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Abstract: Let G1, G2 be two simple connected graphs. The partially subdivision neigh-
bourhood corona of G1 and Ga, denoted by G1* G2, is obtained by taking one copy of G1 and
|V (G1)| copies of G2, and joining the neighbours of the i-th vertex of G1 to every vertex in the
i-th copy of G2, then inserting a new vertex into every edge of G1. In this paper, we deter-
mine the adjacency spectrum, Laplacian spectrum and signless Laplacian spectrum of G * G2
in terms of those of two factor graphs (Gi1 and Gs. In addition, as many applications of these
results, we consider constructing infinite pairs of adjacency cospectral, Laplacian cospectral and
signless Laplacian cospectral graphs. Moreover, we compute the number of spanning trees of
G1* G2 in terms of the Laplacian spectra of two factor graphs G1 and Go.
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0 Introduction

All graphs considered in this paper are finite, simple connected graphs. Let G = (V, E) be
a graph with vertex set V' = {vy,va, -+ ,v,} and edge set E(G). The adjacency matriz of G,
denoted by A(G), is an n x n matrix whose (i, j)-entry is 1 if v; and v; are adjacent in G and 0
otherwise. The degree of v; in G is denoted by d; = dg(v;). Let D(G) be the diagonal degree
matrix of G which diagonal entries are dy,da, - - - ,dy. The Laplacian matriz L(G) of G is defined
as D(G) — A(G). The signless Laplacian matriz of G is defined as Q(G) = D(G) + A(G). For an
nxn matrix M associated to G, the characteristic polynomial det(x1,, — M) of M is called the M -
characteristic polynomial of G and is denoted by ¢(M;x). The eigenvalues of M (i.e., the zeros
of det(zI,, — M)) and the spectrum of M (which consists of the n eigenvalues) are also called the
M -eigenvalues of G and the M -spectrum of G, respectively. In particular, if M is the adjacency
matrix A(G) of G, then the A-spectrum of G is denoted by 0(A(G)) = (M (G), A2(G), -, M\ (G)),
where A1(G) > A2(G) > -+ > A\ (G) are the eigenvalues of A(G). If M is the Laplacian matrix
L(G) of G, then the L-spectrum of G is denoted by o(L(G)) = (p1(G), p2(G), - - - , un(G)), where
11 (G) < p2(G) < -+ < pn(G) are the eigenvalues of L(G). If M is the signless Laplacian matrix
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Q(G) of G, then the @-spectrum of G is denoted by o(Q(G)) = (¢1(G), q2(G), - - , ¢n(G)), where
¢1(G) < ¢2(GQ) < -+ < ¢,(G) are the eigenvalues of Q(G). We call that two graphs G and Gs
are A-cospectral (resp., L-cospectral, ()-cospectral) whenever they have the same A-spectrum
(resp., L-spectrum and @Q-spectrum). For more review about the A-spectrum, L-spectrum and
Q-spectrum of G, readers may refer to [4-6, 8] and the references therein.

It is of interest to study some spectral properties of certain composite operations between two
graphs, such as the Cartesian product, the Kronecker product, the corona, the edge corona and
the neighbourhood corona. For example, the A-spectra, L-spectra and @Q-spectra of the (edge)

§l1=3,10,14-15] ' Recently,

corona of two graphs can be expressed by these of the two factor graph
the neighbourhood corona of two graphs was defined in [7] and the A-spectra, L-spectra and
Q-spectra of the neighbourhood corona of two graphs were computed in [7, 12]. The subdivision
graph S(G) (see [6]) of a graph G is the graph obtained by inserting a new vertex into each edge
of G. Based on subdivision graphs, the subdivision-vertex and subdivision-edge (neighbourhood)
coronae were introduced and their A-spectra, L-spectra and @)-spectra were also given in terms
of these of two factor graphs in [11, 13], respectively. Motivated by the works above, we define
a new graph operation based on subdivision graphs as follows.

Definition 0.1 The partially subdivision neighbourhood corona of two graphs Gy and G,
denoted by G % Ga, is obtained by taking one copy of G and |V (G1)| copies of Ga, and joining
the neighbours of the i-th vertex of G to every vertex in the i-th copy of G35, then inserting a
new vertex into every edge of Gj.

