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Abstract: Let F(QIV be the 2v-dimensional symplectic space over the field F, with ¢ elements.
For 0 < m < v, let M(m,0;2v) denote the set of all m-dimensional totally isotropic subspaces
of Fi” and M(2v) = J! _, M(m,0;2v). In this paper, we present several bounds on the size of
codes in M(2v), and prove that the codes in M (m,0; 2v) achieve the Wang-Xing-Safavi-Naini
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Keywords: error-correcting code; symplectic space; totally isotropic subspace; Steiner

structure
MR(2010) Subject Classification: 94B65; 51E10; 94B25 / CLC number: 0157.4
Document code: A Article ID: 1000-0917(2017)06-0919-13

0 Introduction

Let Fy be the n-dimensional row vector space over the field F, with ¢ elements. The
projective space of order n over Fy, denoted by P,(n), is the set of all subspaces of Fy. The
natural measure of distance in P,(n) is given by

d({U,W) =dimU 4 dim W — 2dim(U N W) (1)

for U, W € Py(n). Then Py(n) is a metric space. A code C is a nonempty subset of P,(n).
The minimum distance between distinct codewords in a code C is denoted by d(C), i.e. d(C) =
ming,wec,uxw d(U, W). Codes in the projective space have several applications, such as nonco-

O and linear authentication™®. Koétter and Kschischang!® showed

herent linear network coding
that a code with minimum distance d > 2t 4 2p can correct any ¢ packet errors and any p packet
erasures introduced (adversarially) anywhere in the network. Coding in the projective space has
received recently a lot of attention due to its application in network coding.

The determination of bounds on the size of codes with given minimum distance is the main
problem in the context of coding theory. Bounds on the size of codes in the projective space
are considered in recent years: see [9] for the Sphere-packing bound and Singleton bound, [15]
for the Wang-Xing-Safavi-Naini bound, [4] for the anticode bound, Johnson bound and Gilbert-
Varshamov bound and [1] for the Ahlswede-Aydinian Bound. Xia et al.'®l studied the relations

of bounds on the size of codes and Steiner structures. Gao and Wang!® studied some subcodes of
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codes in the projective space, and provided analogs of the above results in the attenuated space.
In this paper, we continue to study other subcodes of codes in the projective space, and provide
analogs of these results in the symplectic space.

Let IE‘Z” be the 2v-dimensional symplectic space, and let M(m,0;2v) denote the set of
all m-dimensional totally isotropic subspaces of IE‘{QI” (see Section 1). Suppose that M(2v) =
Us—o M(m,0;2v). We say that C C M(2v) is a (2v,M,d) code in M(2v) if |C| = M and
d(U,W) > d for all U,W in C. If a (2v, M,d) code C is contained in M(m,0;2v) for some m,
C is called a (2v, M,d, m) code. Let A(2v,d, m) denote the maximum number of codewords in a
(2v, M, d, m) code in M(m,0;2v). A (2v, M,d, m) code in M(m,0;2v) is called optimal if it has
A(2v,d,m) codewords. For general theory of error-correcting codes, the readers may consult [8,
10].

In this paper, we study the error-correcting codes in M(2v). This paper is structured as
follows. In Section 1, we introduce the concept of the symplectic space and some useful lemmas.
In Section 2, we discuss the Sphere-packing bound and Wang-Xing-Safavi-Naini bound on the
size of codes in M(m;2v). In Section 3, we discuss the anticode bound and Ahlswede-Aydinian
bound on the size of codes in M(m; 2v). In Section 4, we discuss the Johnson bound and Gilbert-
Varshamov bound on the size of codes in M(m; 2v). In Section 5, we introduce Steiner structures
in the symplectic space and prove that the codes in M(m, 0;2v) achieve the Wang-Xing-Safavi-
Naini bound if and only if they are certain Steiner structures. In Section 6, we discuss the upper
and lower bounds on the size of codes in M(2v).

