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1 JKLMNOP

 Z,N 	
��
Q��RQ��
�. ��RQ� a, b, c �S

a2 + b2 = c2, gcd(a, b) = 1, 2 | b, (1.1)

T� (a, b, c) ��U�����. V�� a, b, c ��� (� [5, �� 11.6.1])

a = u2 − v2, b = 2uv, c = u2 + v2, u > v, gcd(u, v) = 1, 2 |uv, u, v ∈ N. (1.2)

1956 �, Jeśmanowicz[6] W���: ��

(an)x + (bn)y = (cn)z , x, y, z, n ∈ N (1.3)

��� (x, y, z, n) = (2, 2, 2, t), �X t ���RQ�. ������ Jeśmanowicz ��. Y !
�� (1.3)�� (x, y, z) �= (2, 2, 2)�� (x, y, z, n)��"���#��.  !,�$ Jeśmanowicz

��%�"Æ#�� (1.3)$�#��. &% Jeśmanowicz���Z&'�["
XY n = 1'

�(( (�) [10]),)**�+,% n > 1�((+�-�,'� (�) [2–3, 8–9, 11–15]). ./

-��.0'��\: 1 n > 1', �� (1.1)X� a2 b�Æ/01��3�]*, T23]4
54. #�, ) [11] 5�Æ#1 n > 1 6 b � 2 ��7'�� (1.3) $�#��, 6�,%�8

((T^�79�'�. : �\ Jeśmanowicz ����3;8<=�$��943.

�)>9 (1.2) X� u � v ��

u = 2r + 1, v = 2r, r ∈ N (1.4)
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'�((. , , ) [3] Æ#-: 1 r ∈ {1, 2} ', �� (1.3) $��� n > 1 �#�� (x, y, z, n).

�)HKIJ�9�KÆ#-LM'�:

ab 1 u� v �� (1.4)',�� (1.3)�� n > 1�#�� (x, y, z, n)L�S x > z > y.

N
�1 2r + 1 �0�', �� (1.3) $��� n > 1 �#��.

1�1 u � v �� (1.4) ', : (1.2) �\ b+ 1 = c, OL:) [4] �\ '�� (1.3) $�

�� n = 1 �#�� (x, y, z, n). 1 ./�)��cM�NLMP9.

de 1 u � Fermat 0�6 v = u− 1 ', Jeśmanowicz���O.

2 fgJh
ib 2.1[5, PQ 11.6.1] ��

X2 + Y 2 = Z2, gcd(X,Y ) = 1, 2 |XY, X, Y, Z ∈ N

���U� (X,Y, Z) L�L�Q�

X = f2 − g2, Y = 2fg, Z = f2 + g2, f > g, gcd(f, g) = 1, 2 | fg, f, g ∈ N.

,%RQ� D, 
 h(−4D) �R
SJ% −4D �RTRS�U�T�.

ib 2.2 1 D > 1 ', �

h(−4D) <
4

π

√
D log(2e

√
D).

jk � [5, �� 11.4.3, 12.10.1 � 12.14.3]. �
ib 2.3 
 k ��� k > 1 LU gcd(k, 2D) = 1 �RQ�. ��

X2 +DY 2 = kZ , gcd(X,Y ) = 1, Z > 0, X, Y, Z ∈ Z (2.1)

����U� (X,Y, Z) L�L�Q�

Z = Z1t, X + Y
√−D = λ1(X1 + λ2Y1

√−D)t, λ1, λ2 ∈ {±1}, t ∈ N, (2.2)

�X X1, Y1, Z1 ���

X2
1 +DY 2

1 = kZ1 , gcd(X1, Y1) = 1, Z1 |h(−4D) (2.3)

�RQ�.

jk � [7, �� 1 � 3]. �
ib 2.4 YV� 2.3 �3
WVM, �� (2.2) X� t �X�, T1 2α |Y , �X α �RQ

�', W� 2α |Y1.

