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0 Introduction

In this paper, we shall establish the existence of positive solutions for the following second
order three-point boundary value problem:

" (t) +alt)e' (t) +b(t)p(t) = —g(t, 0(t), 0<t<1, (0.1)
©(0) =0, (1) = agp(n), (0.2)

where 0 <a <1, 0<n<1.

The existence of nontrivial solutions for second order multi-point boundary value problems
has been extensively studied by applying Krasnosel’skii’s fixed point theorem, method of upper
and lower solution, Leggett-Williams fixed point theorem, theory of fixed point index, and so on
(see [1-17] and references therein). For example, in [6], by the fixed point theorems with lattice
structure, under the condition that the nonlinear term can change sign, the author has studied
the existence of nontrivial solutions of the following boundary value problems:

{—go (1) = g(t, o(t)
©(0) =0, ¢(1) =

), 0<t<1,
ap(n),
where 0 < a <1, 0<n<1,g:][0,1] x (—o0,4+00) = (—00,400) is continuous.

In [3], by means of fixed point theorem, the authors considered the existence and uniqueness
of positive solution for the following three-point boundary value problem with sign-changing

Received date: 2015-09-21.

Foundation item: This work is supported by NSFC (No. 11571207), the Research Award Fund for Outstand-
ing Young Scientists of Shandong Province (No. BS2012SF022) and the Project of Shandong Province Higher
Educational Science and Technology Program (No. J11LAOQ7).

E-mail: % sdlhy1978@163.com



No. 5 Li H. Y. and Zhao M. T.: Positive Solutions for Second Order Three-point BVPs 709

nonlinearities:

() + f(t,x(t)) =0, 0<t<l,
z(0)=0, z(1) =az(n), 0<n<l, 0<a<l.

n [9], by using Leggett-Williams fixed point theorem, the authors considered the following
second order three-point boundary value problem:

W'(8) +alt)d (t) + f(tu) =0, 0<t<1,
u'(0) =0, u(1) = au(n),

where 0 < o, < 1, a:[0,1] = (—00,0) is continuous, and f is allowed to change sign.
In [8], the authors considered the following second order three-point boundary value problem:

u”(t) + a()u'(t) + b(t)u(t) + h(t) f(t,u) =0, 0<t<1,
u(0) =0, u(l) = au(n),
where « is a positive constant, 0 < n < 1, a € C[0,1], b : [0,1] — (—00,0) is continuous,

h:(0,1) — [0,00) is continuous, f : [0,1] x (0,400) — [0,400) is continuous, h is allowed to
be singular at ¢ = 0,1, and f may be singular at v = 0. By the fixed point index theorem, the

(0.3)

authors established the existence of positive solutions for the boundary value problem (0.3) under
some conditions concerning the first eigenvalue corresponding to the relevant linear operator.

Inspired by [1-17], we shall discuss the existence of positive solutions and multiple positive
solutions for the nonlinear second order three-point boundary value problem (0.1)—(0.2). The
main features of this paper are as follows. First, there are few papers considering the boundary
value problem (0.1)—(0.2) with sign-changing nonlinearity, i.e., when the nonlinear term g is
allowed to change sign, we shall obtain the existence of one or two positive solutions for the
boundary value problem (0.1)—(0.2) by using topological methods and analyzing the boundary
value condition. Second, we shall give some relatively weak assumptions which are easy to be
checked.

The organization of the rest of this paper is as follows. In Section 1, some preliminaries and
lemmas are given, which will be used to prove the main results. In Section 2, we shall give the
main results about the existence of positive solutions.

1 Preliminaries and Some Lemmas

In the following, we give the definition of H condition and some relevant lemmas. Let
E = C[0,1] with the norm ||¢[| = max;c(o,1) |¢(t)|. Then E is a Banach space. Let P = {p € E':
o(t) >0, t €]0,1]} be a cone of E.

Consider the linear integral operator

(Bo)(z) = / Bz, v)o(y)dy, (L1)

where B(z,y) is nonnegative continuous on [O 1] [O 1]. Tt is obvious that B : P — P is
completely continuous. Let (B*¢)(x fo (y)dy, where B (z,y) = B(y,z). Let the
spectral radius r(B) # 0. Then the spectral radlus r(B*) = r(B). By Krein-Rutman theorem,
there exists ¢* € P\ {6} such that
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*_L * ok
) = >B1/). (1.2)

For § > 0, let .
P, 5) = {so c P\ / ¥ (@)p(e)de > 5||s0||}~

Definition 1.1 Assume that there exists /* € P\ {#} and § > 0 such that (1.2) is
satisfied and B maps P into P(v*,¢), then the operator B defined by (1.1) is said to satisfy H
condition.