1 Symplectic Space

Let K be a 2v x 2v nonsingular alternate matrix over F,. A 2v x 2v matrix T over F,
is called a symplectic matriz with respect to K if TKT® = K, where T is the transpose of T'.
The symplectic group of degree 2v with respect to K over Fy, denoted by Sp,,, (F,, K), consists
of all 2v x 2v symplectic matrices with respect to K over Fy. Let K and K’ be two 2v x 2v
nonsingular alternate matrices over IF,. Then there is a 2v x 2v nonsingular matrix @ over F,
such that QKQ® = K’, which implies that T' € Sp,, (F,, K) if and only if QT'Q~! € Sp,, (F,, K'),
and therefore Sp,,, (IFq, K) is isomorphic to Spy,, (Fq, K’). Thus, in discussing symplectic groups,
we can choose any particular 2v x 2v nonsingular alternate matrix K and study Sps,, (Fq, K).

0 W)
(o ).

denote the symplectic group with respect to K over F, simply by Sp,,(F,), and call it the

From now on let us take

symplectic group of degree 2v over Fy. There is a right multiplication action of Sp,, (F,) on Fg”
defined as follows:

F2 x Spy, (Fg) — F2"

(w1, 22, ,290), T) = (z1, 22, -+ ,22,)T.

The vector space IE‘Z” together with the right multiplication action of Sp,,(F,) is called the
2v-dimensional symplectic space over F.

For an m-dimensional subspace P in Fg”, we mean by a matrix representation of P an
m X 2v matrix whose rows form a basis of P, denoted by the same symbol P. An m-dimensional
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subspace P in the 2v-dimensional symplectic space is said to be of type (m, s), if PK P*? is of rank
2s. In particular, subspaces of type (m,0) are called m-dimensional totally isotropic subspaces.
Denote by M(m, s; 2v) the set of all subspaces of type (m, s) of Fg” and by N (m, s; 2v) the size of
the set M(m, s;2v). By Theorem 3.7 in [14], each set M (m, s; 2v) forms an orbit under Sp,,, (F,).
Let P be an m-dimensional subspace of F2*. Then P+ = {y € F2" | yKz"' = 0 for all z € P} is
called the dual subspace of P. Notation and terminology are adopted from Wan’s book [14].

Now we introduce some useful lemmas, which are included for later reference.

Lemma 1.1[14 Corollary 3.19] [0t 1 < 4 < . Then

v

Nz =[] T @+,

qt=v—m+1

Lemma 1.2[14 Corollary3.20] [ ot 1 < s < p. Then

S
qt=v—s+1 t=

N(25,s;2u):q23(”_s){y} ﬁ (qt+1)/ S (¢" +1).

Given a subspace P of type (m, s) in Fg”, let M(i;m, s;m1,s1;2v) be the set of all subspaces
U of type (ma,s1) satisfying dim(P N U) = i. By the transitivity of Spa,(F,) on the set of
subspaces of type (m,s), the size of M(i;m, s;my, s1;2v), denoted by N (i;m,s;mq,s1;2v), is
independent of the particular choice of the subspace P of type (m, s).

Lemma 1.3[6 Theorem2.5] T ot max{0,2s +m — 2v} <i < s <v and i <m < v. Then

min{2s—2i,v—i}
N(Z, m, 0;2s, s; 2V) _ Z q(21/72s)(257i7p)+(p75+i)(2u+p73s+i)
p=max{s—i,2s—2i—v+m}

p—s+i .
» H(th*l—l) v—2s+i+p v—m [m} .
Py 2p—254+21 | [25—2i—p], Lilg

[6, Corollary 2.6]

Lemma 1.4 Let max{0,2s +m —2v} < i< s <wvand i <m < v. Then

N (i;m,0;2s, s;2v)N(m, 0; 2v)

N (i;2s,8;,m,0;2v) = N (25,5 20) ,

where N(m,0;2v), N(2s,s;2v) and N(i;m,0;2s,s;2v) are given by Lemmas 1.1, 1.2 and 1.3,
respectively.
Lemma 1.5[6: Theorem2.10l 1ot ) < j < s and i < m < v. Then

s—i min{j,m—i}

N(i;m, 0; s, 0; 20) = > > ¢

j=max{0,m+s—v—i} t=max{0,m+s—v—i}
x{m—i] [V—m] {V—l—t—m—]} {m}
¢ li-tl, l os—i-g ], Lil,

where w = t(t;'l) + (j_t)(g_ﬂ'l) +tlv—-m)+ijlv—-m+t—s+i)+(s—i)(m—i—1t).
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2 Sphere-packing Bound and Wang-Xing-Safavi-Naini Bound

Since the distance between any two elements of M(m, 0;2v) is always even, we only need
to consider A(2v,d, m) for even d = 2j.

