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Abstract It is easy to judge the ascription of a decision object when the values of each components of

decision coefficient vector with distinguished difference. But the true valuable problem is that the values

of some components of decision coefficient vector without distinguished difference. Here we show a novel

method to solve the existing decision paradox that the decision according to the maximum components of

a decision coefficient vector may be conflicts with the result of evaluating the decision coefficient vector

integratedly. We define both the weight vector group of kernel clustering and weighted coefficient vector

of kernel clustering for decision-making at first. Then a novel two-stage decision model with the weight

vector group of kernel clustering and weighted coefficient vector of kernel clustering for decision-making

is put forward, and several functional weight vector group of kernel clustering are given. This method

can effectively solve the decision paradox of rule of maximum value and produce consistent results. To

demonstrate its effectiveness, a practical application is implemented for research excellence framework of

UK.

Keywords rule of maximum value; decision paradox; weight vector group of kernel clustering; weighted
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1 ]^
� ��������� !Æ"���� �!Æ�� �#������"�, $%&', ! "

�" �!#"%�$",#�!#�%��#$.��(&%&���)��� "� [1] ' '$%&�
��)��� !Æ"� [2]!� "#$(��������� !Æ"� [3−5]!� &(#$(���
������ !Æ"� [6−8] $*�� �!Æ. +&�)��� !Æ"�)Æ � '%�()!,
&**+�-,,�)��� !Æ"�'� $(��������� !Æ"�))Æ � '%�(
)!,&�+�-,. *+�� $(��������� !Æ"�, '�)��� "�'�)���

 !Æ"�*)- Æ'+././� !Æ01. � "#$(��������� !Æ"�)Æ 
,� (-02, )+��3 ,� �#�1�-,; � &(#$(��������� !Æ"�)
Æ .42�+��3 ,� �#, ),� (-�02�-, [9,10]. 3 !Æ"�*5)&*�$(�
����6�+. 7#4 [11]!8'/ [12]!,-) [13]!566 [14]!9:0 [15] $7.�+;(/��� 

!Æ"�1<801',2. -.9!#8��� !Æ3%���*�01 [16]. :=, ��� !Æ

"�, *5��� ��>,/!�,+1/0$62�.2/?43�@5. / ��� ��>,/!
�,AB1�32-;C�.2/?4301, 4D0$7!#&�8�3+.56 [17]; <E7$7/4
67).2>,1�8F=, &�8389.2"� [18].

 '5/ “+16/0” .27�:>�-,, GH�)�9)>,8'�97).2��>,, ;:

�;3�Æ��9)>,8. � �9)>,8'�97).2��>,<= “+16/0” .27�?+
"�. +>590?$IJ@I!#:;A@ (research excellence framework,A< REF) 6BK1 “+16
/0” .27�?+"���B!Æ.

2 <=_`ab>c?de
@ ��� ��>, σi L=��4�2>,, A>*CBD��1<'., A?, MNGH/���

 ��>,4�2.

Cf 1 C δk
i = σk

i∑ s
k=1 σk

i

, < δk
i 6.2/? i 3 � k �4�2��� ��.

BD, δk
i (k = 1, 2, · · · , s) ED ∑s

i=1 δk
i = 1.

Cf 2 < δi = (δ1
i , δ2

i , · · · , δs
i ) (i = 1, 2, · · · , n) 6.2/? i �4�2��� ��>,.

��� !Æ3%��#��@$E��� ��>,,�, σk
i (k = 1, 2, · · · , s) E/!�4�2�

 ��>,,�, δk
i (k = 1, 2, · · · , s) F6�FG�:. σi E δi B,�,F632;O, !Æ3�H;�#

�. 5C! 4�2��� ��>, δi �3�/ σi +P)Æ. IJ “4�2” GH.

Cf 3 I max
1≤k≤s

{δk
i } = δk∗

i , 0< δk∗
i 6��� ��>, δi �+1�, (the maximum component).

A��46� ��>, δi B+1�,�61B1 +F,�,�6J, K5 “+16/0”4 ��
�K�.23�. >A��46� ��>, δi B+1�,F6�+Q�,F6L��LB, MCG “+1
6/0” H��.2�/.2��>,1<IR!ÆS��3�DTJ, M:> “+16/0” .27�.

“+16/0” .27�?+�� EN�JÆ�9)>,8J� ��>, δi & k �, δk
i O>�I

EN�,SFO�KG/? i 4P� k �./�P��, k H, .>Q��NQ68*R�,KIAU
�#�.2��>,.

�9)>,8��J,VS�) 4 SW.

