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0 UV
�����������:

Y1, Y2, · · · , Yn|θ, iid. ∼ g(y|θ),
θ ∼ P0,

�� Y1, Y2, · · · , Yn 	��
�, g(y|θ) 	 Yi ��
�	, θ 	�
�
�, P0 	 θ ����

����	. �����	�������� P0, �	Æ��
� {Y1, Y2, · · · , Yn} � θ

�
���	�������. ����
�, �������	� P0 	��
��, ���

�� “�”, ��	��� (��) �� P , �

Y1, Y2, · · · , Yn|θ1, θ2, · · · , θn, ind. ∼ g(yi|θi),
θ1, θ2, · · · , θn|P, iid. ∼ P, (1)

P ∼ P,

�� P 	 P �������	, ���� “�	��	”. ��, (1) �����Æ��
���
�����, �Æ�����	�
���
������. �� P ����Æ�
���� P0, � P = δP0 , �� (1) ��	
������. � P ������	�����
��, �����������	��, ���
��	��Æ��. 1973 �, Ferguson ���
��
����������� �, �
���
�� P �� Dirichlet �� (DP)[28], !�
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�	����
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%	�"��%	%��&'����
�����. �'	� 20 � , &Æ�#($�)
!��#%&��*, !+���(��'&'', � DP �("���)"�"����,�
�(�.

DP �("�*��))#$*�%+: �	 1973 �( 1995 �. ��%+� DP �("

)���Æ�&�*�*+, +�
���
�*,�
��&-('. Ferguson[28−29], Black-

well � MacQueen[5−6], Antoniak[2], Korwar � Hollander[54], Lo[63], Doss[16−17], Pitman[80−81],

Sethuraman[87−88] -��('�.�'�-,. ��'���#(��/��
�,'��

� [18],-.�
� [53, 55, 67] -�,��Æ���
���; 0	 1995 �( 1999 �, ��%
+�)�/�	��Æ���(�#��-��)!. 1
)2*0+,�-. (MCMC) ($

���/+�'', 	Æ DP ��
������"�%�����,3���. �)�.
Æ Escobar[23−24], Escobar � West[25], West - [98], MacEachern[64], Bush � MacEachern[8],

Neal[77], Dalal[14] -.�/0�/�. 4*%+	 1999 �(�", ��%+)���Æ�'/
� DP �("���. /� DP ("*!,0" Cifarelli � Regazzini[11] �/�, 5-.01�
��Æ.Æ MacEachern[65−66] �/0. /6���/7, �' (�) DP ��0'��1'2
�	!1 DP 3�,  �1�	20�� DP ���21. ��Æ1322�(489:���
���*5�3	6�;��.

� )�� DP ����45�7�: ����<5,��
�*,DP 6�38,�2
DP ����#(�!+�9=�(4���� !17:, 0����*�89�!�>��
"2. 53?'Æ DP ��6:� �%&*�. � �;<=;��: �Æ����	��
F , 53667�% @<�����	��; δx @<���Æ x � Dirac ��; = P �


��	 X ; A��'�4�	�89=>�. 	�:.)�5�, 53!���;?��@

�. .

1 Dirichlet 45 (DP)

��� (1)�� P 	
���	��, �� P -�Æ���6Æ [0, 1]�)�
���.<

�, ��
�� X = {x1, x2, · · · , xm} 	�8�, ���)�@=��	 P 01& p = (p1,

p2, · · · , pm) = (P ({x1}), P ({x2}), · · · , P ({xm}))  ��. !�, P ���	->Æ
�>� p

���	. � p ���������	�89 Dirichlet �	:

p ∼ Dirm(α1, α2, · · · , αm) (αj > 0).

�5�	, P 01& α = (α1, α2, · · · , αm) +�89 Dirichlet �	 ��. �� X *6��*
�, ��7� P �7Æ��89�	1�;?. = B 	 X � σ- +. α( · ) 	 (X ,B) )���
8�8��8*3��. �
��� {P (A) : A ∈ B} 	� Dirichlet �� (=	 P ∼ D(α)), A

�Æ X �@=�8*�?� {A1, A2, · · · , Am} (m ∈ N),

(P (A1), P (A2), · · · , P (Am)) ∼ Dirm(α(A1), α(A2), · · · , α(Am)). (2)

��9 c = α(X ) (> 0), F0( · ) = α( · )
α(X ) , 87=	 P ∼ D(cF0). <�, (2) 74� DP ��

�89�	1. Ferguson[28] 94����.8?@�, (X ,B) )����	���)B��
���	�� P, ���89�	); (2) ��89�	1. :!, �*)�, D(cF0) 	

�89 Dirichlet �	 (A [28], *6B;
A�� 2.9).
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DB94: �� P ∼ D(cF0), 8�Æ@� A,B ∈ B,

E[P (A)] = F0(A), D[P (A)] =
F0(A)(1 − F0(A))

c+ 1
,

Cov(P (A), P (B)) =
F0(AB)− F0(A)F0(B)

c+ 1
.

�@4, � DP ��, P ��CD<DÆ F0. :!, F0 *!=�	� P �E “E�”�FG,

��	F�	;  c G=� P EH��C F0 �HI�� (c �	>��I�
�): � c → +∞
�, P ��	 F0.

�� D(cF0) �	 P ��, ��?�>J@	�	����.

?Æ 1.1[28] - P ∼ D(cF0), D� P , X1, X2, · · · , Xn 	 � P �/���	
�, 8 P

�
��		

P |X1, X2, · · · , Xn ∼ D(c∗F ∗
0 ), (3)

��
c∗( · ) = c+ n, F ∗

0 ( · ) =
c

c+ n
F0( · ) + n

c+ n
Fn( · ),

Fn 	 X1, X2, · · · , Xn �#��	��.

9 F (x) = P ((−∞, x]) 	 P ����	��. �� 1.1 @AD.�B(KL� F �
�E

�: ∀x ∈ X ,

F̂ (x) = E[F (x)|X1, X2, · · · , Xn] =
c

c+ n
F0(x) +

n

c+ n
Fn(x). (4)

� (4) ���@�CM	: � n → ∞ �, F̂ (x) & Fn(x) )�,  
A	 (�����FN)

ODÆ Xi �-P�	; EG� c→ ∞ �, F̂ (x) = F0, �/"'H& P 	����B;	�2
�;  c→ 0 �, DP ���	�IJ�, !� F̂ (x) = Fn(x), :4#J���
����

��. ;&���	:

?Æ 1.2[37] - X1, X2, · · · , Xn|P ∼ P, � P ∼ D(cF0). A Xi �-P�		 G0, 8
1) A n→ ∞, 8 D(c∗F ∗

0 ) →w δG0 ,

2) A c→ 0, 8 D(c∗F ∗
0 ) →w D(Fn).

��8
�B;�, c ���;KQ', :	%@A2L" F̂ �FG��. �!�6��
���M. F�, Escobar[24] �M� c 
��KH!BBGR�	 U(n−1, n0, n, n2); Ishwaran

� Zarepour[48] SLDC Gamma �	; Kleinman � Ibrahim[51] �M�.HI���; TCD
- [92] �M�(4��
�I�IJE8 �� c �6.

��� (X ,B) )����	��=����� M, �� Dirichlet ��������
������U? Ferguson[28] 7., �FMOD=N�, D(cF0) ����	��2Æ F0 J�K

O (N F0 L3) ���	���;&���. �'8, � (X ,B) 	=>���� M �F

N&�	��VOD MJ�, 8� supp(D(cF0) = {Q ∈ M : supp(Q) ⊆ supp(F0)}. :!, �

supp(F0) = R
d �, D(cF0) ���	G� M. �@4, ! DP ��	��	����	

��.

�K�!, 5 DP ����.����'. EP), DP ��� P �P�6	GR��
	�� (A� ��� 1.3 ��� 1.4). :!*, @A� DP  3���J�KO�	��	
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��W�. � ��GR��X*!� PN
��9O� “�”,��ÆCM
��Q*��L
���&�
��(�.

1.1 DP HWXIY
J�K, �89 Dirichlet �	*!@<&AM�/�� Gamma 
�=�/%3��7.

�, A Yj ∼ Gamma(αj , 1) (j = 1, 2, · · · ,m) �/� (αj 	;L
�), 8
(Y1, Y2, · · · , Ym)∑m

j=1 Yj
∼ Dirm(α1, α2, · · · , αm).

�89 DP �7������: *�	/�M�� Gamma ��/�/�� “�” �7.