The sphere of radius 2t centered at a subspace U in M (m, 0;2v) is defined to be the set of
all subspaces whose distance from U is less than or equal to 2t, i.e., the set

Sot.m(U) ={W € M(m,0;2v) | d(U, W) < 2t}.
By (1) one obtains that
Sot.m(U) = {W € M(m,0;2v) | dim(UNW) > m — t}.

From Lemma 1.5 we deduce that
t
|Sat.m(U)| =D N(m — iym,0;m, 0;20). (2)
i=0

Theorem 2.1 (Sphere-packing bound) Let ¢ = |£51]. Then

A(2v,2j,m) < L Ly (0" + 1)
T =S O N(m —i;m,0;m,0;20)
=0

Proof Let C C M(m,0;2v) be a (2v, M, d,m) code. Then the spheres of radius 2t about
distinct codewords in C are disjoint. By (2) each of these spheres contains

t
ZN(m—i;m,O;m,O;2u)
i=0

subspaces in M(m, 0;2v). Since M Zf:o N(m—1;m,0;m,0;2v) cannot exceed the total number
of subspaces in M(m, 0; 2v), which implies that M Zf:o N(m —i;m,0;m,0;2v) < N(m,0; 2v).
By Lemma 1.1, the desired result follows. O
Wang et al.'® provided the bound on the size of codes in the projective space, which is
called the Wang-Xing-Safavi-Naini bound. The following theorem is an analog of this bound in
the symplectic space.
Theorem 2.2 (Wang-Xing-Safavi-Naini bound) Let j < m. Then

moJ 2(v—t) _q
A(2v,2j,m) < ] qqm—Tl

t=0

= was.

Proof Let C C M(m,0;2v) be a (2v, M,2j,m) code. Then each codeword of C contains

exactly [ many (m — j + 1)-dimensional totally isotropic subspaces. On the other hand,

"]
m—j+1 q
any given (m — j + 1)-dimensional totally isotropic subspace of Fg” cannot be contained in two
distinct codewords of C. In fact, suppose that U and W are two distinct codewords of C with

dim(UNW) >m —j+ 1. By (1) we have that

AU, W) = 2m — 2dim(U N W) < 2m —2(m —j + 1) = 2(j — 1),
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a contradiction. Therefore, M [ cannot exceed the total number of subspaces in M (m —

mfjJrl]q

j +1,0;2v), which implies that M[mf';JrJ < N(m—j+1,0;2v). From Lemma 1.1 we deduce
q

that

Nm—j+1,0:20) Tl @ —1) 2001

M < = = o = —
[m—j-i—l}q [Tzt = 1) o 4" 1

as desired. O
3 Anticode Bound and Ahlswede-Aydinian Bound

An anticode A(2t) of diameter 2¢ in M(m,0;2v) is any subset of M(m,0;2r) such that
d(U,W) < 2t for all U, W € A(2t). The optimal (largest) anticodes in M(m, 0;2v) were found
by the first author of this article, Ma and Wang!".

Lemma 3.1 Assume that either j = 2 and ¢ + 1 < N(m,0;2v)/N(m — 1,0;2v), or
j > 2 and [meL‘H]q < N(m,0;2v)/N(m — j + 1,0;2v). Then the size of the largest anticode of
diameter 2(j — 1) in M(m,0;2v) is [m$+1]qN(m,O; 2v)/N(m —j +1,0;2v).

In [1], Ahlswede and Aydinian obtained a useful result based on vertex transitive graphs.

Lemma 3.2[LLemmall et T — (V, E) be a graph that admits a transitive group of auto-
morphisms Aut(I') and let A, B be arbitrary subsets of the vertex set V. Then there exists some
g € Aut(T") such that

oA)n Bl |4]
Bl T VI

By using Lemma 3.2 we obtain the following result.