Note that if G; and G2 are two graphs on disjoint vertex sets of ni and no vertices, mq
and my edges, respectively, then the partially subdivision neighbourhood corona G1* G2 has
ny + my + ning vertices and nyms + 2mq (1 + n2) edges.

Example 0.1 Let P, and P> be two paths of 4 and 2 vertices, respectively. The partially

subdivision neighbourhood corona Py * P> of P, and P; is depicted in Figure 1.

® L L L ] *—O
P4 P2

Pyx P,
Figure 1 An example of partially subdivision neighbourhood corona

In this paper, we discuss the A-spectra, L-spectra and @-spectra of partially subdivision
neighbourhood corona G1 % G for two graphs G; and Gs. First, we compute the A-characteristic

polynomial and Q-characteristic polynomial of G; x Gy for a regular graph G; and an arbitrary
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graph G5. Using these results, we give a complete description of the A-spectra and Q-spectra
of G1 %Gy whenever G is an ri-regular graph and G is an ro-regular (or complete bipartite)
graph. Second, we compute the L-characteristic polynomial of Gy *G2 and give a complete
description of its L-spectra for a regular graph G; and an arbitrary graph Ga. Finally, as many
applications of these results, we consider constructing infinite pairs of A-cospectral, L-cospectral
and @Q-cospectral graphs. Moreover, we compute the number of spanning trees of G;*xG> in

terms of the L-spectra of two factor graphs G and Gs.

1 Spectra of Partially Subdivision Neighbourhood Coronae

In this section, we discuss the A-spectra, L-spectra and @Q-spectra of partially subdivision
neighbourhood coronae with the help of the coronal of a matrix. The M-coronal I'j;(x) of a
matrix M of order n is defined! ' to be the sum of the entries of the matrix (I, — M)~!, that
is, Dps(z) = 1} (21, — M)~11,, where 1,, denotes the column vector of size n with all the entries
equal to 1.

The Kronecker product A ® B of two matrices A = (@j)mxn and B = (bi;)pxq is the
mp X ng matrix obtained from A by replacing each element a;; by a;;B. It is well known that(®)
(A® B)T = AT @ BT and (A ® B)(C ® D) = AC ® BD, whenever the products AC and BD
exist. Moreover, (A ® B)™! = A™! ® B~! for two non-singular matrices A and B. If A and
B are two matrices of order n and p respectively, then det(A ® B) = (det A)?(det B)™. Other
properties of the Kronecker product can be found in [9)].

Given two arbitrary graphs G; and Gy of order n; and ns, m; and mo edges, respec-
tively, we first label the vertices of G1* Gy as follows. Let V(G1) = {vi,v2,- -+ ,vn, }, I(G1) =
{e1,€2,  + ,em, }, and V(Ga) = {u1,ug, -+ ,Un, }. Fori=1,2,--- nq, let Vi(Ga) = {u,ub, -,
u!,,} denote the vertex set of the i-th copy of Ga. Then V(G1) UI(G1)U [, Vi(G2)] is a par-
tition of V(G1* G2). Moreover, the degrees of the vertices of G1 * Go are

dey w6, (Vi) = (ne + 1)dg, (vi), i=1,2,--- ,nq;
deyway (uh) = day (uj) +da, (vi), i=1,2,--+ ,ny, j=1,2,--+ ny;

dGl;Gz(ei):za i:1725"';m1-

1.1 A-spectra of G; * G4

Theorem 1.1 Let G; be an ri-regular graph on n, vertices and m; edges, and G2 be an
arbitrary graph on no vertices. Then

ni

GA(GL % Ga);x) = 2™ " (G(A(G2))™ [T [(2% = 11) = Xi(G1) = 2T aa) (@)X (G1)] -
i=1
Proof With respect to the partition V/(G1)UI(G1)U[U2, VI(G2)] of V(G1 ¥ G2), we can
write the adjacency matrix of G; * G5 as
0 R 1) ® A(G1)
A(GL7Ga) = RT 0 0 ,
1o, ® A(G1) 0 A(G2) ® I,
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where R = (r;;) is the vertex-edge incidence matrix of Gy with entry r;; = 1 if the vertex i is
incident to the edge e; and 0 otherwise. Then the A-characteristic polynomial of G1 % G2 is given
by
xln, -R -17 ® A(Gy)
H(A(G1*Ga)) = det —RT xlm, 0
—1,, ® A(Gh) 0  xlyn, —A(G2)® 1
= det((zl,, — A(G2)) ® I,,,) det(S)