	)8�, 9

N(x) = −c
∫ ∞

x

exp(−y)y−1dy (0 < x <∞). (5)

�N
�-6 {Jk : k = 1, 2, · · · }:
P(J1 ≤ x1) = exp{N(x1)},
P(Jn ≤ xn|Jn−1 = xn−1, · · · , J1 = x1) = exp(N(xn)−N(xn−1)) (0 < xn < xn−1).

<�, J1 > J2 > · · · , a.s.
?Æ 1.3[28] �!)=<�,

P ( · ) =
∞∑
k=1

qkδZk
( · ) ∼ D(cF0), (6)

�� Zk, iid. N� F0( · ), qk 	
�YO� qk = Jk∑∞
k=1 Jk

.

��9 F (t) 	 P ����	��, �� 1.3 ��	� F (t) = Zt

Z∞ ∼ D(cF0), �� Zt 	/

�M�� Gamma ��: Zt ∼ Gamma(cF0(t), 1), Z∞ = limt→∞ Zt ∼ Gamma(c, 1). ��	�
89 Dirichlet �	��89�P�.

Sethuraman[87] D.� DP �EG��O�QN��PN,  ,��	 stick-breaking P

& †. ��@<�� DP ��("���, �'	� DP �38'"��*ÆR���.

?Æ 1.4 (Sethuraman[87]) - {Zm}∞m=1, iid. ∼ F0, {Vm}∞m=1, iid. ∼ Beta(1, c), �PA/
�. 9

π1 = V1, πm = Vm

m−1∏
l=1

(1 − Vl), · · · . (7)

8
P ( · ) =

∞∑
m=1

πmδZm( · ) ∼ D(cF0). (8)


�Y (7) ���;R�7O: A� Vm =�S�QP, ��
�Y πm /�Æ�ZT/K
�QP���Q�. �[*�, ∀N ∈ N,

1−
N∑
m=1

πm =
N∏
m=1

(1− Vm).

†UQS\, RSR]RVT^# Halmos[40], Freedman[31], Fabius[27], Connor % Mosimann[12], Kingman[50] T
_USU.
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T�*U�OD���, DB94 ∑∞
m=1 πm = 1, a.s.


�Y (7) � (8) �P&`'�Æ"A�
�YVVWV�(?a6,  
AX��. P&

(8)� {qm}��	N�	X�
� c� Poisson-Dirichlet�	 (A Kingman [50]), P& (9)�

�Y��	& Ewens [26]! Griffiths, Engen�McCloskey�W!1ST: π = (πk) ∼GEM(c).

�KPA;?��, Pitman[81] 	ÆD�<W(? (size-based permutation, A McCloskey [70])

���PA�1L, X2B;*!�>
A Pitman [81].

�&��(?, P ���	01&
�Y� {qm} � {Vm} �WP� {Zm} �1��	 
��. ���89�� P ��23��*��D����,
��
N&��. ��YU	Z
��89�	��, A Sethuraman � Tiwari [88], Doss [18], Muliere � Tardella [74], Gelfand

� Kottas [32], Ishwaran � James [44], Ishwaran � Zarepour [48] -.

& DP �@<���* P �3��*:

?Æ 1.5 (Ferguson[28]) - P ∼ D(cF0), � ψ(x), ϕ(x) 	 (X ,B) ) F0- *X��, 8
1) ψ(P ) =

∫
X ψ(x)P (dx) <∞, a.s.;

2) E[ψ(P )] = EF0ψ(X);

3) D[ψ(P )] =
DF0ψ(X)

c+1 ;

4) Cov(ψ(P ), ϕ(P )) =
CovF0(ψ(X),ϕ(X))

c+1 .

1.2 XZ[\
DP �
��*, 	7 �
���	�� P �
�
��[Y�	 (� P X�) �*.

&Æ� DP ��, P �P�6	GR�	, ��2 � P �
��B� “5”, �1��	��

2Æ/��V�Z��bQ, 2�
��1��W��*�����.

?Æ 1.6 (Polya prediction) A P ∼ D(cF0), � X1, X2, · · · , Xn|P, iid. ∼ P , 8⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

X1 ∼ F0,

X2|X1 ∼ cF0( · ) + δX1( · )
c+ 1

,

...

Xn|X1, X2, · · · , Xn−1 ∼ cF0 +
∑n−1

i=1 δXi

c+ n− 1
.

(9)

Blackwell � MacQueen[6] �-6 (9) 	 Polya urn -6. %��Æ�&c� Polya urn

(4. !�>8, MacQueen � Blackwell[5] 94�����-6 {Xn} 	 Polya urn -6, ��

cF0( · ) +
∑n−1

i=1 δXi( · )
c+ n− 1

n→∞−→ P ( · ), a.s.,

� P 	� DP. ���	�EG��
�MJ DP.

? (9) ��� {X1, X2, · · · , Xn, · · · } 	�*[W�, :!,

Xi|{Xj, j 	= i} ∼ cF0 +
∑n
k=1:k �=i δXk

c+ n− 1
. (10)


��?@�	 (10) ��
�������,�-.�
�'	 MCMC �
�'Y2\��
�, A Kuo[55], Liu[62], Escobar[24], Ecosbar � West[25] -.�/�.
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�� 1.6 *!���� “�\]^8” (Chinese restaurant rule, A Aldous [1], Ishwaran -

[45])  X;: _-��\]*!]`�8�Z���[\, �YZ\PD:�.��8. ��5
Z (Xi) -.!4. 4��Z. (X1) 
�8�d�Z[\, 40�Z. (X2) !� 1

c+1 ]"
��Z.�[\,  !� c

c+1 '&�d�\, �!�e. ��[\R@ {X1, X2, · · · , Xn} �
���6, ���[\� Xi 	/��. ��7O�^Æ�C
�� “5”: ��[\R@���
(cluster).

�N
�=� {Dn : n ∈ N}: D1 = 1; � i = 2, 3, · · · ,

Di =

{
0, �� Xi = Xj ��� j (j = 1, 2, · · · , i− 1);

1, a8.
<�, Di 	� ^<�d&\P�B[. 9 D(n) =

∑n
i=1Di @<" n ���6 {X1, X2, · · · ,

Xn} ���6��� (]�Z.�\P�). = X∗
1 , X

∗
2 , · · · , X∗

D(n) @< X1, X2, · · · , Xn ��6
�� (�Z.�\P).

?Æ 1.7 (Korwar � Hollander[54]) �);=<�, _- F0 �b�WP, 8
(i)

P(Di = 1) =
c

c+ i− 1
, i = 1, 2, · · · , n,

� Di /c/�;

(ii) P(Dn = 1, i.o.) = 1, � D(n) → ∞, a.s., D(n)
log(n) → c, a.s.;

(iii) D� D(n), X∗
1 , X

∗
2 , · · · , X∗

D(n)

iid∼ F0,

(iv) ∑D(n)
i=1 X∗

i

D(n)
→ μ0 = EF0(X), a.s.;

(v) (Antoniak[2])

P(D(n) = k|c, n) = nakc
k

c[n]
, (11)

�� nak 	 An(x) = x(x + 1) · · · (x + n − 1) = na1x + na2x
2 + · · · + nanx

n � xk �L�

(na1 = (n− 1)!, nan = 1),

c[n] =
Γ(c+ n)

Γ(c)
=

{
c(c+ 1) · · · (c+ n− 1), n = 1, 2, · · · ;
1, n = 0.

Æ��7., � DP ��, �K P 	GR�	, 5
Y
��fÆ�g, 
����6�
�� (]�Z.�\P�, 7@	��) fÆ�g (�K��d\). EG, Æ��7]<.

ED(n) =

n∑
i=1

c

c+ i− 1
≈ c log

(
n+ c

c

)
;

!+ D(n)
log(n) 	 c �S/�E�. ��_	 c �E� (_- Xi 	����) �L���h`, A

Liu [62].

EG, ��� (11) ?)Y	

P(D(n) = k) ∝ ck
Γ(n)Γ(c)

Γ(c+ n)
= ck

∫ 1

0

ηc−1(1 − η)n−1dη,
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K�- c ∼ Gamma(a, b) (a, b > 0), ��N
�=� η ∼ U [0, 1], 8*!94
c|η, k ∼ Gamma(a+ k, b− log η), η|c, k ∼ β(c, n).

��Æ>�
� c � MCMC �
�'"(2'���� (A [25]).