Further, let B(z,y) = k(z,y)a(y), B (z,y) = B(y,z), where k(z,y) is nonnegative contin-
uous on [0,1] x [0,1], a(y) is nonnegative continuous on [0, 1]. Define

1
(Bo)a) = [ Blav)olu)dy, (1.3
0
1 —x
(B*Y)(z) = / B (z,y)¢(y)dy.
0
Lemma 1.1 Let #(B) # 0. And assume that there exists v(z) € P\ {#} such that

k(z,y) > v(x)k(r,y), VYz,y,7€]0,1].

In addition, assume that there exists ¢*(z) > 0, ¢¥*(z) #Z 0, v* = T(lB)B*w*, v(x)*(z) £ 0.
Then the operator B defined by (1.3) satisfies H condition.

In order to prove our main results, we also need the following lemmas.

Lemma 1.2 Let F be an infinite Banach space, Q@ C F be a bounded open set, A :
Q — E be completely continuous. And assume that B : 9Q — E is completely continuous and

satisfies

(i) infzeoq || Bz| > 0,

(ii) * — Az # tBx, Yo € 09, t > 0.
Then deg(I — A,9,0) = 0.

Lemma 1.3[1l Let E be a Banach space, P C E be a cone, Q be a bounded open set of
E. And assume that A : QN P — P is completely continuous, and A has no fixed points on
P N oQ. If there exist a linear operator B : P — P and ug € P\ {6} such that

(i) B™ug > ug, for some natural number n;

(ii) Az > Bz, Vz € PN oN.
Then deg(I — A,Q2N P,0; P) =0.

Lemma 1.4 Let a € C[0,1], b € C([0,1],(—00,0)). And assume that ¢; is the unique
solution of boundary value problem

¢ () +a(t)Py(t) +b(t)pr(t) =0, 0<t<1,
¢1(0) = 07 d)l(l) = ]-7

and ¢ is the unique solution of boundary value problem

5(t) +a(t)ph(t) +b(t)g2(t) =0, 0<t <1,
$2(0) = 1, ¢2(1) = 0.
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Then ¢; is strictly increasing on [0, 1] and ¢2 is strictly decreasing on [0, 1].
Lemma 1.50'% TLet a € C[0,1], b € C([0, 1], (—00,0)). And assume that 0 < ae:(n) < 1.
Then for any y € C[0, 1], the following boundary value problem:

{u"(t) a(t)/ () + b(t)u(t) + y(t) =0, 0<t<1,
(0) =0, u(1) = au(n)

is equivalent to the following integral equation

where
Gt,3) = k(t.5) + T2 k(). (14
and
L fér1(t)ga(s), 0<t<s<1,
k(¢ s) ;{qbi(s)q;(t) 0<s<t<l
and

p=10) >0, plt) = exp [ ats)as).

For convenience, we list the following conditions.

(H1) a:[0,1] = (—o00,+00) and b : [0,1] — (—o0,0) are continuous; 0 < apy1(n) < 1, where
¢1 is given in Lemma 1.4.

(H2) g : [0,1] x (—00,4+00) = (—00,400) is continuous, g(t,0) = 0 for t € [0, 1], and there
exists m > 0 such that g(¢t,v) > —m, V¢ € [0,1], —co < v < +00.

2 Main Results

Theorem 2.1 Suppose that (H;) and (Hg) are satisfied. In addition, assume that there
exist continuous functions ¢(t) > 0, d(t) > 0, h(t) > 0 and a constant r > 0 such that

g(t,v) > c(t)v —d(t), Vte][0,1], v>0; (2.1)
g(t,v) <h(t)v, Vtel0,1], 0<v<r. (2.2)

And the spectral radius 7(Lo) > 1, r(Lg) < 1, where
1
£ = / Gt 5)p(s)e(s)p(s)ds, (2.3)

(Low)(t / G(t,s)p(s)h(s)p(s)ds.

Then the boundary value problem (0.1)—(0.2) has at least one positive solution.
In order to prove Theorem 2.1, we first need to prove the following lemma.
Lemma 2.1 The operator Lo, defined by (2.3) satisfies H condition.
Proof Define

- / G* (1, $)p(t)e(t) p(s)ds,
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where G*(t, s) = G(s,1).