jk 1� t �X�, OL: (2.2) �N

X = λ1X1

t−1
2∑

i=0

(
t

2i

)
Xt−2i−1

1 (−DY 2
1 )

i, Y = λ1λ2Y1

t−1
2∑

i=0

(
t

2i+ 1

)
Xt−2i−1

1 (−DY 2
1 )

i. (2.4)
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:% Y �_�, `: (2.1) �\ gcd(X,Y ) = 1, OL X �X�. 1 : (2.4) X[�3JS�\
X1 +�X�. `1 k �X�, \: (2.3) �\ DY 2

1 �_�, OL

t−1
2∑

i=0

(
t

2i+ 1

)
Xt−2i−1

1 (−DY 2
1 )

i

W�X�. %�, : (2.4) X[R3JS�\: 1 2α |Y ', W� 2α |Y1. Æ]. �
ib 2.5[1] ��

X4 + Y 2 = Zm, gcd(X,Y ) = 1, m > 3, X, Y, Z,m ∈ N (2.5)

a� (X,Y, Z,m).

ib 2.6[14, PQ 1.1] �� (1.3) �� n > 1 �#�� (x, y, z, n) L�S x > z > y 2

y > z > x.

3 lhmno
1 u � v �S (1.4) ', : (1.2) �\

a = 2r+1 + 1, b = 2r+1(2r + 1), c = 2r+1(2r + 1) + 1. (3.1)

1�:) [5] �'��\���Y r = 1 2 2 '�O, OLMbÆ^_� r ≥ 3.


 (x, y, z, n) ��� (1.3) ��U�� n > 1 LU y > z > x �#��. : (1.3) �\
a = a1a2, ax1 = nz−x, a1 > 1, gcd(a1, a2) = 1, a1, a2 ∈ N (3.2)

�

ax2 + (2r+1(2r + 1))yny−z = (2r+1(2r + 1) + 1)z. (3.3)

�� a2 = 1, cd: (3.3) �\ 1 + (2r+1(2r + 1))yny−z = (2r+1(2r + 1) + 1)z . %��N

2(r+1)(y−1)(2r + 1)y−1ny−z =

z∑
i=1

(
z

i

)
2(r+1)(i−1)(2r + 1)i−1. (3.4)

:% y ≥ 3, OL`a (3.4) bc 2 ��7�\
2(r+1)(y−1) | z. (3.5)

!d, 1� y > z, OL y − 1 ≥ z, \: (3.5) �N z ≥ 2(r+1)(y−1) ≥ 2(r+1)z > z, ee. : �

\ a2 > 1.

: (3.3) �\
ax2 ≡ 1 (mod 2r+1). (3.6)

�� 2 � x, cd: (3.6) �\ a2 ≡ 1 (mod 2r+1). 1�5\ a2 > 1, OL� a2 ≥ 2r+1 +1. !d,

1�: (3.2) �\ a1 > 1 6 a1a2 = 2r+1 + 1, OLV�Æ�f�, \W� 2 |x. /�, �� 2 ‖ x,

cd: (3.6) �\ a22 ≡ 1 (mod 2r+1) LU a2 ≡ λ (mod 2r), �X λ ∈ {±1}. 1� r ≥ 3, OL
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: �N a2 ≥ 2r+λ ≥ 2r−1LU 2r+1+1 = a1a2 ≥ 3a2 ≥ 3(2r−1) = 2r+1+(2r−3) > 2r+1+1,

ee, \W�

4 |x. (3.7)

�� 2 | z, cd: (3.7) �\ a
x
2 ≡ 1 (mod 4), %�: (3.3) �N

(2r+1(2r + 1) + 1)
z
2 + a

x
2
2 = 2f, (2r+1(2r + 1) + 1)

z
2 − a

x
2
2 = 2(r+1)y−1g,

(2r + 1)yny−z = fg, gcd(f, g) = 1, f, g ∈ N.
(3.8)

: (3.8) �N

(2r+1(2r + 1) + 1)
z
2 = f + 2(r+1)y−2g > 2(r+1)y−1g ≥ 2(r+1)y−1. (3.9)

!d, :% r ≥ 3, y ≥ z + 1, OL

22r+2 > 2r+1(2r + 1) + 1. (3.10)