Antonika[2] � � P �
���1!�>��:, 74��8
��6��*5���
3. �'8, 9

{(X1, X2, · · · , Xn) ∈ C(m1,m2, · · · ,mn)} =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
m1 ���6.� 1 a,

m2 ���6.� 2 a,
...

mn ���6.� n a

 @<
�� “�” �(?. ���\\ 7O8	: _� 1 �Z.�\P�	 m1 �, _�
2 �Z.�\P�	 m2 �, �a�� (0=: \PR@��� Xi 6). <�,

∑n
i=1 imi = n,

D(n) =
∑n

i=1mi.

?Æ 1.8[2] - P ∼ D(cF0), � F0 �WP. A X1, X2, · · · , Xn|P ∼ P , 8

P
({X1, X2, · · · , Xn} ∈ C(m1,m2, · · · ,mn)|c

)
=

n!∏n
i=1 i

mi(mi!)

cm1+m2+···+mn

c[n]
. (12)

�'8, P(D(n) = k|c) 8	 (12) �O� ∑n
i=1mi = k ��� “�” ���.

��= Q(x1, x2, · · · , xn) 	 DP �
� X1, X2, · · · , Xn �1��	��, 8&�� 1.6 *

, Q 2Æ R
n )�V�Z�� λn bQ. � 83�b9� R

k (k ≤ n), 8� F0 �W���
f0(x) �?@�, Q ��W����C�;?.

`4�!^<
��� (�Z.�\P) �;<: 9 P = {p1,p2, · · · ,pm} 	 {1, 2, · · · , n}
���?�, ek = #pk 	� pk �D�, m = n(P) = #P. d<�, �� P R@� n �5Z

���	)��d(c, m = n(P) @<�Z.�[\�, ek R@Æ(c�Y�[\�Z.�.

Xi = Xj ��Æ� i, j ∈ pk ��� k = 1, 2, · · · ,m &�.

?Æ 1.9 (Antoniak[2]) - X1, X2, · · · , Xn|P ∼ P , P ∼ D(cF0), � dF0(x) = f0(x)dx �

�WP. 8� Rp1,p2,··· ,pm
) (X1, X2, · · · , Xn) �1�W���	

p(x1, x2, · · · , xn) =
cm
∏m
j=1(ej − 1)!f0(x

∗
j )

c[n]
, (13)

�� {x∗j} 	 x1, x2, · · · , xn ���ai.

] �� F0 	b�WP���	��, 8A�� 2.5.

��

π(P) =
cn(P)

∏n(P)
j=1 (ej − 1)!

c[n]

� @< n �5Z��[\��d�e, ��

p(x1, x2, · · · , xn|P) =

n(P)∏
j=1

f0(x
∗
j )
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8=ZY n �5Z]"7�[\��. !�, [Y1�W���*!@<	

p(x1, x2, · · · , xn) =
∑
P

π(P)p(x1, x2, · · · , xn|P),

�^��	� {1, 2, · · · , n} ���?� [. !�>�B[A�� 2.4 ��� 2.5.

2 DP b^_`a
2.1 bc DP(MDP)

DP ��F�	)�	�
�-P�	���E_��FG. &Æ-P�	�, ��_
�*!cSF�	b��
�, ��"f� DP. Antoniak[2] Æ 1974 �� DP �� c � F0

�,	X��
�� cθ � Fθ, K�DC θ ��� H(θ), ���f� DP; K�Æ���(
"� DP �
���
�*�_�1	, "���'�5�.

\Z8 �, - (X ,B) 	
��, (Θ,BΘ, H) 	��. αθ( · ) 	 Θ × B )�8�
8��8*3d]��. � (X ,B) )�
���	�� P 	X�
� αθ �f��	 H �

MDP, =	 P ∼ ∫ΘD(αθ)H(dθ), A�Æ X �*�?� {B1, B2, · · · , Bm} ⊆ B, +�Æ@��
0 ≤ y1, y2, · · · , ym ≤ 1,

P(P (B1) ≤ y1, · · · , P (Bm) ≤ ym) =

∫
Θ

F (y1, · · · , ym|αθ(B1), · · · , αθ(Bm))H(dθ),

�� F (y1, · · · , ym|αθ(B1), · · · , αθ(Bm)) 	 Dir(αθ(B1), αθ(B2), · · · , αθ(Bm)) �`X�	��.

��8, 9 cθ = αθ(X ), Fθ( · ) = αθ( · )
cθ

, 8*=	 P ∼ ∫
ΘD(cθFθ)H(dθ), �AY&c�

�d���;?: P |θ ∼ D(cθFθ), θ ∼ H.

��� Ferguson D.�6� DP, �� Antoniak PY)�N��1 DP: {D(αθ) : θ ∈ Θ},
KVV H 3Y&BD. P ��. � Ferguson ���2�*j^_), �*" MDP �

��5�. F�, A P ∼ ∫
Θ
D(cθFθ)H(dθ), � X |P ∼ P , 8 ∀A ∈ B,

P(X ∈ A) =

∫
Θ

Fθ(A)H(dθ).

�@4 X �[Y�		 {Fθ : θ ∈ Θ} VV H 3Y&B (f��	).

MDP��
��������Y,3���.�'5�D.��d������ P �
�

�*, %@4 MDP �7	����.

?Æ 2.1 (Antoniak[2]) - (Θ,BΘ, H( · )) 	7^���, P 	 (X ,B) )X�f��	
H �d]�� αθ( · ) � MDP. (Y,BY ) 	0e*��. F ( · |x) 	 X × BY d]���. �

� X 	 � P �
�D�	 1 �
� (� [X |P, θ] ∼ P , � [Y |P,X, θ] ∼ F ( · |x)), 8

[P |Y = y] ∼
∫
X×Θ

D(αθ + δx)H(dx, dθ|y).

�� H(dx, dθ|y) 	& F (y|x), αθ, H ��7��d]��	, αθ( · ) + δx( · ) 	 (X × Θ)× B

�d]��.
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�� 2.1 �P��kB;: ��B;@	 H 	���	, EG��B;@	�.� Y . �Æ
B;�, 8� ⎧⎨⎩

Y |X,P ∼ F (y|x)
X |P ∼ P
P ∼ D(cF0)

⇒ [P |Y = y] ∼
∫
X
D(cF0 + δx)H(dx|y),

�� H(dx|y) 	& F (x|y) � H 7��?@�	��;  �ÆB;0,⎧⎨⎩
X |P, θ ∼ P
P |θ ∼ D(αθ)
θ ∼ H( · )

⇒ [P |X = x] ∼
∫
Θ

D(αθ + δx)H(dθ|x),

�� H(dθ|x) 	& αθ � H 7��?@��	.

);5��," n ���67����5�, 5e���2a)�bf, )�W:	&Æ 
� P �
��B�Y “5”, X1, X2, · · · , Xn �[Y1��	 Q(x1, x2, · · · , xn, θ) � R

n )��,

�@A�2
��	 H(dθ|x1, x2, · · · , xn) �C�;?ge.

?Æ 2.2 - (Θ,BΘ, H( · )) 	7^���, P 	 (X ,B) )X�f��	 H �d]��
αθ( · ) � MDP. A αθ O��'��� 2.5 �?@, � X1, X2, · · · , Xn|P, iid. ∼ P , 8

[P |X1, X2, · · · , Xn] ∼
∫
Θ

D

(
cθFθ +

n∑
i=1

δxi

)
H(dθ|x1, x2, · · · , xn),

�� H(dθ|x1, x2, · · · , xn) 	& H � X1, X2, · · · , Xn �[Y1��	 Q(x1, x2, · · · , xn, θ) 7�
�?@�	, A�� 2.5.

�'��5�D. MDP � H(θ|X1, X2, · · · , Xn) �
��	.

?Æ 2.3 (Antoniak[2]) - P ∈ ∫ΘD(αθ)H(dθ), � αθ( · ) = cθFθ; X1, X2, · · · , Xn|P, iid. ∼
P . _-� (X ,B) B��� σ- �8� σ- *3�� λ( · ), � (i) Fθ(dx) = f0(x|θ)λ(dx),
(ii) λ( · ) � Fθ( · ) �Y�WP)�*�	 1. 8

H(dθ|X1, X2, · · · , Xn) =

ckθ
c
[n]
θ

∏k
j=1 f0(x

∗
j |θ)(mθ(x

∗
j ) + 1)[e

∗
j−1]H(dθ)∫

Θ

ckθ
c
[n]
θ

∏k
j=1 f0(x

∗
j |θ)(mθ(x∗j ) + 1)[e

∗
j−1]H(dθ)

, (14)

�� {x∗1, x∗2, · · · , x∗k} 	 {x1, x2, · · · , xn} ���6�, e∗j = #{i : xi = x∗j},

mθ(x
∗
j ) = cθFθ({x∗j}) =

{
cθf0(x

∗
j |θ), �� x∗j 	 Fθ �WP;

0, a8.