Lemma 3.3 Let C C M(m,0;2v) be a (2v, M, 25, m) code. Then for an arbitrary subset
B C M(m,0;2v), there exists a (2v, M*,2j,m) code C* C B such that

M* < M
B] = N(m, 0;20)
Proof Define a graph I' with the vertex set M(m,0;2v), and two vertices P and @ are

adjacent if dim(P N Q) =m — 1. Then I' admits a transitive group of automorphisms Sps, (Fy).
By Lemma 3.2 there exists some T € Sp,, (F,) such that

{UT|UeCinBl M
Bl ~ N(m,0;2v)

Let C* ={UT | U € C}NB. For any U,W € C*, there exist Uy, W; € C such that U1T = U and
WAT = W, which imply that dim(UNW) = dim(U;TNWLT) = dim(U; NW1)T = dim(U; "W).
It follows that C* C B is a (2v, M*,24,m) code with M* = [{UT | U € C} N B|. Therefore, the
desired result follows. O

By Lemmas 3.1 and 3.3, we immediately obtain the following bound, which is an analog of
the anticode bound in the projective space.

Theorem 3.1 (Anticode bound) Assume that either j = 2 and ¢+1 < N(m,0;2v)/N(m—
1,0;2v), or j > 2 and [mf;.ﬂ]q < N(m,0;2v)/N(m — j 4+ 1,0;2v). Then

A(2v,2j,m) < Bwxs.
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Proof LetChbea (2v, M,2j,m) code and A(2(j—1)) be the largest anticodes in M(m, 0; 2v).
Then CN A(2(j — 1)) has at most one element. By Lemmas 1.1, 3.1 and 3.3 we have

N ;2 N(m—7+4+1,0;2
A(2I/,2j,m)< (m)()? I/) — (m j—’_ 70’ V)

= TAEG - D) [,
VT e e S
[ (a" = 1) o 11
as desired. ]

Ahlswede and Aydinian!*) provided the bound on the size of codes in the projective space,
which is called the Ahlswede-Aydinian bound. The following theorem is an analog of this bound
in the symplectic space.

Theorem 3.2 (Ahlswede-Aydinian bound) For integers 0 <i < j<mandm—i<r <v,

we have
N(m,0;2v)A2r,2(5 —i),m — 1)

St N(t:2r,7;m, 05 20)
Proof Let C C M(m,0;2v) be a (2v, M,d, m) code. Let V be a fixed subspace of type
(2r,7) in F?". Define

A(2v,2j5,m) <

B={U € M(m,0;2v) | dim(UNV) >m —i}.

By Lemma 1.4 the size of B is
N(t; 2r,r;m,0;2v).
t=m—1
By Lemma 3.3 there exists a (2v, M*,2j,m) code C* C B such that
M < M*N(m,0;2v)
|B|
Define
Ci={U1 =Hpn-i(UNV)|UeC*},
where H,,—;(UNV)=UNV if dim(U NV) = m — i; otherwise H,,—;(U NV) is some (m — 7)-
dimensional subspace of U N V. Let U and W be any two distinct codewords of code C*.
Then d(U,W) = 2m — 2dim(U N W) > 2j, which implies that dim(U N W) < m — j. For
U = Hpm—i(UNV) and W1 = Hpp—s (W NV), we have
AUy, Wy) =2(m —i) — 2dim(U; N Wy) > 2(m — i) — 2dim(U N W)
2 2(m—i)—=2(m—j)=2(j —i) =2,
which implies that U; and W; are distinct. Therefore, both C* and C; have the same size, and
Cyisa (2r, M*,2(j — i), m — i) code. From M* < A(2r,2(j — i), m — i) we deduce that
N(m,0;2v)A(2r,2(j —i),m — 1)
|B|

M <

as desired. O
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4 Johnson Bound and Gilbert-Varshamov Bound

In this section, we obtain the two Johnson bounds and Gilbert-Varshamov bound on the

size of codes in the symplectic space, which are analogs of these bounds in the projective space.
Let e; be the 2v-dimensional row vector whose ith component is 1 and other compo-
nents are 0. For aq,a9,---,q, € Fi”, let (aq,s,- - ,qp) denote the subspace generated by
a1, Q0 Q.
Theorem 4.1 (Johnson bound I) Let j < m — 1. Then

2v -1
A2v,25,m) < q

S 1

AQ2(v —1),24,m —1).

Proof Let C C M(m,0;2v) be a (2v, M,2j,m) code. Then each codeword of C con-
tains exactly [”f] , many one-dimensional subspaces. Since the total number of one-dimensional

2v m
. -1 . . . . . . -1
subspaces is qq_l , there is a one-dimensional subspace that is contained in at least M %

codewords of C.