By the definition of G* (s, t), p(t) and c(t), there exists tg € (0, 1) such that G*(to, to)p(to)c(to)
> 0. So there exists [t1, 2] C [0,1] such that G*(¢, s)p(t)c(t) > 0 for any ¢, s € [t1,t2]. Hence, for
any t € [tl,tg],

to

(L0 = [ G pOeptis > [ 6t et > 0.

t1

Therefore, there exists C' > 0 such that C(Li ¢)(t) > ¢(t), t € [0,1]. By Krein-Rutman theorem,
we obtain that the spectral radius r(L% ) # 0, and there exists w*(t) € P\ {0} such that

L w* =r(Lk)w". (2.4)
By Lemma 1.4 and (1.4), we have

P1(t) ¢2(t)
ol llpall

G(t,s) > min{ }G(T, s), Vt,s,7€][0,1],

So
G(t, s)p(s)c(s) > v(t)G(T, s)p(s)c(s), Vt,s,T € [0,1].

where v(t) = min{ $1(t) ¢2(t)}. Evidently, v(t)w*(t) # 0, Vt € [0, 1].

Il =l
Therefore, by Lemma 1.1, we get that Lemma 2.1 is valid. (Il
Proof of Theorem 2.1 Let
g(t,’U), v 2 07
t,v) = 2.5
91(tv) {O, v < 0. (25)

Consider the equation

" (t) +a(t)¢' (t) + b(H)e(t) = —gi(t, o), 0<t<1 (2.6)

By (2.5), we obviously know that the positive solutions of the boundary value problem (2.6),
(0.2) are the positive solutions of the boundary value problem (0.1)—(0.2).

By Lemma 1.5, the boundary value problem (2.6), (0.2) is equivalent to the following integral
equation

w@=AG@mMM@www
Define )
@@@zAGWWMM@ﬂwM W<t<l. 27)

By (Hy) and (Hz), T, Loo, Lo : E — E are completely continuous, and the fixed points of T'
defined by (2.7) are the solutions of the boundary value problem (2.6), (0.2).
From (2.1) and (Hz), there exists a constant m > 0 such that

> —m, Vte[0,1], —oo < v < +o00. (2.8)
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By (2.1), (2.5) and (2.8), we easily get that there exists a continuous function d(t) > 0 such
that
gi(t,v) > c(t)o —d(t), Vte[0,1], —oo < v < +00. (2.9)
From Lemma 2.1, there exist ¢* € P\ {#} and § > 0 such that ¢* = (L yLi9" and Lo
maps P into P(¢*,0), where P(¢*,0) = {p € P: fol o*(t)(t)dt > d|le|l}- Let B = r(Loo) — 1.
Then £ > 0.
Choose

[5 /1 /01 ¢ (1)G(t, s)p(s)c(s)mdsdt
/ / o (t )d(s )dtdS} (2.10)

Let $(t) be a positive eigenfunction corresponding to the eigenvalue 7~!(Ls,). That is,
7(Loo)® = Loo®. Let Qr = {p € C[0,1] : ||¢|| < R}. We assume that there exist some g € 0Qp
and po > 0 such that

R>‘ s)ymds

o —T9¢ = p@. (2.11)
Set q(t s)mds. Then, by (2.11) we get
0

91(8, @(S))
c(s)

Since Lo, : P — P(¢*,6), we have () +q(t) € P(¢*,d) by (2.12). Therefore, by (2.9)—-(2.10)
and (2.12), we obtain that

Almmv@w—lwwmmw
2/01¢*(t)dt/1Gts scs_sds—/lqb*tdt/ths sc?sds—/lqb*(t)E(t)dt
—r(Loo)/Olqb* Bt — //¢ dtds—/¢ Y5 (1)
:vww—1/¢* a—/ /¢ Jii(s)dtds
=6/1¢* t)dt — //¢ )d(s)dtds
—5/‘¢ 0 +qlt <h—ﬂ/‘¢ dﬁ—/‘/‘¢ )d(s)dtds
26M¢+w—ﬁé<ﬁ £yt — /t/¢ Jd(s)dtds

zwwwww%w dt//¢ d(s)dtds > 0. (2.13)

@(t) +q(t) = (TP)(t) + q(t) + pop = /0 G(t, s)p(s)c(s) { + 7%] ds+pop.  (2.12)

On the other hand, by (2.11), we have

/Olqb* t)dt — /¢ NTP)(t)dt = uo/qb t)dt > 0,
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which contradicts with (2.13). So for any ¢ € 9Qg, p > 0, we must have o — Ty # ug. It follows
from Lemma 1.2 that
deg(I — T, Qr,0) = 0. (2.14)

When R takes an arbitrary large number, (2.14) is valid. So by (2.14), we get that
ind(I — T, 00) = 0. (2.15)

Let 2, = {¢ € C[0,1] : ||| < r}. Without loss of generality, we assume that T has no fixed
points on 9€,.. In the following, we prove that for any ¢ € 09,., ¢ > 1, we have