�'8, �� Fθ( · ) 	�WP�� cθ = c / θ �2, 8

H(dθ|X1, X2, · · · , Xn) =

∏k
j=1 f0(x

∗
j |θ)H(dθ)∫

Θ

∏k
j=1 f0(x

∗
j |θ)H(dθ)

. (15)

Doss[18] �E��(?D.� (15) ���, K`�'��
� h P �
��	��
.

�^7*!��� 4 3 aD.� MCMC �
($ 0&� H(dθ|X1, X2, · · · , Xn) ��
.
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2.2 DP bc (DPM)

Lo[63] ���W�E�����i��� DP 3Y;?, KD.�E��C�;?. �a/
�*!=�	� Antoniak /� (�� 2.1) �.?��^g�.

- (Y,BY ) � (X ,B) 	=> Borel �. K(y, x) 	 X × BY )�d]i.

- (X ,B) )�
���	�� P ∼ D(cF0). �Æ y ∈ Y, �

f(y|P ) =
∫
X
K(y, x)P (dx) (16)

	X�i��� Dirichlet f���.

<A, ∀y ∈ Y:

E[f(y|P )] = E

[∫
X
K(y, x)P (dx)

]
=

∫
X
K(y, x)F0(dx) = EF0K(y,X).

�@4A Y ∼ f(y|P ), 8 Y �[f�		 K ∗ F0.

- Y1, Y2 · · · , Yn|P, iid. ∼ f(y|P ), � P ∼ D(cF0). )�@b		Æ Y1, Y2 · · · , Yn  ��
f(y|P ). `4
�=� X1, X2, · · · , Xn, 8Æ(4->Æ����d(4:⎧⎪⎨⎪⎩

Yi|Xi, P
ind∼ K(yi, xi),

Xi|P iid∼ P,

P ∼ D(cF0).

(17)

�<�lÆ�� 2.1 X� n �=����kB;�. &Æm+" P �
��	, ��Z�P�
(? ��: ��		Æ,�-.�
(�, EG��	g.�C�@)?. �^)�cn Lo

(1984) �/� (A [63]).

- ψ(x) 	 (X ,B) �j*���� EF0ψ(X) < ∞, 8 g(P ) =
∫
X ψ(x)P (dx) :k���

8. �6��D.��d(4� P �3��
��*.

?Æ 2.4 (Lo[63])

E[g(P )|Y1, Y2, · · · , Yn] =
∫
g(P )P(dP |Y1, Y2 · · · , Yn)

=

∫
Xn

∫
g(P )P(dP |X1, X2, · · · , Xn)dH(x1, x2, · · · , xn|Y1, Y2, · · · , Yn),

�� [P |X1, X2, · · · , Xn] ∼ D(cF0 +
∑n

i=1 δXi),

H(dx1, dx2, · · · , dxn|Y1, Y2, · · · , Yn) =
∏n
i=1K(Yi, xi)

∏n
i=1

(
cF0(dxi) +

∑i−1
j=1 δxj (dxi)

)∫
Xn

∏n
i=1K(Yi, xi)

∏n
i=1

(
cF0(dxi) +

∑i−1
j=1 δxj (dxi)

) .
(18)

&Æ���: D� Y1, Y2, · · · , Yn, P �
��		X�f��	 H(x1, x2, · · · , xn|Y1, Y2,
· · · , Yn) � MDP (Antoniak[2]). \Z8�,

[P |Y1, Y2, · · ·Yn] ∼
∫
D

(
cF0 +

n∑
i=1

δxi

)
dH(x1, x2, · · · , xn|Y1, Y2, · · · , Yn).
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�7	�� 2.1 �5�. EG, �� 2.4 7D.�3��	 F ���E�

F̂ (x|Y1, Y2, · · · , Yn) = E[E[P ((−∞, x])|X1, X2, · · · , Xn]|Y1, Y2, · · · , Yn]
=

n

n+ c

∫
Xn

Fn(x|x1, x2, · · · , xn)H(dx1, dx2, · · · , dxn|Y1, Y2, · · · , Yn)

+
c

n+ c
F0(x).

�����2\	�?@�	 (18) � H(dx1, dx2, · · · , dxn|Y1, Y2, · · · , Yn) �W���.

- F0 �WP, � dF0 = f0(x)dx. ��� 1.9 �=<�, (X1, X2, · · · , Xn) �1�W���

	

p(x1, x2, · · · , xn) =
cn(P)

∏n(P)
j=1 (ej − 1)!f0(x

∗
j )

c[n]
, (x1, x2, · · · , xn) ∈ Rp1,p2,··· ,pn(P)

�� x∗1, x∗2, · · · , x∗n(P) 	 x1, x2, · · · , xn ��6��.

� {Y1, Y2, · · · , Yn, X1, X2, · · · , Xn} � Rp1,p2,··· ,pn(P)
�1��W���	

p(y1, y2, · · · , yn, x1, x2, · · · , xn) =
cn(P)

∏n(P)
j=1 (ej − 1)!

{∏
i∈pj

K(yi, x
∗
j )
}
f0(x

∗
j )

c[n]
.

&!*, � Rp1,p2,··· ,pn(P)
), (x1, x2, · · · , xn|y1, y2 · · · , yn) �?@W���	

H(dx1, dx2, · · · , dxn|Y1, Y2, · · · , Yn)

=
cn(P)

∏n(P)
j=1 (ej − 1)!

{∏
i∈pj

K(Yi, x
∗
j )
}
f0(x

∗
j )dx

∗
j∑

P c
n(P)

∏n(P)
j=1 (ej − 1)!

∫
X
{∏

i∈pj
K(Yi, x∗j )

}
f0(x∗j )dx

∗
j

. (19)

���F	 n = 1, H(dx1|y1) ∝ K(y1, x1)f0(x1)dx1, �	�� 2.1 ��kB;�.

�'�5�D.�� P ∼ D(cF0) B;�, f(y|P ) 
��	�C�;?.

?Æ 2.5 (Lo[63]) c��� 1.9 �=<. - Yi|Xi, P, ind. ∼ K(yi, xi), � Xi|P, iid. ∼ P .

A P ∼ D(cF0) � F0 	�WP�, 8

f̂(y|Y1, Y2, · · · , Yn) = E[f(y|P )|Y1, Y2, · · · , Yn] = c

n+ c
EF0K(y,X) +

n

n+ c
(K ∗ Fn)(y),

��
(K ∗ Fn)(y) =

∑
P

�(P)

n(P)∏
j=1

ej
n

∫
X K(y, x)

∏
i∈pj

K(Yi, x)F0(dx)∫
X
∏
i∈pj

K(Yi, x)F0(dx)
,

�(P) 	Y��

�(P) ∝ cn(P)

n(P)∏
j=1

(ej − 1)!

∫
X

∏
i∈pj

K(yi, x)F0(dx),

�
∑

P�(P) = 1.0.
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&�� 1.9*,D�P, X∗
1 , X

∗
2 , · · · , X∗

n(P)	/���	�N� F0 . �D� Y1, Y2, · · · , Yn,
X∗
j /�, �
��		

Hj(dx
∗
j |pj , Y1, Y2, · · · , Yn) =

∏
i∈pj

K(Yi, x
∗
j )F0(dx

∗
j )∫

X
∏
i∈pj

K(Yi, x∗j )F0(dx∗j )
, j = 1, 2, · · · , n(P). (20)

�M��\]�8)�[�C: 4 j ��.����W � F0(x
∗
j ) �d=	 Hj(x

∗
j |pj), ��

FG�)=)��7Æ[\)���6�IJ {Yj : j ∈ pj}.
��� 2.5 �[", ��=� Y = {Y1, Y2, · · · , Yn} �h�W� ([Y��) 	

m(Y ) =
∑
P

π(P)π(Y |P),

��
π(P) =

cn(P)
∏n(P)
j=1 (ej − 1)!

c[n]
, π(Y |P) =

n(P)∏
j=1

∫
X

∏
i∈pj

K(Yi, x
∗
j )F0(dx

∗
j ).