Pick a fixed one-dimensional subspace {e1). Then {(e1)> = (e1,e2, -+, €y, €p42, " ,€a,).
For U € M(m,0;2v), if e; € U then U C (e;)* and therefore U N (e, -+ , €., €12, -+ ,€2,) is
of dimension m — 1. Define

C'={Un{ea, " ey, 12, ,e2,) | UeC,e € U}.

Since (eg, - ,€,,€,42, - ,€2,) is isomorphic to Fi(”‘”, without loss of generality, let C’ be a
(2(v — 1), M",2j',m — 1) code with M’ > M Zz=%.

Now we show that j = j/. Let U’ and W’ be any two codewords of C’. Then there exist
U, W € Csuchthat U' = UN(ea, -+ ,ey,€p42, - ,ea,)and W' = WN(ea, -+ ey, €pq2,  ,€2).
By e; € UNW we have U N W C (e;)*, which implies that

<el>L = (Uﬁ W) + <62a €y €, 762V>'

Therefore, one obtains that

dim(U' N W') =dim(UNW N {ea, -+ e, i, " ,€2))
=dim(UNW)+2(r—1) —dim((UNW) + (ea, - ,€u,€pq2, -+ ,€,))
= dim(U N W) — 1.

By (1) we have j = j/, and therefore

qm" —1
A2 —1),2j,m—1)> M > Mﬁ
as desired. 0
Applying Theorem 4.1 iteratively m — j+ 1 times, stopping with the trivial equality A(2(v —
m+j—1),24,7 — 1) = 1, we obtain the following result.
Corollary 4.1

A(2v,2j,m) < Bwxs.
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Theorem 4.2 (Johnson bound IT) Let j <m < v — 1. Then

2v 1
A2v,25,m) < q

< W-A@(V —1),24,m).

Proof Let C C M(m,0;2v) be a (2v, M,2j,m) code. For each subspace V of type (2(v —
1),v —1) of F2¥, define
Cy={UeC|UCV}.

Then Cy is a (2(v — 1), My,2j',m) code with j° > j. For any given m-dimensional totally
isotropic subspace P of Fg”, by Lemma 1.3 there are N (m;m,0;2(r—1), v—1; 2v) many subspaces
of type (2(v — 1), — 1) of F2¥ containing P. It follows that each codeword of C belongs to
N(m;m,0;2(v —1),v — 1; 2v) distinct codes Cy, and therefore

Z |Cy| = MN(m;m,0;2(v —1),v —1;2v).
VeM(2(v—1),v—1;2v)

Hence, there exists at least one V' of type (2(v — 1), v — 1) such that |Cy| > M N(m;m,0;2(v —
1),v—=1;2v)/N(2(v —1),v — 1;2v). Since A(2(v — 1),2j,m) > |Cy|, we have

. N2 —1),v—1;20)A2(v — 1),2j,m)
2v, 2 <
A(2v,2j,m) < N(m;m,0;2(v —1),v —1;2v)
q21/ —1 .
as desired. -
Corollary 4.2 Let j <m <v —1. Then
m—j vom=l o(v—t) g
A@v,2jm) < [+ 0 [ Sommm—
t=0 =0 14 -

Proof From Theorems 4.2 and 2.2 we deduce that

v—m—1 q2(1/7t) -1

A(2v,2§,m) < A2m,25,m) ]

2(v—t—m) _
Pl q ( ) 1
m—j v—m=1  o(y_t)
- q -1
<1l@"+D P T
t=0 i—o 4 ( ™1
as desired. O

Theorem 4.3 (Gilbert-Varshamov bound) Let j < m. Then

A(2v, 2§, m) > [Tﬁq Hg:u—m—i—l(qt +1)

Proof Let C C M(m,0;2v) be a (2v, M,2j,m) code. Then there is no subspace U in
M(m, 0;2v) such that d(U, W) > 2j for all W € C. Therefore, for any subspace U in M(m, 0; 2v),
there exists a sphere of radius 2(j — 1) centered at some W € C such that U € Sy(;_1) ., (W),
which implies that

> 1S2(-1)m (W) = N(m, 0;2v).
wecC
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By the transitivity of Sps, (F,) on the set of subspaces of the same type, we have