%�: (3.9) � (3.10) �N 2(r+1)z > (2r+1(2r + 1) + 1)
z
2 > 2(r+1)y−1 ≥ 2(r+1)z+r > 2(r+1)z, e

e. : �\
2 � z. (3.11)

f�, : (3.7) � (3.11)�\ z− x �X�, OL: (3.2) X[R3JS� (3.7) �\ n �g��,

%��

n = m2, m > 1, m ∈ N. (3.12)

! (3.12) gh (3.3) hN

ax2 + (2r+1(2r + 1))ym2(y−z) = (2r+1(2r + 1) + 1)z. (3.13)

:% z > x, OL: (3.7) � (3.11) �\ z ��� z ≥ 5 �X�. 1 , ./V� 2.5, : (3.7) �

(3.13) �\ y Æ�f�_�, \�

2 � y. (3.14)

1�1 t > 0 ', � log(1 + t) = log t+ log(1 + 1
t ) < log t+ 1

t , %�

log(2r+1(2r + 1) + 1) < log(2r+1(2r + 1)) +
1

2r(2r + 1)
, (3.15)

OL: (3.13) � (3.15) �\ (2r+1(2r + 1) + 1)z > (2r+1(2r + 1))ym2(y−z) LU

z

2r(2r + 1)
> (y − z) log(2r+1(2r + 1)m2). (3.16)

`: (3.11) � (3.14) �\ y − z �_�, %�� y − z ≥ 2, i6: (3.12) � (3.16) �N

z > 2r+1(2r + 1) log(2r+1(2r + 1) · 9). (3.17)
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1 , ./V� 2.2 � (3.17) �N

z > max{h(−4(2r + 1)), h(−8(2r + 1))}. (3.18)

1 2 | r ', : (3.7), (3.13) � (3.14) �\��

X2 + 2(2r + 1)Y 2 = (2r+1(2r + 1) + 1)Z , gcd(X,Y ) = 1, Z > 0, X, Y, Z ∈ Z (3.19)

��

(X,Y, Z) =
(
a

x
2
2 , 2

(r+1)y−1
2 (2r + 1)

y−1
2 my−z, z

)
. (3.20)

./V� 2.3, : (3.11), (3.18) � (3.20) �\

Z = Z1t, t > 1, 2 � t, t ∈ N. (3.21)

a
x
2
2 + 2

(r+1)y−1
2 (2r + 1)

y−1
2 my−z

√
−2(2r + 1) = λ1(X1 + λ2Y1

√
−2(2r + 1))t, λ1, λ2 ∈ {±1},

(3.22)

�X X1, Y1, Z1 ���

X2
1 + 2(2r + 1)Y 2

1 = (2r+1(2r + 1) + 1)Z1 , gcd(X1, Y1) = 1, Z1 |h(−8(2r + 1)) (3.23)

�RQ�. 1� 2 � t, OL./V� 2.4, : (3.22) �\ 2
(r+1)y−1

2 |Y1. : �\ Y1 ≥ 2
(r+1)y−1

2 ,

i6: (3.23) �N

(2r+1(2r + 1) + 1)Z1 > 2(2r + 1)Y 2
1 ≥ 2(r+1)y(2r + 1). (3.24)

!d, 1�: (3.21) \ t ��� t ≥ 3 �X�, OL� z
3 ≥ z

t = Z1, %�: (3.10) � (3.24) �N

2(r+1)z > 2
2(r+1)z

3 ≥ 22(r+1)Z1 > (2r+1(2r + 1) + 1)Z1 > 2(r+1)y > 2(r+1)z, (3.25)

ee.

/�, 1 2 � r ', : (3.7), (3.13) � (3.14) �\��

X2 + (2r + 1)Y 2 = (2r+1(2r + 1) + 1)Z , gcd(X,Y ) = 1, Z > 0, X, Y, Z ∈ Z (3.26)

��

(X,Y, Z) =
(
a

x
2
2 , 2

(r+1)y
2 (2r + 1)

y−1
2 my−z, z

)
. (3.27)

1 , ./V� 2.3 � 2.4, pKi/��K: (3.18) � (3.27) �NTj (3.25) �ee.

q�O��\, 1 u � v �S (1.4) ', �� (1.3) $��� n > 1 6 y > z > x �#��

(x, y, z, n). 1 :V� 2.6 �\ '#��W��S x > z > y.