Ishwaran� James[45] -����#� � P i1-.�
. !�>8, X1, X2, · · · , Xn �
�� k ���6�
��	

P(D(n) = k|Y ) =

∑
{P: n(P)=k} π(P)π(Y |P)

m(Y )
=
mk(Y )

m(Y )
,

�� mk(Y ) =
∑

{P: n(P)=k} π(P)π(Y |P).

67.�	, Basu � Chib[3] I� MCMC ($� DPM �[Y�� m(Y ) D.����

#, ��Æ�
����������'	���:P�#d.�'��>.

2.3 DP defgh
DP ��8a��;?�Æ@A("�
����*/���, �M� Lo �5� [63] *!

=.. Ishwaran � Zarepour[48], Ishwaran � James[43−44], Ishwaran � Takahara[47] ��� DP

���;?�, � Sethuraman @< (A�� 1.4) !1��89��, K��!�>�,:

P ∼ PN =

N∑
k=1

πkδZk
( · )††, (21)

�� N 	Q�%&, {π1, π2, · · · , πN} 	
�Y, Zk, iid. ∼ F0 	WP, � {πk} / {Zk} /�.

K�� (23) 	 PN (a,b) ��, �� a = (ak)
N−1
k=1 ,b = (bk)

N−1
k=1 .

<� PN 01& {πk}Nk=1 / {Zk}Nk=1 �1��	 7�, �	�89�	. �!��, P

�P�6	 ∑N
k=1 πkδZk

�;?, P ��6�	b�(� N �WP��8GR�	��.

��8, *!����P�
�Y (Ishwaran � James[43]):

(1) Q� stick-breaking 
�Y

π1 = V1, · · · , πm = Vm

m−1∏
k=1

(1− Vk), · · · , πN =

N−1∏
k=1

(1− Vk), (22)

†† lmnd: [P |{Zk}, {πk}] =
∑N

k=1 πkδZk
( · ), PN

D
= H(z1, z2, · · · , zN , π1, π2, · · · , πK).
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�� {Vk}N−1
k=1 , ind. ∼ β(ak, bk) (ak, bk > 0).

(2) Dirichlet 
�Y

(π1, π2, · · · , πN ) ∼ Dirm(A1, A2, · · · , aN ). (23)

*!94 (Connor� Mosimann[12], Ishwaran� James[43]), & (22)� (23)D.� {πk}�
�	B	,N Dirichlet�	 ‡, �
�	����,�����Æ
����'	
�Y�
�
�
6�(�.

���kB;	: 
�Y (22) �� Vk ∼ β(1, c), (23) 
�Y�	�	�� Dirichlet �	

D( cN , · · · , cN ). "A��� PN �	 Dirichlet ���Q�;?,  
A Ishwaran � James �

�	�89 Dirichlet � [45−46].

�'��]<�� N fÆ�g�, PN VOD" Dirichlet ���.

?Æ 2.6 (Ishwaran� Zarpour[48]) ��89 Dirichlet ��, �Æ (X ,B) � F0 *X�

� g, ∫ ∫
X
g(x)P (dx)PN

(
c

N
P

)
→
∫ ∫

X
g(x)P

(
c

N
x

)
P∞

(
c

N
P

)
�� P∞ 	 DP �.

X�
�Y (22) ������
�[Y�	7ege, 5�Æ�89 Dirichlet �� 

�, 
�o�	� Polya �.

iÆ 2.1 - Ki|p, iid. ∼
∑N

k=1 pkδk (i = 1, 2, · · · , n) � p = (p1, p2, · · · , pN ) ∼ DirN ( cN ,

· · · , cN ); = K∗ = {K∗
1 ,K

∗
2 , · · · ,K∗

m} 	 {K1,K2, · · · ,Ki−1} ��6��, � n∗
j 	 K∗

j 'g�
a�, 8

P(Ki = K∗
j |K1,K2, · · · ,Ki−1) =

n∗
j + c/N

c+ i− 1
,

P(Ki ∈̄K∗|K1,K2, · · · ,Ki−1) =
c(1−m/N)

c+ i− 1
.

&`� 2.1 ��":

?Æ 2.7 (Polya urn scheme, Pitman[81]) - P ∼ PN �	�89 Dirichlet �. A

X1, X2, · · · , Xn|P, iid. ∼ P , 8

Xn|X1, X2, · · · , Xn−1 ∼ c(1−mn/N)

c+ n− 1
F0 +

mn∑
j=1

n∗
j + c/N

c+ n− 1
δX∗

j
, (24)

�� mn 	 X1, X2, · · · , Xn−1 ��6���, X∗
1 , X

∗
2 , · · · , X∗

mn
	��6��, n∗

j 	 X∗
j 'g

a�.

<�, � N → ∞ �, ? (24) �	 DP ���h��	 (9). ��E��
��4�89
Dirichlet �*!=� DP ������.

‡ od Dirichlet ph GD(A1, A2, · · · , aN−1, b1, b2, · · · , bN−1) Ufiq!e(
N−1∏
k=1

Γ(ak + bk)

Γ(ak)Γ(bk)
π
ak−1
k

)
π
bN−1−1

N

N−2∏
m=1

(
1−

m∑
l=1

πl

)bm−(am+1+bm+1)

.
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!�>8, Ishwaran � James[43] 	Æ�d(4�[Y���������<5�fj. -⎧⎨⎩
Yi|Xi, ind. ∼ p(yi|xi),
Xi|P, iid. ∼ P,
P ∼ PN ,

(25)

K=

mN (Y ) =

∫ n∏
i=1

p(yi|xi)P (dxi)PN (dP ) =
∑
P

πN (P)p(Y1, Y2, · · · , Yn|P)

	 Y1, Y2, · · · , Yn �[Y�	, ��

π(P) =
(c/N)n(P)N !

c[n](N − n(P))!

n(P)∏
l=1

(
1 +

c

N

)[el−1]

.

?Æ 2.8 (Ishwaran � Zarepour[48], Ishwaran � James[43])∫
YN

|mN (Y )−m∞(Y )|dY ≤ 4

(
1− E

[(N−1∑
k=1

πk

)n])
. (26)

�'8, �Æ DP �, )g->Æ 4n exp(−(N − 1)c).

Ishwaran � Zarepour[48] -�����h Gibbs #�� i1 Bayes �
. ��#�<j
��M	ki� DP �
�� Polya urn �*���, )	@A� P �
. X2A� 4 3 a.

2.4 jk DP (DDP)

�k>����,�l����,�%&��,(j��-("�, ��(4`l�m+"

“l�	” � “l��” �3���. /� DP @	�
���1 {Pλ : λ ∈ Λ} ��	��
�21�� DP P�. ��/� DP  )�	I����GR� jk��l'�IJ, �gm

�WP, � )" “share strength”���. ("�)��D	lp��1���21�, (Æ�

���
�*,
�����#X_	rn DP � MDP.

/� DP *!0m" Antoniak[2] �f� DP ��, 5����	`�F�	�o
� �
�1L. Cifarelli � Regazzini[11] 	Za���`�h=��21� DP. 	)8�, i3_��

� Fx ∼ D(cF0x), �� F0x( · ) = N( · |βx, σ2), x 	47h=�. �a/�*!�	 Antoniak [2]

/�����,: cSF�	�B6X�47h=�, h=���%&�� DP `�s��47

L� ��1L. 5���,_	���F�	��t61L, m�m+"���	�WP�

�Y�1L. Æ(4
 N Muliere � Petrone [73] �.!�>H&; Mira � Petrone[72],

Carota� Parmigiani[9], Giudici- [38] ����p��_Z�����. �2F�	47� DP

3�*!�>
� Tomlinson � Escobar[96] � Gelfand - [33].

����21��EG��h`	�h=�`4"���
�Y�WP). MacEachern[65]

Za�N��� DP: - D 	�7^�, θk(D) = {θkx : x ∈ D} 	�N� D )�WP-6, �_

� ∀x ∈ D : θkx, iid. ∼ F0. ���	��1 P = {Px : x ∈ D}, �Y� x ∈ D,

Px( · ) =
∞∑
k=1

πkδθk(x)( · ), (27)
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�� π = (πk) ∼ GEM(c) / x �2. ���,)�	MJh=���%&�� Fx / Fx′ �2

1�.

De Iorio- [15]���q:i(j��(4��	3����� ANOVA �4�/�DP.-

x = (v, w) (v = 1, 2, · · · , V, w = 1, 2, · · · ,W ) 	P:i��>�, �� F (v, w) =
∑
πkδθk(v,w),

�� θk(v, w) = mk +Akv +Bkw , Akv, Bkv �'	:i v, w �
�j�. ������	CM
:i�%&��l��	�21.