D 1S2(-1).m (W) = M Saj_1),m (W),
wec
and therefore M > N (m,0;2v)|/[S2¢j—1),m(W)| as desired. O
Remark 4.1 Let v = 2. The bounds listed in Sections 2, 3 and 4 are given in the following
table:

Name Gm) =12 @Gm=>01 (@ FHm=(22)
Sphere-packing bound (@+D(@+1) (¢+D(@F+1) (g+D(g"+1)
Wang-Xing-Safavi-Naini bound (¢ +1)(¢> +1) (¢4 1)(¢° +1) ¢ +1
Anticode bound ¢ +1
Johnson bound I (g+D(g° +1)
Johnson bound II (g+D(¢* +1)
Gilbert-Varshamov bound (¢ +1)(¢> +1) (¢+1)(>+1) (h@HD

5 Steiner Structures

In [11], Schwartz and Etzion introduced the concept of Steiner structures in the projective
space. In this section, we give its analog in the symplectic space. Also see [12] for Steiner
structures in the projective space.

Let 1 <2 <m<v. A family F C M(m,0;2v) is called a Steiner structure Sq[¢, m;2v] if
the blocks of F are m-dimensional totally isotropic subspaces, and each ¢-dimensional subspace
in M(¥,0;2v) is contained in exactly one block from F. Note that trivial Steiner structures
Sqll, ¢; 2v] exist for all £ < v.

Dyel®! proved the following result: Let ]Fg” be the 2v-dimensional symplectic space. Then
there exist v-dimensional totally isotropic subspaces V;, i =1,2,--- ,¢” + 1, of IF{QIV such that

]Fg”:VlUVQU"'UVq”-i—h

where V; N V; = {0} for all ¢ # j. Note that {V; | i =1,2,---,¢” + 1} is the Steiner structure
Sqll,v;2v], which is known as a v-symplectic spread of ]F(QI”.

Lemma 5.1 The total number of blocks in an S,[¢, m; 2v] is Hf‘;(l) %.

Proof Count pairs (U, W) € M({,0;2v) x M(m,0;2v) such that U C W in two ways.
Since each block of S,[¢, m;2v] contains [?]q {-dimensional subspaces and each ¢-dimensional
subspace in M(¢,0;2v) is contained in exactly one block, we obtain that the total number of
blocks in an S, [¢, m; 2v] is N(¢,0;2v)/ [’ﬂ . 8s desired. O

Lemma 5.2 Let ¢ > 2. If S,[¢, m;2v] exists, then S,[¢ —1,m — 1;2(v — 1)] exists.

Proof Let S C M(m,0;2v) be an S,[¢,m;2v]. Pick a fixed one-dimensional subspace
(e1). Let

S'={Wn{ea, - ,ep,ehia, -, e2,) | WES (e) CW}.

We show that S” is an Sy[¢ —1,m—1;2(v—1)]. Note that S’ is a set of some (m — 1)-dimensional
totally isotropic subspaces of {(eq, - ,e,,e,42, -+ ,e9,). For any (¢ — 1)-dimensional totally
isotropic subspace Y of (ea, -+, ey, €p42, - ,€2,), we have that Y + (e;) is an ¢-dimensional
totally isotropic subspace in M(m,0;2v). Hence, Y + (e;) is contained in exactly one block
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W € S. Therefore, Y is contained in exactly one element W N (ea, -+ ,€,,€y42, - ,e2,) of S'.
Since (ea, - ,€y,€y12," - ,€2,) is isomorphic to Fg(l'*l), S'isan Sg[l —1,m—1;2(v—1)]. O

Corollary 5.1 If S,[¢, m; 2v] exists, then H:;lf_e+1(q2t -1)/ H?;;,i_e+1(qt_ 1) are integers
forall0<i</—1.

Now we discuss the relations between codes and Steiner structures in the symplectic space.