1 2r + 1 �0�', : [5, �� 1.10.2] �\ r W� 2 ��7.  './) [3] �'�, LM

�k>9

r = 2l, l ≥ 2, l ∈ N (3.28)
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'�((. 
 (x, y, z, n) ��� (1.3) ��U�� n > 1 �#��. :lb�	m�\"�W
�S x > z > y. 1 , : (1.3) � (3.1) �\

b = b1b2 = 2r+1(2r + 1), b1 > 1, gcd(b1, b2) = 1, b1, b2 ∈ N, (3.29)

by1 = nz−y, (3.30)

(2r+1 + 1)xnx−z + by2 = (2r+1(2r + 1) + 1)z. (3.31)

:% 2r + 1 �X0�, OL: (3.29) �\ b1 ��fJ% 2r + 1, 2r+1 2 2r+1(2r + 1). LM%

jrVns((+ok"��lYp.

tu I b1 = 2r + 1, b2 = 2r+1.

 ': (3.30) �\ (2r + 1)y = nz−y. 1� 2r + 1 �X0�, OL�

n = (2r + 1)s, s ∈ N, (3.32)

�X s ��

y = s(z − y). (3.33)

! (3.32) gh (3.31) hN

(2r+1 + 1)x(2r + 1)s(x−z) + 2(r+1)y = (2r+1(2r + 1) + 1)z. (3.34)

1� 2r+1 ≡ −2 (mod 2r + 1), OL: (3.34) �\

2y ≡ (−1)y (mod 2r + 1), (3.35)

%�� 22y ≡ 1 (mod 2r + 1). :% k = 2r �q 2k ≡ 1 (mod 2r + 1) �O�vrRQ�, OL

2r | 2y, h r | y. 1 , : (3.28) �\ y W�_�, i6: (3.35) �N

2r | y. (3.36)

1� 2r+1 ≡ −1 (mod 2r+1 + 1) LU

2(2r+1(2r + 1) + 1) ≡ −2r+1 ≡ 1 (mod 2r+1 + 1), (3.37)

OL: (3.34) � (3.36) �\
2z ≡ 1 (mod 2r+1 + 1). (3.38)

`1� r+1�X�, k′ = 2(r+1)�q 2k
′ ≡ 1 (mod 2r+1+1)�O�vrRQ�,OL: (3.38)

�N

2(r + 1) | z. (3.39)

�� 2 |x, cd./V� 2.1, : (3.34), (3.36) � (3.39) �N

(2r+1 + 1)
x
2 (2r + 1)

s(x−z)
2 = f2 − g2, 2

(r+1)y
2 = 2fg, (2r+1(2r + 1) + 1)

z
2 = f2 + g2,

f > g, gcd(f, g) = 1, 2 | fg, f, g ∈ N.
(3.40)
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: (3.40) X[R3JS�\ f = 2
(r+1)y

2 −1 LU g = 1. ! gh (3.40) X[n3JS�N

(2r+1(2r + 1) + 1)
z
2 = 2(r+1)y−2 + 1. (3.41)

!d, : (3.41) �N 2(r+1)y−2 ≡ 0 (mod 2r + 1), ee, \W�

2 � x. (3.42)

: (3.36) � (3.39) �\ y � z L�_�, i6�

gcd
(
(2r+1(2r + 1) + 1)

z
2 + 2

(r+1)y
2 , (2r+1(2r + 1) + 1)

z
2 − 2

(r+1)y
2

)
= 1,

LU 2r + 1 �X0�, %�: (3.34) �N

(2r+1(2r + 1) + 1)
z
2 + 2

(r+1)y
2 λ = fx, (2r+1(2r + 1) + 1)

z
2 − 2

(r+1)y
2 λ = (2r + 1)s(x−z)gx,

2r+1 + 1 = fg, λ ∈ {±1}, f, g ∈ N.
(3.43)

: (3.43) X[�3JS�\
fx ≡ 1 (mod 2r+1). (3.44)

1�: (3.42) �\ x �X�, OL: (3.44) �N f ≡ 1 (mod 2r+1). `1�: (3.43) X[n3
JS�\ 1 ≤ f ≤ 2r+1 + 1, OL f ��fJ% 1 2 2r+1 + 1.