Müller - [75] ����l���[q���, _� Yj = {yij , i = 1, 2, · · · , nj} O�:

Yj |Hj ∼ p(yj|Hj) =

∫
p(yj |xj)Hj(dxj).

	���l%&�	 {Hj} �21�, _� Hj = εF0 + (1 − ε)Fj (0 ≤ ε ≤ 1), �� F0 R@

6�l���F�	, Fj R@ Hj rGFk�	� “Q*” 1	. �	��Q�YU: :	 ε = 0

� 1 �'��Æ/�(4�*[W(4;  �ljkIJS� =, <�/�(4e*[W(

4S��. 	�`�);P�urB;, Müller - [76] �M�X�*�i� DPM  3� Fj :

Hj ∼ DP(α,G0). �����6l�	g���WP�, �2l�	21�<5. ��/�*
!=�	�ld'�����/�5P.

Gelfand- [33]�MacEachern[65]�/�38"��� Y (D) = {Y (x) : x ∈ D},K���
 DP (SDP): P (x) =

∑∞
k=1 πkδθk(x), �� D 	=>��P�, π = (πk) ∼ GEM(c), θk(D) =

{θk(x) : x ∈ D}, iid. ∼ F0,�/ π/�,�^ F0 	
��� (�*���)�, θk(D)�P�6
	�D)��� “s'”. �Æ���� Y (D),�89�	 Y n = {Y (x1), Y (x2), · · · , Y (xn)} ∼
Gn, Gn ∼ D(cF0n), �^ F0n 	 F0 ��89�	 (7��a.l�	). � DP ��01&
π � {θkx : k ∈ N, x ∈ D} �1��	 MJ. /6� DP ��
��*��, � DP ���

�� YD (7@	s') 7s�._ “�” ���. ��Æ������:8+=� <5�2
1�,  �74��s'*�B� “�” �j'�1L. Gelfand - [33] !�>H&� F0 ��!

+
� MCMC �
�-�. Duan - [19] � Petrone - [79] �!a/��,"*9tX�, �

��,N� Dirchlet ��.

	�C7�MD<D��/����, Griffin � Steel[39] P��	Æa-�� DP (π

DDP).�)�m�	�Æ��Y�D< x�,B���<W p(x),� Px� stick-breakingP

& (27)��
�Y/WPN'&^<. ��<W�u9/�D<�����eS�21� (a-

�). 	)8�, - p(x) = (p1(x), p2(x), · · · , pn(x)(x)) O�: i) p(x) ⊆ {1, 2, · · · , N} (n(x) ≤ N);

ii) pi(x) = pj(x), ��Æ� i = j (���). 0=, n(x) =ZY<W��
 x  Q. �N

Px( · ) =
n(x)∑
m=1

πm(x)δθpm(x)
( · ), (28)

�� θ1, θ2, · · · , θN , iid. ∼ H ,

π1(x) = Vp1(x), · · · , πm(x) = Vpm(x)

m−1∏
k=1

(1− Vpk(x)), · · · , πn(x) =

n(x)−1∏
k=1

(1 − Vpk(x)),

�^, Vk, ind. ∼ β(ak, bk) (k = 1, 2, · · · , N−1, ak, bk > 0).DB94,D� p(x), EPx(B) = H(B).

� ak = 1, bk = c, N = ∞ � DPx(B) = H(B)(1−H(B))
c+1 . ��5�/6� DP 	�2�. �'8,
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Griffin � Steel 7.� Px1(B) / Px2(B) �21�, K��M��� Possion �� �� p. 2

Æ SDP �����*
A Reich � Fuentes [82].

Dunson - [22] ������W�47E���.�3Y MDP (WMDP)

Px =

n∑
m=1

bm(x)P
∗
xm
, P ∗

xm
, iid. ∼ D(cG0) (29)

�� b(x) = (b1(x), b2(x), · · · , bn(x)) 	Y��. ��*)	 n � DP VV b 3Yf����.

Dunson- [22] D.Æ(4�
�� Polya urn�,K5�MCMC($h�
���. /� DP

����i38�*�*
A Dunson � Park [21], Rodriguez - [85] , Dunson [20], Crandell

� Dunson [13], Scarpa � Dunson [86] -.

2.5 no DP(HDP)

�d DP *!=�	 DDP ���;?, /`�`4h=� ��21����	, �^)
�	`��g��d�WP ��/�. _-�l���& J �l',5Y�l'*�B�9�
“�”. �����	� J ��G� DP  3�Y�l'��	: j = 1, 2, · · · , J, i = 1, 2, · · · , nj,{

Yij |θij ∼ F (yij , θij),

θ1j , · · · , θnj ,j|Gi, iid. ∼ Gj ,
(30)

K_� Gj ∼ D(α0jF0j). 5����evGl� “�” �1L. 	�jk��l'� “�” �

IJ, ����@	� α0j � F0i 1A' . � Cifarelli � Regazzini[11], MacEachern[65−66],

Tomlinson - [96], Müller - [75], De Iorio - [15], Ishwaran � James[46] -.�/�. EG��
��	�� Gj ∼ D(α0G0(τ)), K� τ �	
�=�. X�. τ e<5/�� DP (A Carota

� Parmigiani [9], Fong - [30], Muliere � Petrone [73]). 5��(�����CMl�*�
B� “�g” �WP.

Teh - [95] ��l��!1�(��.��d Dirichlet ��. Æ��_�:{
Gj |α0, G0, iid. ∼ D(α0G0), j = 1, 2, · · · , J,
G0|γ,H ∼ D(γH),

(31)

�� H,G0 �'	 (X ,B) �n�	, γ > 0, α0 > 0.

T��� 1.4 *
G0 =

∞∑
k=1

βkδφk
,

�� φk, iid. ∼ H , β = {βk} ∼ GEM(γ), �PA/c/�. EG, & DP �GR�*, Gj ;	

��;?:

Gj =

∞∑
k=1

πjkδφk
, (32)

� {πjk} / {πj′l} /�.

? (32)@4: ��l��	*��g/��WP φk, ��Æ���jk��l�IJ,
9o����������	6�;��.



5� @�:, ;;C: Dirichlet BDCCA<�$ 657

?Æ 2.9 (Teh - [95]) A= β = (βk)
∞
k=1, πj = (πjk)

∞
k=1, 8

πj |α0,β ∼ D(α0β).

Æ��]<�P�
�Y����1L. 1!�>8,& SethurmanP&*,B� {Vm},
iid. β(1, γ) (m = 1, 2, · · · ), �

β1 = V1, · · · , βm = Vm

m−1∏
l=1

(1− Vl), · · · .

8&�� 2.9 *, B� {Ujk}, ind. ∼ β
(
α0βk, α0(1 −

∑k
l=1 βl)

)
�

πj1 = Uj1, · · · , πjm = Ujm

m−1∏
l=1

(1− Ujl), · · · .

Teh -*��(4 (30)–(31) ��\]�8: �g�����\6��w1p\]�5Z�d�
? 7OÆ�����3, D.����(4+ MCMC ��
�?. X2B;*
A Teh -

[95].

2.6 lm DP(NDP)

Rodriguez - (2008)[84] ��� Teh - [95] ��� (31) ��.���tp? DP. Rodriguez

-0="VV Teh -�(4 (31), l�	 Gj , j = 1, 2, · · · , J _	g����GR�	�W
P� (��v6), �KY�l������*����� “P�” (WP), 5��P�_ � G0.

5�PY���, *���WP�u@ �����	, %3�7���B�. ��\]^8
�v6 7O: *�v6)B���vL�j'. 	!� (31) ��!��,:⎧⎨⎩P(Gj = G∗

k|{π∗
k}, {G∗

k}) = π∗
k, @=� j = 1, 2, · · · , J,

G∗
k =

∞∑
�=1

wk�δθ∗k�
, @=� k = 1, 2, · · · , (33)

�� θ∗k� ∼ H, ���� k, �, w∗
k� = u∗k�

∏�−1
s=1(1 − u∗sk), π

∗
k = v∗k

∏k−1
s=1 (1 − v∗s ), v∗k, iid. ∼ β(1, α),

u∗k�, iid. ∼ β(1, β). H 	 (X ,B) �n�	. (4 (33) @44 j l��	/4 j′ l��	�2
1,  �%3�'�gWP {θ∗k�}. EP), Rodriguez - [84] 94�!�5�:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

P(Gj = Gj′ |H) =
1

1 + c
,

E(Gj(A)|H) = H(A),

D(Gj(A)|H) =
H(A)(1 −H(A))

1 + β
,

Corr(Gj(A), Gj′ (A)|H) =
1

1 + α
.

