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Ranking method of additive consistent fuzzy judgment matrix
considering scale

LIU Weifeng, CHANG Juan, MENG Jintao, YANG Yong

(College of Science, Zhengzhou University of Aeronautics, Zhengzhou 450015, China)

Abstract It is found from the numerical example that the range of parameter in the ranking method of

additive consistent fuzzy judgment matrix in the related literatures is not appropriate, and by analyzing

the process of proof, the problem existed in the ranking method is due to indiscriminate scale. Hereby, it

is pointed out that the series of results in the related literatures are only suited to additive consistent fuzzy

judgment matrix in scale 0 ∼ 1. Then, based on scale 0.1 ∼ 0.9, the ranking method and results about

additive consistent fuzzy judgment matrix are reproved. Finally, generalized fuzzy scale is defined, and

the ranking method and results about additive consistent fuzzy judgment matrix with generalized fuzzy

scale are discussed, which realized the ranking methods and results in the related literatures unification in

forms.
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 [4] 49� Æ��������������, 0#�� Æ���
Æ
�		��, ����

��8�
Æ
�		12���:3; � [5, 6]  ��
945!
Æ
�		, 067��8"�

Æ
�		����; � [7] ;:�� Æ���
Æ
�		����<�������
�,	�5 ������<����� Æ���
Æ
�		��������5;6<
��, = rij = α(wi − wj) + 0.5, <� 0 < α ≤ 0.5, 0��>7�89=�49; � [8] "�>;:?


Æ67� Æ���
Æ
�		�9;��;?, :;� α �<<@� α ≥ 0.5(n− 1); � [9]

=7� [8] ������A�� Æ���
Æ
�		, ����� [6], 67��9
Æ
�		
����. � [4–9]  �����=>BC
Æ
�		���������?@���@<.

>�, � [7–9] �#�
Æ
�		����#<	���D, 0A�89E�45FG, 	�B�

?C45DH� 0 ∼ 1 45, >	��E�
Æ
�		��� 0.1 ∼ 0.9 45. I�, 
Æ
�	

	����#<	����45A�F
��. ��, JK"��8GL�EM9� [8, 9] �@=�
<<@A�FG, 0�N�FG7OB���A�E�45. PH, �� [7–9] �	���>7CQ
�, 67 0.1 ∼ 0.9 45! Æ���
Æ
�		�����	���. DH, 2@�B@
Æ45, 6

7B@
Æ45! Æ���
Æ
�		����#<	���, 8� 0 ∼ 1 45� 0.1 ∼ 0.9 45

!�����	�����<�E, C	8�� [7–9] ������	����OE?��.

2 [F\]

^_ 1[4] R		 R = (rij)nn, � 0 ≤ rij ≤ 1, GD		 R �
Æ		.

^_ 2[4] R		 R=(rij)nn �
Æ		, � rij +rji =1, i, j = 1, 2, · · · , n, GD		 R �
Æ
�		.

^_ 3[4] R		 R = (rij)nn �
Æ
�		, � rij = rik − rjk + 0.5, i, j, k = 1, 2, · · · , n, GD		 R

� Æ���
Æ
�		.

^_ 4[29] R w = (w1, w2, · · · , wn)T �
Æ
�		 R ��HI, ���S? k = 1, 2, · · · , n, �
rik ≥ rjk , JK wi ≥ wj , 0�ET�F? rik = rjk, k = 1, 2, · · · , n �LD, � wi = wj , GD		 R ��
���UVM!G�.

^_ 5[11] R
Æ
�		 R = (rij)nn, � rij ≥ 0.5, G��S? k = 1, 2, · · · , n, � rik ≥ rjk; �

rij = 0.5, G��S? k = 1, 2, · · · , n, � rik ≥ rjk, N� rik ≤ rjk, GD		 R ���.

3 `abc

d 1[8] R R =

⎛
⎝

0.5 0.9 0.7
0.1 0.5 0.3
0.3 0.7 0.5

⎞
⎠ � 3 O Æ���
Æ
�		.

� [8] 2� 4.1 49�@= α �<� α ≥ 1
2 (n − 1), 0�HE�M9@= α < 1

2 (n − 1) D, 
WG

4;IJ�.

I�HE� n = 3, M9 α ≥ 1, = α 
WJ� 1, >�E α = 0.8 < 1 D, �$GL7;���
w1 = 7

12 , w2 = 1
12 , w3 = 4

12 . HEM9� [8, 9] ���;?�@= α �<<@0
;X.