= (9(A(G2)))™ det(S),

S = ( fi;”T > < ~la, = Al >((x[n2 CAG)® L) (—1a ®AGY) 0)

(vl PA(GQ) AQ(Gl) 0
-\ —-RT 0

. J,‘Inl FA(Gz ( )A (Gl) —R
N —R" xlpy,

is the Schur complement!'¢! of (z1,,, — A(G3)) ® I,,, and
det(S) = det(z1, ) det(z1,, — T agy) (2)A*(G1) — (=R)(2Im,) " (—R"))

1
= 2™ det, |:J?In1 — FA(Gz)(J))AQ(Gl) — ;(Tllnl + A(Gl))]

1 1
— 2™ det [(m — 57"1)]”1 — PA(GQ)(x)AQ(Gl) — EA(GI)]

=™ [T =) = M(Gh) = aT aa) (2)AF (G,

i=1
where RRT = r11,,, + A(G1) and \;(G1) is the i-th eigenvalue of G1. O
Corollary 1.1 Let G; be an rq-regular graph on ny vertices and m; edges, and G2 be an
ro-regular graph on ns vertices. Then the A-spectrum of G * G consists of
(i) 0, repeated m; — ny times;
(ii) Ai(G2), repeated nq times for ¢ = 2,3, -+ ,ng;

(iil) three roots of the equation
22— rox? — (r+ X (G1) + ng)\?(Gl))x +rirg + Xj(Gr)ra =0
foreach j =1,2,--- ,n;.
Proof Since G is ro-regular, then by [3, Proposition 2],

n
L (g (2) = —

T —Ty

The only pole of T'y(g,)(x) is the maximal eigenvalue x = ry of Gi. Thus, by Theorem 1.1,
Ai(G2) is an eigenvalue of G1 * Gy repeated n; times for each ¢ = 2,3,--- ,ny and 0 is also an
eigenvalue of G1 * G4 repeated m; —ny times. The remaining eigenvalues are obtained by solving

1‘2 -7 — /\j(Gl) — 2%

AH(Gh)

T — T2
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for each j = 1,2, -+ ,n;. Hence, the result follows. ([
Corollary 1.2 Let G be an r-regular graph on n vertices and m edges, and K, ,; be a
complete bipartite graph with p,¢ > 1. Then the A-spectrum of G* K 4 consists of
(i) 0, repeated (p 4+ ¢ — 3)n + m times;

(ii) four roots of the equation
zt — [pg + A?(G)(p +q)+r+ )\j(G)]xQ - 2pq)\?(G)x +pg(r+A;(G)) =0 for j=1,2,--- ,n.

Proof By [14, Proposition 8], we have

(p+g)z+2pq

FA(Kp,q)(x) = 1[}2 —pq

Note that the A-spectrum of Gy = K, 4 is 0(A(Kpq)) = (01972 £,/pg). The two poles of
I‘A(Kp)q)(x) are the non-zero eigenvalues x = £,/pq of K, ,. Theorem 1.1 implies the required
result immediately. O

t1:3 11=14] many infinite families of pairs of A-cospectral graphs are gen-

It is well known tha
erated by using graph operations. As an application of Theorem 1.1, we also consider construct-
ing infinite pairs of A-cospectral graphs by employing the partially subdivision neighbourhood
corona of two graphs.

Corollary 1.3 (i) If G; and G4 are two A-cospectral r-regular graphs, and H is an arbi-
trary graph, then G1* H and Go* H are A-cospectral;

(ii) If G is a regular graph, H; and Hy are two A-cospectral graphs with I' 4z, (%) =
T a(#,) (), then Gx Hy and G'* Hy are A-cospectral.