�@4�lda), � j = j′ �, Corr(Xij , Xi′j′) =
1

1+β , a8	 1
(1+α)(1+β) . ��Æ]<��

l�� “�” 	�21�,  �7�4��l� “�” 7B�21�. Rodriguez - [84] ���

�89Q���, K-�� MCMC �
#�.
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3 nqoprs
� DP ���, �
�������t"���'�qu@	
��	vw0G�C�;

?. ��Æ@�� P �89;?), 1	n[��Æ
��1��	��. 
���66r�o

^Æ,�-.(�, �
��	��
�� 0&. `l��
YU�2�	*�: 4��@	
k� P , 7@	X�. P , @A�
��1��	.*, I�
�� Polya� 0&
��
; 4

0�Z����;?, 7@	� P !1Q�, ��89�	 ���89�	; 4*�@	@A
� P �
, 5evw����\, jb-np.

3.1 MCMC XZ
� MCMC (Geman � Geman[36], Hastings[42], Metropolis - [71], Tanner � Wong[94]) (

$`4��/+
 (Gelfand � Smith[35]), �
��������#"�	)x (A Gelfand

� Kuo [34]). �!w���(4��#�-��)!&	("yM��C. �iC�D	��

3� MCMC �
�OD��, �*�
j. �('�/��Æ.Æ Escobar[24−25], Escobar

� West[25], West, Müller � Escobar[98], MacEachern[64], Bush � MacEachern[8], MacEachern

� Müller[68−69], MacEachern - [67], Liu[62], Neal[77], Dalal[14] -�z("A�/�. 	���

�, �^)�cn Escobar[24], Escobar � West[25], MacEachern[68], MacEachern � Müller[69]

-.�/�. 1X2�H&A Neal [77].

Escobar ���.l�	�B6E��_�{
Yi|Xi, P, ind. ∼ p(yi|xi),
Xi|P, iid. ∼ P, P ∼ D(cF0).

(34)

T��� 1.6 *:

E(Xi|Y1, Y2, · · · , Yn) = c

n+ c− 1
EF0Xi + E

[∑
j �=i δXj (Xi)

n+ c− 1

∣∣∣∣Y1, Y2, · · · , Yn] ,
��qÆ X1, X2, · · · , Xn �
��	 H(dx1, dx2, · · · , dxn|Y1, Y2 · · · , Yn). ���j�(?	I
� MCMC ($�Æ
��	��
�
�: � i = 1, 2, · · · , n,

� p(Xi|Y1, Y2, · · · , Yn, Xj , j 	= i) �� Xi.

�'��D.� MCMC �
�O?@�	:

?Æ 3.1 (Escobar[24])

[Xi|Y1, Y2, · · · , Yn, Xj, j 	= i] ∝ p(yi|xi) 1

c+ n− 1

[
cF0 +

∑
j �=i

δxj

]
(dxi)

∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Xj !�

p(yi|xj)
c(yi) +

∑
j �=i p(yi|xj)

;

h(xi|yi) !�
c(yi)

c(yi) +
∑

j �=i p(yi|xj)
,

�� p(yi|xi) 	.l?@W���,

c(yi) = c

∫
X
p(yi|xi)F0(dxi), h(xi|yi) = p(yi|xi)F0(dxi)

c(yi)
.
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Escobar � West[25] �);#���)!, ��M@	5������6 3�OD��,

�*�
j. = {Xj : j 	= i} ���6 {X∗
k} �x��	 n∗

i (< n), � X∗
k �'ga�	 mk,

8

[Xi|Y1, Y2, · · · , Yn, Xj, j 	= i] ∝ p(yi|xi) 1

c+ n− 1

[
cG0 +

n∗
i∑

k=1

mkδx∗
k

]
(dxi)

∼

⎧⎪⎪⎪⎨⎪⎪⎪⎩
X∗
k !�

mkp(yi|x∗k)
c(yi) +

∑n∗
i

k=1mkp(yi|x∗k)
;

h(xi|yi) !�
c(yi)

c(yi) +
∑n∗

k=1mkp(yi|x∗k)
.

);#����B;�evt!�n[: (1) �#[YW� c(yi) �X�, �A���^E�
	G, ��[!�#; (2) MCMC �
�OD��e\, �)�@�� X∗

i 1&e\, �
��

� X∗
i e “y” ���WP�. �Æ�� (1), West - [98] �M��>,�-.(�� F0 ��

�
� ��X�; MacEachern � Müller[69] D.�EG����(�; �Æ�� (2), Bush �

MacEachern[8] �MY�a�

1& X∗
k .

1�j��
m+"
���5P. `4��=� Ki ∈ N (i = 1, 2, · · · , n),�: Ki = j �

�Æ� Xi = X∗
j . 8 X1, X2, · · · , Xn 01& X∗ = {X∗

1 , X
∗
2 , · · · , X∗

I∗} !+ K = {K1,K2, · · · ,
Kn}  ��, �� I∗ @< X1, X2, · · · , Xn ���6�x��. 1& X1, X2, · · · , Xn ->Æ1
& X∗ � K. = nj = #{i : Si = j}. ��=<�bN�[��\]^8"�C.

= K−i = {Kj : j 	= i}, C−i @< K−i ��6��, n−i,j @< K−i �-Æ j (∈ C−i) ��
�. X�. {πk}, & Polya urn ^8*

Ki|K−i ∼ c

c+ n− 1
δjI{j ∈̄C−i}+

∑
j∈C−i

n−i,jδj
c+ n− 1

. (35)

)! Gibbs �
	i1��:

>z 1):

Ki|Y1, Y2 · · · , Yn,K−i, X∗ ∼ cm(yi)δjI{j ∈̄C−i}+
∑

j∈C−i
n−i,jp(yi|x∗j )δj

cm(yi) +
∑

j∈C−i
n−i,jp(yi|x∗j )

�� m(yi) =
∫
p(yi|x)F0(dx).

>z 2): � p(X∗|Y1, Y2, · · · , Yn,K) ��� X∗.
!)H&8Æ� P X�., I�
�� Polya urn h�^8 0&. ���a*!� P

(�->8�
�Y�WP) @A!1�
? xc	r��. �(')�. Walker[97] � Pa-

paspiliopoulos � Roberts[78] �/�. Walker ��� DP 
��
�, `4BB
�=� ui, �

 ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(Yi|Ki, X
∗), ind. ∼ f(yi|x∗Ki

),

((Ki, ui)|{πk}), iid. ∼
∞∑
g=1

I{ui < πk}δk,
X∗
k , iid. ∼ F0,

{πk} ∼ GEM(c).

(36)
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��	� MCMC �
)�	1& K = {K1,K2, · · · ,Kn}, X∗ = {X∗
k}, π∗ = {π∗

k}, U =

{u1, u2, · · · , un}, !+ α. n[)��Æ1& K + U ; �Æ"A, Walker 0=" (38) ���
8a�PY)	�8a��, :!1& K /�@A;  �Æ1& U , )�	I� Gibbs �
{.

Papaspiliopoulos� Roberts[78] -���� Retrospective MCMC �
#�, �;��`4x^
=� ui,  @A	ÆGR�	�,0(� (A [83])  0&� P ��
�Y�WP�
.

3.2 nq Gibss XZr
�h Gibbs �
{ (blocked Gibbs sampler) 	& Ishwaran � Zarepour[48], Ishwaran �

James[43] -����� DP ��	�
������*�' �������
#�. %

��M	�r�o^Æ DP ��
�� Polya urn �* h MCMC �
��O?@�	,

 	)	�
���	 P @A�
. ��(�.Æ P ��89�.

������d(4 ⎧⎨⎩
Yi|Xi, P, ind. ∼ p(yi|Xi),
Xi|P, iid. ∼ P,

P ∼∑G
g=1 πgδZg ( · ).

(37)

�N7<=� Ki ∈ {1, 2, · · · , G}, � Xi = ZKi , 8(4 (38) *)Y	⎧⎨⎩
Yi|Xi,K, Z, ind. ∼ p(yi|ZKi),

Ki|π ∼∑G
g=1 πgδg( · ),

Z = {Zg}, iid.,∼ p(Z), π = (π1, π2, · · · , πG) ∼ p(π).