Theorem 5.1 A Steiner structure S;[¢, m;2v] is a (2v, M, 2j,m) code with j =m —£+1
and 0 = [[ih £t

Proof For any two distinct blocks U, W € S,[¢, m;2v], since every ¢-dimensional totally
isotropic subspace is contained in exactly one block of S, [¢, m; 2v], we have dim(UNW) < £—1.
By (1), we have

d({U,W) =2m —2dim(UNW) > 2(m—{+1),

which implies that j > m — £+ 1. On the other hand, let V be a fixed (¢ — 1)-dimensional totally
isotropic subspace of IE‘Z”. By the transitivity of Sps, (Fy) on the set of subspaces of the same
type, the number of ¢-dimensional totally isotropic subspaces of Fg” containing V' is independent
of the particular choice of the subspace V. By Lemma 1.5, there are

q2(1/7€+1) -1

N{—-1;0—-1,0;¢,0;2v) = > 2

qg—1

{-dimensional totally isotropic subspaces of IE‘Z” containing V', and therefore we can choose two
distinct /-dimensional totally isotropic subspaces Vi and Vo of Fg” such that V = V3 N V.
Let U and W be the unique blocks in S,[¢,m;2v] such that V3 C U and Vo C W. Then
V =ViNV, CUNW, which implies dim(U N W) > dim V = ¢ — 1. Therefore, we have

2§ <d(U,W)=2m—-2dim({UNW) <2(m—{+1).

Hence j =m — £+ 1 and the desired result follows. O

Theorem 5.2 A (2v, M, 2j,m) code C achieves the Wang-Xing-Safavi-Naini bound, i.e.,
M = H?;Bj %, if and only if C is a Steiner structure S;[m — j + 1, m;2v].

Proof By Theorems 2.2 and 5.1, a Steiner structure Sy[m—j+1,m;2v] is a (2v, M, 25, m)
code achieving the Wang-Xing-Safavi-Naini bound. On the other hand, suppose that C is a
(2v, M, 2j,m) code achieving the Wang-Xing-Safavi-Naini bound, i.e., M = H?;)j q;(,::if):ll.
Since the distance between any two different codewords of C is not small than 2j, by (1) each
(m — j 4 1)-dimensional totally isotropic subspace of ]Fﬁ” cannot be contained in two distinct
codewords. Since each codeword of C contains [mf'; +J . (m—j+1)-dimensional totally isotropic

subspaces, all codewords of C contains

M[m_”;+ 1L = N(m —j+1,0;2v)
distinct (m — j + 1)-dimensional totally isotropic subspaces, which implies that each (m — j+1)-
dimensional totally isotropic subspace is contained in exactly one codeword of C. Therefore,
regarding the codewords of C as blocks, C forms a Steiner structure S,[m — j + 1, m; 2v]. O

Remark 5.1 A t-spread of the vector space Fj" is a set P of {-dimensional subspaces of
[y such that any non-zero vector is contained in exactly one element of P. It is well known that
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a t-spread of F}* exists if and only if ¢ is a divisor of m, see [2]. Let F2” be the 2v-dimensional
symplectic space, and {V; | i = 1,2,---,¢” + 1} be a symplectic spread of Fi”. Suppose v = tk
with 2 <t < v —1. Let P; be a t-spread of V; for i = 1,2,--- ¢ + 1. Then Uf:l_l P; is the
Steiner structure Sy[1,¢; 2v]. In particular, the Steiner structure S,[1, 2; 8] exists.

Theorem 5.2 tells us that Steiner structures are optimal codes. By Theorem 5.2 we obtain
the following corollary.

Corollary 5.2 A(2v,2j,m) = ;igj ‘1:(,::7?:11 if and only if a Steiner structure S,[m —
J+ 1,m;2v] exists.

6 The Bounds on the Size of Codes in M(2v)

Let A(2v,d) denote the maximum number of codewords in a (2v, M, d) code in M(2v). In
this section, we study the upper and lower bounds on A(2v, d).

The sphere of radius r centered at a subspace U in M(2v) is defined to be the set of all
subspaces whose distance from U is less than or equal to r, i.e., the set

S, (U) = {W € M(2v) | d(U, W) < r}.

Lemma 6.1 Let U € M({,0;2v). Then

v min{¢,k}
S-(O=> > N(tL0k0520).
k=0t=[(¢+k—r)/2]
Proof Forany W € S,.(U)NM(k,0;2v), by (1) d(U, W) < rif and only if /+k—2dim(UN
W) < r, which implies that dim(U N W) > [££=27. By Lemma 1.5, one obtains that
min{¢,k}
1S, (U) N M(k,0;2v)| = > N(4,0:k,0;20).
t=[(t+k—r)/2]

It follows that

v v min{¢,k}
1S (O] = YIS (U) A M(k,0:20)| =D Y N(£4,0;k,0;2v)
k=0 k=0 t=[(4+k—r)/2]
as desired. O

By the transitivity of Sps, (F,) on the set of subspaces of the same type, the size of S, (U)
in Lemma 6.1 is independent of the particular choice of the subspace U. Therefore, we can write
St =S, (U)| for each U € M(,0;2v).