1.2 Q-spectra of G; * G5

Theorem 1.2 Let G; be an ri-regular graph on n, vertices and m; edges, and G2 be an

arbitrary graph on no vertices. Then

P(Q(G1*G2);x) = (x —2)™ H(a? =711 = qi(G2))™
. H |:.13 — Tl(ng + 1) — FQ(GZ)(x — Tl))\g(Gl) —

i=1

r1 4+ Ai(G1)
x—2 '

Proof With respect to the partition V(G1) U I(G1) U U2, V(G2)] of V(G1*Gs), the

degree diagonal matrix of G1* G2 can be written as

(ng + 1)ri1n, 0 0
D(Gl;GQ) = 0 ZIml 0
0 0 (D(G2)+ril,,) ® Iy,
Thus,
(ng + 1)T1[n1 R 1;1;2 X A(Gl)
Q(G1*Gsy) = RT 2L, 0

]-nz ®A(G1) 0 (Q(G2) +r11n2) ®In1
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Then the @Q-characteristic polynomial of G; * G5 is given by

(x — (no + 1)r1) 1, -R —-15 ® A(G1)
H(Q(G1*G2)) = det —RT (x — 2)1p, 0
—1ln, ® A(Gh) 0 ((z = r1)ln, — Q(G2)) @ In,

= det[((z = 11)1n, = Q(G2)) ® In,] - det(S5)

= H(a: —r1 — qi(Ga))™ - det(S),

where
g— (iL' — (TLQ —+ 1)7“1)In1 — PQ(Gz)(x — 7“1)A2(G1) —R
—RT (x —2)I,

is the Schur complement!*) of ((x — 1)1, — Q(G2)) ® I,,, and

T —2

r1 4+ Ai(G1)
z—2 ’

det(S) = det((z — 2)I,,) - det [(x —(n2 + 1)r1)In, — Loy (@ — rl)AQ(Gl) — RRT}

n1

=@-2"]] [m —r1(n2 + 1) — Tg(ay) (@ — r1)AH(G1) —
i=1
where RRT = r11,,, + A(G1) and )\;(G1) is the i-th eigenvalue of G1. O
Corollary 1.4 Let G; be an rq-regular graph on ny vertices and m; edges, and G2 be an
ro-regular graph on ng vertices. Then the @-spectrum of G1 * G2 consists of
(i) 1 + ¢i(G2), repeated nq times for each ¢ =1,2,--+ ,ng — 1;
(ii) 2, repeated mq — ny times;

(iil) three roots of the equation, for each j =1,2,--- ,nq,
23 — [(ng + 2)r1 + 2r9 + 2]22 + ajz + b; =0,

where
a; = [(TLQ + 1)7“% + (2712 + 2)7“17”2 + (Tlg + 2)7“1 + 4ry — ’I’Lg)\?(Gl) - )\j(Gl)],

bj = (r1 +2r2)(X;(G1) — 2ring —r1) + 2”2)\?(G1).
Proof Since Gy is ro-regular, then by [3, Proposition 2],

n2

Paenr=m) == "5

Thus, by Theorem 1.2, we obtain the required result immediately. O
Corollary 1.5 Let G be an r-regular graph on n vertices and m edges, and K, ,; be a
complete bipartite graph with p,q > 1. Then the @-spectrum of G* K, ; consists of
(i) p+r, repeated n(q — 1) times;

(ii) ¢ + r, repeated n(p — 1) times;
(iii) 2, repeated m — n times;
(

iv) four roots of the equation, for each j =1,2,--- | n,

2t —[(p+q)(r+1)+3r +2J2° + a;2* + bjz +¢; =0,
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where
a;j =r(p+¢)°+ 2r* +4r+2—X(G))(p+q) +3r* + 5r — X;(G),
bj = —(r* +2r)(p + q)> = [r* + 51 = (\}H(G) = 3)r = 2A3(G) = A (D)](p + @) + A (G)r
+X(G)p—q) =1 — 4,
¢ =2r(p+q+D)p+q+7) =200+ QA3 (G) = 2(p — ¢)*N(G) — r(r + X (G))(r +p+ q).

Proof Tt is well known that[3 the Q(K, ,)-coronal of K, , is

P+ar—(p-9?

FQ(Kp,q)(x) = 2 — (p + q)x

Note that the Q-spectrum of K, , is 0(Q(K,.4)) = (0,p4 1, ¢»=1) p+¢), where pl¢=1) denotes
the eigenvalue p with multiplicity ¢ — 1. Thus, by Theorem 1.2, we obtain the required result. [

Theorem 1.2 can enable us to construct infinite pairs of QQ-cospectral graphs.

Corollary 1.6 (i) If G; and G2 are two Q-cospectral r-regular graphs, and H is an
arbitrary graph, then Gy x H and G2 * H are Q-cospectral;

(ii) If G is a regular graph, H; and H are two Q-cospectral graphs with gy, )(z) =
g,y (z), then G* Hy and G% Hy are Q-cospectral.