� π, Z =�
�, 8 (Z, π,K, Y ) �1��		

p(Y, Z,K, π) =

n∏
i=1

G∏
g=1

(
πgp(yi|Zg){Ki=g}

)
p(Z)p(π).

�h Gibbs �
i1��:

1) � p(π, Z|K,Y ) �� π, Z;

2) � p(K|π, Z, Y ) �� K.

= K∗ = {K∗
1 ,K

∗
2 , · · · ,K∗

m} (m ≤ min{G,n}) 	 K = {K1,K2, · · · ,Kn} ����6��.

� Z �	 Z∗
K � Z(−K∗). �6��D.��h Gibbs �
{6O?@�	.

?Æ 3.2 (Ishwaran � Zarepour[43−44,48]) �h Gibbs �
��O?@�	�'	:

1) ⎧⎪⎪⎨⎪⎪⎩
p(π|K,Y ) ∝ p(π)p(K|π),
p(ZK∗ |π,K, Y ) ∝∏m

j=1 p(ZK∗
j
)
∏

{i:Ki=K∗
j } p(yi|ZK∗

j
),

p(Z−K∗ |π,K, Y, · · · ) ∝∏{g:g �=K∗
jysyj}

p(zg);

2)

p(K|π, Z, Y ) =

n∏
i=1

(
G∑
g=1

π∗
igδg

)
,
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�� π∗
ig = cigπgp(yi|zg), cig 	.8l�� ∑G

g=1 π
∗
ig = 1.

& Dirichlet �	����*, 
�Y (A [22]) �
��	o�	 Dirichlet �	. ��


�Y	Q�� stick-breaking ;?, 8�
��	@�	��,N Dirichlet �	: 9 mj = #{i :
Ki = K∗

j }, 8Q
�Y (22) �
��		

π∗
1 = V ∗

1 , · · · , π∗
m = V ∗

m

m−1∏
l=1

(1− V ∗
l ), · · · , π∗

N =

N−1∏
l=1

(1− V ∗
l ),

�� V ∗
k (k = 1, · · · , N − 1), ind. ∼ β(1 +mk, c+

∑N
j=k+1mj).

4 DP st{uvwxbyz
9=�(4 (Bollen[7], Jöreskog � Sörbom[49], Skrondal � Rabe-Hesketh[89], Bentler �

Wu[4], Kong[53], Lee[58], TCD- [90]) 	!b��*��9=�	�|�����a��(4.

��(4Æt`l�:P��(4,5P(�(4,
�L��uv(4,,N9=�(4,=
�fj(4,�d:P��(4,9��(4-. Æ(4`�`4eb9��9=� MJ9=
�/��=����q2L, K�����CM9=���/c2L. ��Æ*���=�
=Qm,st*9��!+!1J4/2��	�'�=N. �", ��(4,3��ÆC��
�u,|e1	u,#zu,vzu,5wxu-/+.

	Æ DP�����/�
�(��9=�(4��("���)���Æ
�
��
�
9=���	3�)���. �.l
�j�(4(', Kleinman � Ibrahim[51] 	�C7
�

j��Q*���, �
�j���	�� DP � ����(4:

yij |bi ∼ N(Xijbi, σ
2), i = 1, 2, · · · , n, j = 1, 2, · · · , ni,

bi|P ∼ P, P ∼ DP (cF0),

�� Xij 	h=�. Kleinman � Ibrahim[52] {�);��38",Nk�
�j�(4; �

 ��8
�B;�,����(?e�uv
��E�+E�>�P&}y, N&E����.

EP), E(bi|P ) =
∑
πkZk, Var(bi|P ) =

∑
πkZ

2
k − (

∑
πkZk)

2, �e�2uv
�.�{GQ*
1	. Li - [61] 0="���R, �.��C|.(�; Müller - [76] 	Æ�	�?��(�
�k>
�j�(4����
������. �5P(�(4, Lee - [59] ���� DP �

�X�}�h=��5P(�(4�G59=���	!13�;TCD- [91] ���,"X�
�a����k�9=�(4�G5=���	3�, K� Lee - [59] �/���)!; TCD
- [92] ����
�������(4���7e��, D.�#�94; Yang � Dunson[105]

�5P(�(4�
�����	3���)!;z|4�z�} [93] �k>5B���
�j
�����C DP 3�; �I09=�(4, Lennox - [60] �9)2*0(4��� MDP �

�, Chow - [10] ����k�I0:P(4��47
���	�� DP �(; �ÆP9:P
��(4, {|w�Æwx [104] �:P��(4�/2
�!1��
������. {|w

- [99, 101] 	Æ�89 Dirichlet�	��%&:P(4,9)2*0:P(4����
���
���,K!�>8("��89 Dirichlet���/2�*.{|w�~�} [100] �X�a-�
u�:P���/2
���� Dirichlet ��. {|w�y�| [103] {����89 Dirichlet

�������:P��#. ��&�	��9=�(4��������
���("�L
�����r.
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DP �9=�(4����}��'>, ��	20	6� DP ���9=����. ��
Æ�%&,�l',�-,�-9=�(4���~�%�.7������9�:i�21
�!+k>(4�9�:i�21��("D��%�. ��1&�z�6!�>�(".

5 {|
DP ��	
��	������, ��
������/+h&'�)�W:	&

Æ�
��	;?t{,�&0x���(�. �'	�� MCMC ($���, 	�
��

���#�L�($��, ��3�� DP �("!�, F|����/+.

�	�� “�	��	”, DP �7�%�}8�. !1��(4��	!13���0=
!�:M:

(1) DP �_	�GR�	!1@A3�. �� DP �
�P�6*!=. . ��r

��KO�'	J�KO��	!13�, *!��X�i��� DP f����, �A��
Polya tree (Lavine[56−57], Hanson[41]) �.

(2) DP��
�P�6es�_���.�)�	fÆ�	�GR� (b�WP).� ��
GR��ÆPN��9��	�'���,�'	�CM
���29=��Q*�('	�'
���.

(3) �I� DP �~�~j=�,
�j�,:P=��	!13��;K~Q. :	��
=���	66����83���, 7����	�B6��D�	 0. �('*!
A Li

- [61], Yang � Dunson[105], TCD- [91], z|��z�} [93], {|w�~�} [102] -.�/

�. EG, r��'7.�	, DP ���
�	�*[W�, :!, �Æ	�a-5P�=��
�	��	��@A!1 DP 3��.

(4) ������, �����~Y'��
�. ��
�������, �����Yge
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Lecture Notes in Math., Vol. 1117, New York: Springer-Verlag, 1985, 23-34.

[2] Antoniak, C.E., Mixtures of Dirichlet processes with applications to Bayesian nonparametric problems, Ann.

Statist., 1974, 2(6): 1152-1174.

[3] Basu, S. and Chib, S., Marginal likelihood and Bayes factors for Dirichlet process mixture models, J. Amer.

Statist. Assoc., 2003, 98(461): 224-235.

[4] Bentler, P.M. and Wu, E.J.C., EQS6: Structural Equations Program Manual, Encino, CA: Multivariate

Software, 2006.

[5] Blackwell, D., Discreteness of Ferguson selections, Ann. Statist., 1973, 1(2): 356-358.

[6] Blackwell, D. and MacQueen, J.B., Ferguson distributions via polya urn schemes, Ann. Statist., 1973, 1(2):

353-355.

[7] Bollen, K.A., Structural Equations with Latent Variables, New York: John Wiley & Sons, 1989.

[8] Bush, C.A. and MacEachern, S.N., A semiparametric Bayesian model for randomised block designs,

Biometrika, 1996, 83(2): 275-285.

[9] Carota, C. and Parmigiani, G., Semiparametric regression for count data, Biometrika, 2002, 89(2): 265-281.

[10] Chow, S.M., Tang, N.S., Yuan, Y., Song, X.Y. and Zhu, H.T., Bayesian estimation of semiparametric non-

linear dynamic factor analysis models using the Dirichlet process prior, Br. J. Math. Stat. Psychol., 2011,

64(1): 69-106.

[11] Cifarelli, D. and Regazzini, E., Problemi statistici non parametrici in condizioni di scambialbilità parziale:
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Abstract: The core of the nonparametric Bayesian analysis is to treat the distribution of
parameters and/or latent variables of interest to be random and assign a prior. As a distribu-
tion of distribution, Dirichlet process perhaps is the most popular prior within nonparametric
Bayesian analysis and has received wide attention. In this paper, we synthesize and review some
developments of Dirichlet process during the past decades, and present some new applications
within the framework of latent variable models.
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