!"�N� [8] 2� 4.1 49�, K� α ≥ 1
2 (n− 1) B�, 067 α ;X�<<@. � [8] 4

9 α ≥ 1
2 (n − 1) ���!:

��� wi IJ�, C	�� 1
α ( 1

n

∑n
k=1 rik − 1

5 ) ≥ 1
n , = α ≥ n

2 − ∑n
k=1 rik. I� R �
Æ
�	

	, L 0.5 ≤ ∑n
k=1 rik ≤ n − 0.5, �� α ≥ max{n

2 − ∑n
k=1 rik} = n

2 − 0.5 = n−1
2 .

C"49�$=O, � [8] �YK α �<<@D, %��H� %� 2.1, 	H%�PR
Æ

�		 R = (rij)nn M� 0 ∼ 1 45, C	� 0.5 ≤ ∑n

k=1 rik ≤ n − 0.5, >	YK7 α ≥ n−1
2 . >�, HE�


Æ�N
�		 R = (rij)nn M�� 0.1 ∼ 0.9 45, 	I 0 ∼ 1 45. ��, Q7��6�<@�H
� 0.1(n−1)+0.5 ≤ ∑n

k=1 rik ≤ 0.9(n−1)+0.5,L	��@= α �<<@� α ≥ max{n
2 −∑n

k=1 rik} =
n
2 − [0.1(n − 1) + 0.5] = 2

5 (n − 1).
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I"�N�$�K, 45
9RLM�;;?�@=�<. >� [8, 9] �0A�C45N
89E�, 	�DH
Æ
�		� 0 ∼ 1 45, C	YK7@= α ≥ n−1

2 , ��� [8, 9] �	����
�� 0 ∼ 1 45. >�E 1 �
Æ
�		M�� 0.1 ∼ 0.9 45, L	C@=�<� α ≥ n−1

2 , 0C

<��;;?0
�A, C	OR7OE@= α = 0.8 D, ��;?ZP�$8�[S. ��, �HO�

945��#���;?GL, O
R7OE 1 �[S.

4 0.1 ∼ 0.9 PefghijklmnopqQrstu

�\NM9, $!]#		T=45� 0.1 ∼ 0.9 
Æ�N
�		.

^v 1 R R = (rij)nn �
Æ
�		, G 0.1(n− 1) + 0.5 ≤ ∑n
k=1 rik ≤ 0.9(n − 1) + 0.5.

^v 2 R R = (rij)nn �
Æ
�		, G R � Æ���
Æ
�		E��E, A� n OIJP

�UHI w = (w1, w2, · · · , wn)T $#;= α, 8� ∀i, j = 1, 2, · · · , n, � rij = α(wi − wj) + 0.5.

wx (Q��) �� [8] 2� 2.3 49	9.

(R��) R R � Æ���
Æ
�		, �2 α ≥ 2
5 (n− 1). wi P�U49�� [8] 2� 2.3 �

	9, "V�R49 wi IJ�.

W wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik, I 0.1(n−1)+0.5 ≤ ∑n

k=1 rik �K, wi ≥ 1
n − 1

2α + 1
nα [0.1(n−1)+0.5] =

5α−2(n−1)
5nα . SK α ≥ 2

5 (n − 1), G wi ≥ 5× 2
5 (n−1)−2(n−1)

5nα = 0.

^v 3 R
Æ
�		 R = (rij)nn ����<;XT��? rij = α(wi − wj) + 0.5, G<;R
PI wi = 1

n − 1
2α + 1

nα

∑n
k=1 rik 67.

^v 4 R R = (rij)nn � Æ���
Æ
�		, G<;�I wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik GL.

^v 5 R R = (rij)nn �
Æ
�		, w = (w1, w2, · · · , wn)T IDJST�X2, =��!"I^�
:?FG;

min z =
n∑

i=1

n∑
j=1

[0.5 + α(wi − wj) − rij ]2, s.t.
n∑

i=1

wi = 1, wi ≥ 0, i = 1, 2, · · · , n.

JKZ� wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik.

wx �� [8] 2� 3.3 	9.

^v 6 R R = (rij)nn �
Æ
�		, �<IJP�U;HI�I wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik G

L, G@= α RUXT α ≥ 2
5 (n − 1).

wx Y��U 3 V�FG�N.

^v 7 R R = (rij)nn �
Æ
�		, �<;HIXT��? rij = α(wi − wj + 0.5), G R �S
?�8��;6W�@= α ���, � − 1

n−1 ≤ wi − wj ≤ 1
n−1 .

wx I rij = α(wi − wj + 0.5) �K, wi − wj = 1
α (rij − 0.5), = wi − wj �@= α ���.

I� 0.1 ≤ rij ≤ 0.9, C	� −0.4 ≤ rij − 0.5 ≤ 0.4, = |rij − 0.5| ≤ 0.4. 9D��� α ≥ 2
5 (n − 1), L

	� |wi − wj | = 1
α |rij − 0.5| ≤ 5

2(n−1) × 0.4 = 1
n−1 .