Ty # Co. (2.16)
Otherwise, there exist ¢y € 02, and {y > 1 such that
T(po = Cogoo. (217)

Now we claim that
wo(t) >0, VO<t<1. (2.18)

In fact, otherwise, we may assume that oo (t) takes the minimum value at ¢9. By (0.2), we know
that to € (0,1). So @o(to) < 0, wi(to) =0, g (to) > 0. Thus

@0 (to) + alto)wp(to) + b(to)wol(to) > 0. (2.19)

But ¢ (to) + a(to))(to) + b(to)wo(to) = —Co g1 (to, wolto)) = 0, which contradicts with (2.19).
So (2.18) holds.
By (2.2) and (2.17), we have

Cowo(t) = (T'wo)(t / G(t,s)p(s)g1(s, po(s))ds 7/ G(t,s)p (s,¢0(s))ds

< / G(t, 5)p(s)h(5)@o(5)ds = (Logo) (). (2.20)

By (2.20) and Krein-Rutman theorem, r(Lg) > (o > 1, which contradicts with r(Ly) < 1
Therefore, (2.16) holds. So we have

deg(I —T,9Q,,0) = 1. (2.21)

By (2.15), (2.21) and the property of topological degree, there exists @.(t) € C[0,1], ¢« (t) #

0 such that ¢.(t) = (T'¢.)(t). Similar to the proof of (2.18), we get that ¢.(t) >0, t € [0 1]. So
@« (t) is a positive solution of the boundary value problem (2.6), (0.2). By (2.5), we know that
@« (t) is the positive solution of the boundary value problem (0.1)—(0.2). O

Theorem 2.2 Suppose that (H;)—(Hz) and (2.1) of Theorem 2.1 are satisfied. In addition,
assume that there exist r* > r; > 0 and a continuous function w(t) > 0 such that

g(t,v) > w(t)v, Vte[0,1], 0 <v <. (2.22)
g(t,r*) <0, Vtelo,1]. (2.23)



No. 5 Li H. Y. and Zhao M. T.: Positive Solutions for Second Order Three-point BVPs 715

And r(Ls) > 1, 7(L1) > 1, where L is defined by (2.3), L; is defined by

(1)t = [ Gt peuls)o(s)ds.

Then the boundary value problem (0.1)—(0.2) has at least two positive solutions.

Proof By the proof of Theorem 2.1, we only need to prove that the boundary value
problem (2.6), (0.2) has two nontrivial solutions. Obviously, (2.15) holds.

Let Q.+ = {p € C[0,1] : |l¢|l < r*}. Without loss of generality, we assume that 7" has no
fixed points on 02%. Assume that there exist ¢; € 9~ and & > 1 such that

T(pl = 51301. (224)
Similar to the proof of (2.18), we know that
p1(t) >0, Wtelo1]. (2.25)

Since ||¢1|| = r* and (0.2), there exists t; € (0,1) such that ¢q(¢;) = r*. Then ¢} (¢1) = 0,
o] (t1) <0. So
1 (1) + a(t)@ (t1) + b(tr) 1 (t) < 0. (2.26)

By (2.23)—(2.24), we have
O (1) + a(t)@h (1) + b(t)er () = =€ g1 (b, o1 (t) = =& g (ta, 1) > 0,
which contradicts with (2.26). So (2.25) holds. Hence, for any ¢ € Q.+, £ > 1, T # £p. Then
deg(I — T, Qy,0) = 1. (2.27)

Let Q. = {@ € C[0,1] : |¢|| < r1}. Let P = {p € C[0,1] : p(t) > 0}. Then P is a cone

of C[0,1]. By the definition of T" and (2.5), (2.22), T" maps {2, into P. By the maintenance of
topological degree, we have

deg(I - T,9Q,,,0) =deg(I —T,8,, N P,0; P). (2.28)

By (2.22), for any ¢ € 0Q,, N P, we get

@mwzéamWMM@wmwzlcw@mmmw@wzwwwy (2.29)

Since r(L1) > 1, there exists ¢ € P\ {0} such that L1 = r(L1)@ > @. So by (2.29) and
Lemma 1.3, we have
deg(I —T,Q,, N P,0; P) = 0. (2.30)

From (2.27) and (2.30), we have
deg(I — T,Q,,,0) = 0. (2.31)

By (2.14), (2.27)—(2.28) and (2.31), T has at least two fixed points. Hence, the boundary
value problem (2.6), (0.2) has at least two nontrivial solutions. Similar to the proof of (2.17),
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we know that the two nontrivial solutions are positive solutions. From (2.5), the boundary value
problem (0.1)—(0.2) has at least two positive solutions. O
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