Tolhuizen!'! obtained the following result: if S, is the average size of a sphere of radius r
in a graph G = (V, E), then there exists a code C in G with minimum (graph) distance d and
IC| > |V|/S4_1. By using Tolhuizen’s result, we obtain the Gilbert-Varshamov bound on the
size of codes in M(2v).

Theorem 6.1 (Gilbert-Varshamov bound)

A(2V d) > ZZ:O ZZZO [Z} q I:Z:Iq H;/:y72+1(qt + 1) H;/:ka+1(qt + 1)
) = v v min{/,k » > . . . .
Ze:o Zk:o Zt:[({z+k}7dﬂ)m M . Ht:u—e+1(qt F1)N(t6,0; k, 0; 20)
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Proof Let I be the graph with the vertex set M(2v). Then

- Yvemny 1Sa-1(U)l ST/ [M(€,0;20)]S]
-t M (2v)] - M (20)]

is the average size of a sphere of radius d — 1 in I'. By Lemma 6.1 we have

|M(2v)| IM(2v)]
AQ2u,d) > — = —
( ) Sa—1 Sr_o IM(€,0;20)]S4_,

as desired. (]
Given a code C in M(2v), let Dy, D1, -, D, denote its dimension distribution. That is,
Dy = |CN M(k,0;2v)| for k = 0,1,--- ,v. Set D = 0 for k ¢ {0,1,---,v}. The following
theorem employs linear programming to establish an upper bound on A(2v, d).
Theorem 6.2 Let Dy, Dq,---, D, denote the dimension distribution of a (2v, M, 2e + 1)
code C in M(2v). Let f* =max)." _, Dy, subject to the 2v + 2 linear constrains

D,, < A(2v,2e¢+2,m) form=20,1,---,v,

v min{¢,m}
Z Z N(t;£,0;m,0;2v) Dy < N(m,0;2v) form=0,1,---,v.
£=0 t=[(L+m—e)/2]

Then f* is an upper bound on A(2v,2e + 1).

Proof Since the distance between any two elements of C N M(m,0;2v) is always even,
D,, = |CN M(m,0;2v)| < A(2v,2e + 2,m) for m = 0,1,--- ,v. Note that spheres of radius
e about the codewords of C are disjoint. Now we count the number of m-dimensional totally
isotropic subspaces contained in such spheres. For each U € CNM (¥, 0;2v), by Lemma 1.5 there

are
min{¢,m}

N(t;£,0;m,0;2v)
t=[(l+m—e)/2]
distinct m-dimensional totally isotropic subspaces contained in the sphere of radius e centered
at U, which implies that

v min{¢,m}
Z Z N(t;£,0;m,0;2v)Dy < N(m,0;2v)
=0 t=[(l+m—e)/2]

form=0,1,---,v. (]

Remark 6.1 Let v = 2. By Theorem 6.2 we obtain f* = 2(¢> + ¢%> + ¢) + 3 if e = 0, and
f*=q¢*+1if e =1. Note that a (4,2(¢> + ¢*> + q) + 3,1) code in M(4) is the set of all totally
isotropic subspaces of the symplectic space Fg, and a (4,¢>+1,3) code in M(4) is a 2-symplectic
spread of the symplectic space IE‘;‘.

Remark 6.2 (1) Let IE‘Z” be the 2v-dimensional symplectic space and Py be a fixed v-
dimensional totally isotropic subspace of Fg”. Then M(0;v,0;m,0;2v) C M(m,0;2v). Note
that codes in M(0;v,0;m,0;2v) are subcodes of some codes in M(m,0;2v). It seems to be
interesting to discuss the codes in M(0; v, 0;m,0; 2v).
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(2) Let Iy} be one of the n-dimensional classical spaces and G, be the corresponding classical

group. This article studies the codes of Fy when G, is the symplectic group. It seems to be

interesting to discuss the codes of Fyi when G/, is the unitary and orthogonal groups.
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