^v 8 R A = (aij)nn �
Æ
�		, W ri =
∑n

j=1 aij , i = 1, 2, · · · , n, 0N�!XZ rij = ri−rj

2(n−1) +

0.5, i, j = 1, 2, · · · , n, �� Æ���
Æ
�		 R = (rij)nn, GI R �� rij �; wi ��?

rij = α(wi−wj +0.5),>�;HI w = (w1, w2, · · · , wn)T XT wi = 1
n − n

4α(n−1) + 1
2α(n−1)

∑n
k=1 aik, i =

1, 2, · · · , n, <�@= α ≥ 2
5 (n − 1).

wx �� [9] �2� 1 49	9.

5 ÆyPefghijklmnopqQrstu

!"C 0 ∼ 1 45Y0.1 ∼ 0.9 _45$# 0.1 ∼ 0.9 [45"`9
Æ45>7YB, 0Z\���

V67B@
Æ452@. PH, 67B@
Æ45!
Æ
�		�����	���, 8�� 

[7–9] ���:� 0.1 ∼ 0.9 _45	�����<�E.

^_ 6 B@
Æ452@�!:
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R 0.5 ��]���W��9X�, 0.5 + δi, i = 1, 2, · · · , t ����]���W����5, 0

� 0.5 + δi Y , �9]���W����5Y ; 0.5 − δi, i = 1, 2, · · · , t ����]��
�W��
��5, 0� 0.5 − δi YJ, �9]���W��
��5Y , <� δi ∈ [0, 0.5], i = 1, 2, · · · , t �
δ1 ≤ δ2 ≤ · · · ≤ δt.

aP, B@
Æ45�� 2t + 1 845<, � 0.5 ± δi ∈ [0, 1], i = 1, 2, · · · , t.
^v 9 IB@
Æ4567
�		 R = (rij)nn ��!"��: 1) rij = 0.5; 2) rij + rji = 1.

aP, IB@
Æ4567
�		 R = (rij)nn �
Æ
�		.

z 1 E t = 1, δ1 = 0.5 D, B@
Æ45=� 0 ∼ 1 `45;

E t = 4, δ1 = 0.1, δ2 = 0.2, δ3 = 0.3, δ4 = 0.4 D, B@
Æ45=� 0.1 ∼ 0.9 _45;

E t = 4, δ1 = 0.061, δ2 = 0.175, δ3 = 0.362, δ4 = 0.4 D, B@
Æ45=� 0.1 ∼ 0.9 [45.

z 2 CB@
Æ45� 2t + 1 845< 0.5, 0.5 + δi, i = 1, 2, · · · , t D�B45, <N�Z����
�^L
Æ
�		D8�. ���V�� ��>;;HID, bb�
Æ
�		N=�XU���
��
Æ
�		, ��� [6] �N�=�XU rij = ri−rj

2(n−1) + 0.5, �D rij �[
[�<� 0.5, 0.5 + δi,

i = 1, 2, · · · , t, > rij ∈ [0.5 − δt, 0.5 + δt], ��%�
\D rij �B45cd45.

��]��e, %�CB45D < 0.5 + δt �DJ< 0.5 − δt ��_� M0, m0. PH, �B@
Æ
45!, 67
Æ
�		�����	���.

^v 10 R R = (rij)nn �
Æ
�		, G m0(n − 1) + 0.5 ≤ ∑n
k=1 rik ≤ M0(n − 1) + 0.5.

^v 11 R R = (rij)nn �
Æ
�		, G R � Æ���
Æ
�		E��E, A� n OIJP

�UHI w = (w1, w2, · · · , wn)T $#;= α, 8� ∀i, j = 1, 2, · · · , n, � rij = α(wi − wj) + 0.5.

wx (Q��) �� [8] 2� 2.3 49	9.

(R��) R R � Æ���
Æ
�		, �2 α ≥ (0.5−m0)(n− 1). wi P�U49�� [8] 2

� 2.3 �	9, "V�R49 wi IJ�.

W wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik,I m0(n−1)+0.5 ≤ ∑n

k=1 rik �K, wi ≥ 1
n − 1

2α + 1
nα [m0(n−1)+0.5] =

2α+(2m0−1)(n−1)
2nα . SK α ≥ (0.5 − m0)(n − 1), G wi ≥ 2(0.5−m0)(n−1)+(2m0−1)(n−1)

2nα = 0.

^v 12 R
Æ
�		 R = (rij)nn ����<;XT��? rij = α(wi − wj) + 0.5, G<;R
PI wi = 1

n − 1
2α + 1

nα

∑n
k=1 rik 67.

^v 13 R R = (rij)nn � Æ���
Æ
�		, G<;�I wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik GL.

