2|β2

)∣∣∣∣
p2

dx

) 1
p2

dy1dy2

=

∫
R2n

|Φ(y1, y2)||y1|−n+
nβ1
p1 |y2|−n+

nβ2
p2 dy1dy2‖f1‖Lp1(Rn)‖f2‖Lp2(Rn).

dK� Φ �PQ	" B < ∞, uZ SΦ,2,�β � Lp1(Rn)× Lp2(Rn) � Lp(Rn) 4K, "wx
‖SΦ,2,�β‖Lp1×Lp2→Lp ≤ B. (2.7)

{3?[#SA=. % f1(x) = |x|−
n+ 1

k
p1 χ{|x|>1}(x), f2(x) = |x|−

n+ 1
k

p2 χ{|x|>1}(x). M|yt
HIO��

‖f1‖Lp1(Rn) = ω
1
p1
n k

1
p1 , ‖f2‖Lp2(Rn) = ω

1
p2
n k

1
p2 ,

:` ωn }xNyzZ	ZE. {u� 1
p = 1

p1
+ 1

p2
, DE4

‖f1‖Lp1(Rn)‖f2‖Lp2(Rn) = ω
1
p
n k

1
p , (2.8)

"

SΦ,2,�β(f1, f2)(x)

=

∫
R2n

Φ(y1, y2)

|y1|n|y2|n
∣∣∣∣ x

|y1|β1

∣∣∣∣
−n+ 1

k
p1

∣∣∣∣ x

|y2|β2

∣∣∣∣
−n+ 1

k
p2

χ{|x|>|y1|β1}(x)χ{|x|>|y2|β2}(x)dy1dy2

= |x|−
n+ 1

k
p

∫
|y2|β2<|x|

∫
|y1|β1<|x|

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2.

$4D4	 β1 = β2 = 0, &�ssTbu. uZ, ;2*t_67[#�s.

67 1: $ β1, β2 > 0, &4 |y1| < |x| 1
β1 G |y2| < |x| 1

β2 . DE� |x| > k �, ;24

‖SΦ,2,�β(f1, f2)‖pLp

≥
∫
|x|>k

|x|−(n+ 1
k )

∣∣∣∣
∫
|y2|<k

1
β2

∫
|y1|<k

1
β1

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2

∣∣∣∣
p

dx
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= k1−
1
kωn

∣∣∣∣
∫
|y2|<k

1
β2

∫
|y1|<k

1
β1

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2

∣∣∣∣
p

.

��, rw (2.8) !, 4

‖SΦ,2,�β(f1, f2)‖Lp

≥ (k−
1
k )

1
p ‖f1‖Lp1‖f2‖Lp2

∫
|y2|<k

1
β2

∫
|y1|<k

1
β1

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2.

p k → +∞ (Oe k
1
k → 1 G k

1
β1 , k

1
β2 → +∞), ;24

‖SΦ,2,�β(f1, f2)‖Lp ≥ ‖f1‖Lp1‖f2‖Lp2

∫
Rn

∫
Rn

Φ(y1, y2)|y1|−n+
nβ1
p1 |y2|−n+

nβ2
p2 dy1dy2.

DE,

‖SΦ,2,�β‖Lp1×Lp2→Lp ≥
∫
Rn

∫
Rn

Φ(y1, y2)|y1|−n+
nβ1
p1 |y2|−n+

nβ2
p2 dy1dy2.

67 2: $ β1, β2 < 0, &4 |y1| > |x| 1
β1 G |y2| > |x| 1

β2 . DE� |x| > k �, ;2�

‖SΦ,2,�β(f1, f2)‖pLp

≥
∫
|x|>k

|x|−(n+ 1
k )

∣∣∣∣
∫
|y2|>k

1
β2

∫
|y1|>k

1
β1

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2

∣∣∣∣
p

dx

= k−1− 1
kωn

∣∣∣∣
∫
|y2|>k

1
β2

∫
|y1|>k

1
β1

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2

∣∣∣∣
p

.

uZ,

‖SΦ,2,�β(f1, f2)‖Lp

≥ (k−
1
k )

1
p ‖f1‖Lp1‖f2‖Lp2

∫
|y2|>k

1
β2

∫
|y1|>k

1
β1

Φ(y1, y2)

|y1|n|y2|n |y1|
(n+ 1

k )
β1
p1 |y2|(n+

1
k )

β2
p2 dy1dy2.

p k → +∞ (Oe k
1
k → 1 G k

1
α1 , k

1
α2 → 0), 4

‖SΦ,2,�β(f1, f2)‖Lp ≥ ‖f1‖Lp1‖f2‖Lp2

∫
Rn

∫
Rn

Φ(y1, y2)|y1|−n+
nβ1
p1 |y2|−n+

nβ2
p2 dy1dy2.

DE,

‖SΦ,2,�β‖Lp1×Lp2→Lp ≥
∫
Rn

∫
Rn

Φ(y1, y2)|y1|−n+
nβ1
p1 |y2|−n+

nβ2
p2 dy1dy2.

67 3: $~�|} βi > 0, |} βi < 0, �v�z=, ;218 β1 > 0, β2 < 0. &rw�

Qo_67, 0�s 1.1 `67 3 	[#`�~�, Z�;2�rzQ.

{w�Qt_67, ;24

‖SΦ,2,�β‖Lp1×Lp2→Lp ≥ B. (2.9)

[�\rw (2.7) !, �

‖SΦ,2,�β‖Lp1×Lp2→Lp = B.
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Best Constants for a Class of

Hausdorff Operators on Lebesgue Spaces

WU Xiaomei

(Xingzhi College, Zhejiang Normal University, Jinhua, Zhejiang, 321004, P. R. China)

Abstract: As an extension of classical Hardy operators and Cesàro operators, Hausdorff
operators play an important role in harmonic analysis. We study the boundedness of a class of
Hausdorff operators on Lebesgue spaces and get the sharp bounds. We also obtain the necessary
and sufficient conditions for the boundedness of a class of multilinear Hausdorff operators on
Lebesgue spaces. Moreover, we get the best constants for the operators on Lebesgue spaces.

Keywords: Hausdorff operators; multilinear operators; Lebesgue spaces; best constants