1 f = 1 ', : (3.43) X[�3JS�N 2
(r+1)y

2 ≡ 0 (mod 2r + 1), ee. 1 f = 2r+1 + 1

', : (3.43) �\ g = 1 LU

2(2r+1(2r + 1) + 1)
z
2 = (2r+1 + 1)x + (2r + 1)s(x−z). (3.45)

: (3.45) �N 0 ≡ (2r + 1)s(x−z) ≡ 2(2r+1(2r + 1) + 1)
z
2 − (2r+1 + 1)x ≡ 2− (−1)x ≡ 2 + 1 ≡ 3

(mod 2r + 1). !d, 1�: (3.28) �\ r ≥ 4, \Æ�f.

tu II b1 = 2r+1, b2 = 2r + 1.

 ', : (3.30) �\ 2(r+1)y = nz−y, \�

n = 2t, t ∈ N, (3.46)

�X t ��

(r + 1)y = t(z − y). (3.47)

! (3.46) gh (3.31) hN

2t(x−z)(2r+1 + 1)x + (2r + 1)y = (2r+1(2r + 1) + 1)z. (3.48)

1� r �_�, OL 2r+1 + 1 ≡ 0 (mod 3), 2r + 1 ≡ −1 (mod 3), 2r+1(2r + 1) + 1 ≡ −1

(mod 3), OL: (3.48) �\ (−1)z−y ≡ 1 (mod 3). : �N

z ≡ y (mod 2). (3.49)
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`1� r+1�X�, : (3.49)�\ z− y �_�, OL: (3.47)�\ y �_�, \: (3.49)hN

2 | y, 2 | z. (3.50)

�� 2 |x, cd./V� 2.1, : (3.48) � (3.50) �\
(2r + 1)

y
2 = f2 − g2, 2

t(x−z)
2 (2r+1 + 1)

x
2 = 2fg, (2r+1(2r + 1) + 1)

z
2 = f2 + g2,

f > g, gcd(f, g) = 1, 2 | fg, f, g ∈ N.
(3.51)

1� 2r + 1 �X0�, OL: (3.51) X[�3JS�\
f = g + 1, (2r + 1)

y
2 = 2g + 1. (3.52)

! (3.52) gh (3.51) X[n3JS�N
2(2r+1(2r + 1) + 1)

z
2 = 2(f2 + g2) = (2g + 1)2 + 1 = (2r + 1)y + 1. (3.53)

!d, : (3.53) �N 0 ≡ (2r + 1)y ≡ 2(2r+1(2r + 1) + 1)
z
2 − 1 ≡ 2− 1 ≡ 1 (mod 2r + 1), ee,

\W�

2 � x. (3.54)

1� 2r+1 + 1 ≡ −1 (mod 2r + 1), OL: (3.48) � (3.54) �N

2t(x−z) + 1 ≡ 0 (mod 2r + 1). (3.55)

: (3.55) �\ r | t(x− z). `1� r � 2 ��7, i6: (3.50) � (3.54) �\ x− z �X�, O

L� r | t. w1� r + 1 �X�6 z − y �_�, \: (3.47) �N

2r | y. (3.56)

1�: (3.56) �\ 4 | y, OL (2r + 1)
y
2 ≡ (2r+1(2r + 1) + 1)

z
2 ≡ 1 (mod 2r+1). 1 , :

(3.48) �N

(2r+1(2r + 1) + 1)
z
2 + (2r + 1)

y
2 = 2fx, (2r+1(2r + 1) + 1)

z
2 − (2r + 1)

y
2 = 2t(x−z)−1gx,

2r+1 + 1 = fg, f, g ∈ N.
(3.57)

: (3.57) X[�3JS�\
fx ≡ 1 (mod 2r). (3.58)