^v 14 R R = (rij)nn �
Æ
�		,w = (w1, w2, · · · , wn)T IDJST�X2, =��!"I^�
:?FG;

min z =
n∑

i=1

n∑
j=1

[0.5 + α(wi − wj) − rij ]2, s.t.
n∑

i=1

wi = 1, wi ≥ 0, i = 1, 2, · · · , n.

JKZ� wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik.

wx �� [8] 2� 3.3 	9.

^v 15 R R = (rij)nn �
Æ
�		, �<IJP�U;HI�I wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik

GL, G@= α RUXT α ≥ (0.5 − m0)(n − 1).

wx I;IJ��K, wi = 1
n − 1

2α + 1
nα

∑n
k=1 rik ≥ 0, =� 1

α ( 1
n

∑n
k=1 rik − 1

5 ) ≥ 1
n , C	�

α ≥ n
2 −∑n

k=1 rik. I� R = (rij)nn �
Æ
�		, L� m0(n− 1) + 0.5 ≤ ∑n
k=1 rik ≤ M0(n− 1) + 0.5,

��� α ≥ max{n
2 − ∑n

k=1 rik} = n
2 − [m0(n − 1) + 0.5] = (0.5 − m0)n + (m0 − 0.5) = (0.5 − m0)(n − 1).

^v 16 R R = (rij)nn �
Æ
�		, �<;HIXT��? rij = α(wi − wj + 0.5), G R �S
?�8��;6W�@= α ���, � − 1

n−1 ≤ wi − wj ≤ 1
n−1 .

wx I rij = α(wi − wj + 0.5) �K, wi − wj = 1
α (rij − 0.5), = wi − wj �@= α ���.

I� m0 ≤ rij ≤ M0, C	� m0 − 0.5 ≤ rij − 0.5 ≤ M0 − 0.5, ��� m0 + M0 = 1, G� m0 − 0.5 ≤
rij − 0.5 ≤ 0.5 − m0, = |rij − 0.5| ≤ 0.5 − m0. 9D��� α ≥ (0.5 − m0)(n − 1), L� |wi − wj | =
1
α |rij − 0.5| ≤ 1

(0.5−m0)(n−1) × (0.5 − m0) = 1
n−1 .
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^v 17 R A = (aij)nn �
Æ
�		,W ri =
∑n

j=1 aij , i = 1, 2, · · · , n,0N�!XZ rij = ri−rj

2(n−1) +

0.5, i, j = 1, 2, · · · , n, �� Æ���
Æ
�		 R = (rij)nn, GI R �� rij �; wi ��?

rij = α(wi−wj +0.5),>�;HI w = (w1, w2, · · · , wn)T XT wi = 1
n − n

4α(n−1) + 1
2α(n−1)

∑n
k=1 aik, i =

1, 2, · · · , n, <�@= α ≥ (0.5 − m0)(n − 1).

wx �� [9] �2� 1 49	9.

z 3 E m0, M0 �� 0, 1 � 0.1, 0.9, =
Æ
�		��� 0 ∼ 1 45� 0.1 ∼ 0.9 45D, 2� 10

∼ 2� 17 ��fU�� [8, 9] �	������2� 1∼8.

!"#�B@
Æ45!��HI��.

^v 18 R A = (aij)nn �
Æ
�		, G<��HI�UVM!G�, <�

wi =
1
n
− n

4α(n − 1)
+

1
2α(n − 1)

n∑
k=1

aik, i = 1, 2, · · · , n, α ≥ (0.5 − m0)(n − 1).

wx R w = (w1, w2, · · · , wn) �
Æ
�		 A = (aij)nn ��HI, G�

wi =
1
n
− n

4α(n − 1)
+

1
2α(n − 1)

n∑
k=1

aik, wj =
1
n
− n

4α(n − 1)
+

1
2α(n − 1)

n∑
k=1

ajk.

��� ∀k = 1, 2, · · · , n, � aik ≥ ajk, G� wi, wj �^?�K wi ≥ wj . SET�F? aik = ajk

(k = 1, 2, · · · , n) �LD, aP� wi = wj . ��, ��HI�UVM!G�.

^v 19 
Æ
�		 A = (aij)nn ����, =� aij ≥ 0.5, G� wi ≥ wj ; � aij = 0.5, GN�
wi ≥ wj , N� wi ≤ wj .

6 {|
"��NGL�EM9�, 45
9�
Æ
�		��;?@=�<<@�5` LM. P

H, #�� 0.1 ∼ 0.9 45! Æ���
Æ
�		����#<	���. DH, \���� 0 ∼ 1 �

0.1 ∼ 0.9 45_9�V, 2@�B@
Æ45, 0 ��B@
Æ45!
Æ
�		�����	
���, �O�� [7–9] ������	���E?��. �� ����g�
945! Æ
���
Æ
�		����, �`�=>�
Æ
�		�������.
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