1.3 L-spectra of G; * G»

Theorem 1.3 Let Gy be an ri-regular graph on nj vertices and m; edges, and G5 be an

arbitrary graph on ns vertices. Then

H(L(G1*Ga)yz) = (xz —2)™ ™ H(fﬂ — 11— pi(G2))™ H[CEQ —(ri(n2 +1)

+TrGay (@ — 11)A(G1) + 2)7 + (2n2 + 1)1y
+ ZFL(Gz)(x - Tl)/\?(Gl) — )\i(Gl)]-

Proof With respect to the partition V(G1)UI(G1)U[U, Vi(Ge)] of V(G1 *G2), we can

write the Laplacian matrix of G; xGs as

(ne+1)rI,, -R —132 ® A(Gh)
LG %C) = ~RT 2 om, 0
_1n2 ®A(G1) 0 (L(GQ) +T1[n2) ®In1

Then the L-characteristic polynomial of G x G2 is given by

(x — (n2 + 1)r1) 1, R 1}, ® A(Gy)
#(L(G1%*Gg)) = det RT (x —2) 1, 0
1o, ® A(G1) 0 (@ =ri)Iny, — L(G2)) @ In,

=det(((z — 1) In, — L(G2)) ® I,,) - det(S)

= H(x — 711 — 1i(G2))™ - det(S),

i=1
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where
S = ((E — (712 + 1)T1)In1 — L(GQ)(:E — 7“1) . AQ(Gl) R
o R" (x —2) I,

is the Schur complement!*) of ((x — r1)I,,, — L(G2)) ® I,,, and

det(S) = (z —2)"* det [(x —(n2 + 1)r1)ln, — gy (z — r1)A%(Gy) — ﬁRRT}

ni

=(z—2)™m™™ 1_[[9132 —(ri(ne +1) + Ty (x — A (G) + 2)x + (209 + 1)
i=1

+ 20 (o) (2 — 1) A (Gh) = Ai(Gh)).

Hence, the result follows. O
Corollary 1.7 Let GG; be an ri-regular graph on n vertices and my edges, and G2 be any
graph on ng vertices. Then the L-spectrum of G * G5 consists of
(i) r1 + pi(G2), repeated n; times for each i = 2,3, -+, na;
(ii) 2, repeated m; — ny times;

(iil) three roots of the equation, for each j =1,2,--- ,nq,
- (nory +2r + 2)x2 +ajx+b; =0,

where
a; = (712 + 1)7’% + (2n2 + 3)7’1 — TLQ)\?(Gl) — )\j(G1),
bj = —(QTLQ + 1)7“% + 27L2>\?(G1) + )\j(Gl)Tl.
Proof Since each row sum of L(G2) equals 0, then

n2

FL(G2)(£L' — 7’1) = o 7“1.

The only pole of I'y(q,)(x — r1) is # = r;. Note that u;(G2) = 0. Thus, by Theorem 1.3,
r1 + pi(Ge) is an L-eigenvalue of Gy * Ga, repeated n; times for each i = 2,3,--- ,ng, and 2
is also an L-eigenvalue of G1*Gs, repeated m; — ny times. The remaining L-eigenvalues are
obtained by solving the equation as above. ([l

As an application of Theorem 1.3, we may construct infinite pairs of L-cospectral graphs.

Corollary 1.8 (i) If G; and G4 are two L-cospectral r-regular graphs, and H is an arbi-
trary graph, then G; * H and G2 * H are L-cospectral.

(ii) If G is a regular graph, Hy and Hy are two L-cospectral graphs, then G* H; and G * Ho
are L-cospectral.

Let G be a connected graph with n vertices and L-eigenvalues 0 = p1(G) < p2(G) < --- <

pin(G). Tt is well known that*l the number of spanning trees of G is

n

Thus, by Corollary 1.7, we can obtain the following result.
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Corollary 1.9 Let G; be an ry-regular graph on ny vertices and m; edges, and G2 be an

arbitrary graph on no vertices. Then the number of spanning trees of G1 * G4 is

t(G1*G2)

2 (1 + (2ng + 2)71) T[] (r1 4 pa(G2))™ TT (2n2ri 4 7 — 21223 (G1) — Xi(G1)r1)
=2 =2

n1 + mi + nineg
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