`1�: (3.54) �\ x �X�, \: (3.58) �N f ≡ 1 (mod 2r). 1�: (3.57) �\ f �

2r+1 + 1 �m% 1 �s�, \� f = 2r+1 + 1. ! gh (3.57) hN

(2r+1(2r + 1) + 1)
z
2 + (2r + 1)

y
2 = 2(2r+1 + 1)x. (3.59)

: (3.54) � (3.59) �N 1 ≡ (2r+1(2r + 1) + 1)
z
2 + (2r + 1)

y
2 ≡ 2(2r+1 + 1)x ≡ 2(−1)x ≡ −2

(mod 2r + 1). !d, 1� r ≥ 4, VÆ�f.
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tu III b1 = 2r+1(2r + 1), b2 = 1.

 ', : (3.30) �\
(2r+1(2r + 1))y = nz−y. (3.60)


 d = gcd(y, z), y � z ���

y = dy1, z = dz1, gcd(y1, z1) = 1, y1, z1 ∈ N. (3.61)

! (3.61) gh (3.60) X�N
(2r+1(2r + 1))y1 = nz1−y1 . (3.62)

1� gcd(y1, z1 − y1) = 1, OL: (3.62) �\

2r+1(2r + 1) = mz1−y1 , n = my1 , m ∈ N. (3.63)

`1� 2r+1�X0�,\: (3.63)�N z1−y1 = 1, m = 2r+1(2r+1)LU n = (2r+1(2r+1))y1.

! gh (3.31) hN

(2r+1(2r + 1))y1(x−z)(2r+1 + 1)x + 1 = (2r+1(2r + 1) + 1)z. (3.64)

: (3.37) � (3.64) �\
2z ≡ 1 (mod 2r+1 + 1). (3.65)

1� r + 1 �X�, OL: (3.65) �N

2(r + 1) | z. (3.66)

: (3.66) �\ z �_�, %�� (2r+1(2r + 1) + 1)z − 1 ≡ 0 (mod 2r+2), \: (3.64) �\
y1(x− z) ≥ 2 LU

2r+1 | z. (3.67)

1�1 x � z L�_�' (3.64)  !Æ�O, OL: (3.67) �\ x W�X�, h x �S
(3.54). %�: (3.64) � (3.67) �N

(2r+1(2r + 1) + 1)
z
2 + 1 = 2fx, (2r+1(2r + 1) + 1)

z
2 − 1 = 2(r+1)y1(x−z)−1(2r + 1)y1(x−z)gx,

2r+1 + 1 = fg, f, g ∈ N.
(3.68)

1�: (3.67)�\ (2r+1(2r+1)+1)
z
2 ≡ 1 (mod 22r+1), OL: (3.68)X[�3JS�N f > 1

LU fx ≡ 1 (mod 22r). `1� x�X�, OL� f ≡ 1 (mod 22r)LU f ≥ 22r+1. !d, 1�

r ≥ 4, OL: (3.68) X[n3JS�N 2r+1 + 1 = fg ≥ f ≥ 22r + 1 > 2r+1 + 1, ee.

q�O�, 1 u � v �S (1.4) 6 2r + 1 �0�', �� (1.3) $��� n > 1 �#��.

��Æ].

xy ztnuvo{p,�)wq�rsxt���uvwy!
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Jeśmanowicz’ Conjecture With Fermat Primes

YANG Hai1, FU Ruiqin2

(1. School of Science, Xi’an Polytechnic University, Xi’an, Shaanxi, 710048, P. R. China;
2. School of Science, Xi’an Shiyou University, Xi’an, Shaanxi, 710065, P. R. China)

Abstract: Let r be a positive integer. Using some elementary number theory methods, we
prove that the positive integer solutions (x, y, z, n) of the equation ((2r+1 + 1)n)x + ((22r+1 +
2r+1)n)y = ((22r+1 + 2r+1 + 1)n)z with n > 1 and (x, y, z) �= (2, 2, 2) satisfy x > z > y. In
particular, if 2r +1 is a prime, then the equation has no such solutions. Thus it can be seen that
Jeśmanowicz’ conjecture is true in this case.

Keywords: primitive Pythagorean triple; Fermat prime; Jeśmanowicz’ conjecture; expo-
nential Diophantine equation
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