Cf 4 TL s N�+�.2 K, �� wk ≥ 0, k = 1, 2, · · · , s, C
η1 =

1∑s
k=1 wk

(ws, ws−1, ws−2, · · · , w1),

η2 =
1

ws−1 +
∑s

k=2 wk
(ws−1, ws, ws−1, ws−2, · · · , w2),

η3 =
1

ws−1 + ws−2 +
∑s

k=3 wk
(ws−2, ws−1, ws, ws−1, · · · , w3),
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· · ·
ηk =

1∑s−1
i=s−k+1 wi +

∑s
i=k wi

(ws−k+1, ws−k+2, · · · , ws−1, ws, ws−1, · · · , wk),

· · ·
ηs−1 =

1
ws−1 +

∑s
k=2 wk

(w2, w3, · · · , ws−1, ws, ws−1),

ηs =
1∑s

k=1 wk
(w1, w2, w3, · · · , ws−1, ws),

< ηk (k = 1, 2, · · · , s) 6�N�9)>,8 (weight vector group of kernel clustering), +& ηk <6! �
 k ��9)>, (weight vector of kernel clustering).

�9)>,8 ηk (k = 1, 2, · · · , s) &� s N�9)>, ηk = (η1
k, ηs

k, · · · , ηs
k) (k = 1, 2, · · · , s) *@�L

>,<�, +&�LAM�$Æ�MNUN�9)>, ηk (k = 1, 2, · · · , s) 64�2>,. >,N��O k

N�,6 ws, � ηk (k = 1, 2, · · · , s) �+1�,, 5 ws 6&(, +3P��,F6@QRR, R$8O k N

�,/.2/?3  K k �SXEKG�+1, A?ÆSO+1�)P ws. +Q,�,�60C “�O k

N�,TV;G��,/.2/?3  K k �SXEKG�;1, A>ÆSO.1�)P; �O k N�,

TV;Q��,/.2/?3  K k �SXEKG�;O, A>ÆSO.O�)P” �R0T�.

�9)>,8�$ÆH�J� ��>, δi &9 δk
i O>�IEN�,SFO�KG/? i 4P� 

k �./�P��, k H, S�3%Q68� δk
i *R��,! /? i 4P� k �KG./, SJ/U

V�9)>,8$Æ>S�#�.2��>,1<IR!ÆS��3��CG “+16/0”H��.2F
W�T.

3 <=U_gVhi`aj “kWlmn” gVopÆXqr

Cf 5 TL n N.2/?, s N�+�.2 K, δi 6��46� ��>,, ηk (k = 1, 2, · · · , s) 6
! � k ��9)>,8, 0< ωk

i = ηk · δT
i (k = 1, 2, · · · , s) 6/? i ! � k ��97).2��

(weighted coefficient of kernel clustering for decision-making). ;< ωi = (ω1
i , ω2

i , · · · , ωs
i ); i = 1, 2, · · · , n 6

/? i ��97).2��>, (weighted coefficient vector of kernel clustering for decision-making).

�97).2�� ωk
i = ηk ·δT

i (k = 1, 2, · · · , s)&Q68� ��>, δi &�, δk
i O>�IEN�,

SFO�KG/? i4P� k�./,A?/�97).2��>, ωi = (ω1
i , ω2

i , · · · , ωs
i ) (i = 1, 2, · · · , n)

1<IR!ÆS��3��CG “+16/0” H��.2�WMG�T.

5?, YX�5���3N89Y<� “+16/0” .27�?+"��="8ZSC:

Stage 1

Step 1 CG46!XN?Y��� � s, �K#�� 1!� s �[\# λ1
j , λs

j '� k (k ∈
{2, 3, · · · , s − 1}) �&(# λ2

j , λ
3
j , · · · , λs−1

j ; T� j '% k M ����� fk
j (∗) (j = 1, 2, · · · , m; k =

1, 2, · · · , s).
+&� 1 '� s �������KF6CZ*������ f1

j [−,−, λ1
j , λ

2
j ] ':Z*�����

� fs
j [λs−1

j , λs
j ,−,−], � k (k ∈ {2, 3, · · · , s − 1}) ������*F6$(�����;

Step 2 #�UN'%�� ) wj , j = 1, 2, · · · , m;

Step 3 Z[/? i ! � k ���� �� σk
i :

σk
i =

m∑
j=1

fk
j (xij) · wj .

+& fk
j (xij) 6/? i E'% j C3 � k ������, wj 6'% j E��!Æ.2&�)P.

Step 4 Z[.2/? i 3 � k �4�2��� �� δi, +& δk
i = σk

i∑
s
k=1 σk

i

,

Step 5 @ max
1≤k≤s

{δk
i } = δk∗

i , I+1�, δk∗
i �61B1 +F,�,�6, 02�/? i 3 k∗ �

 . J[]^; T0[> Step 6;
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Step 6 I+1�, δk∗
i F6�+Q�,F6L��LB, MCG “+16/0” H��.2�/.2

��>,1<IR!ÆS��3�DT, :> “+16/0” .27�, 0[> Step 7;

Stage 2

Step 7 #��9)>,8 (η1, η2, · · · , ηs);

Step 8 Z[.2/? i ! � k ��97).2��>, ωi = (ω1
i , ω2

i , · · · , ωs
i ); i = 1, 2, · · · , n;

Step 9 @ max
1≤k≤s

{ωk
i } = ωk∗

i , 2�/? i 3 k∗ � ;

4 st<=_`ab>_u

vw 1 T

η1 =
2

s(s + 1)
(s, s − 1, s − 2, · · · , 1),

η2 =
1

s(s+1)
2 + (s − 2)

(s − 1, s, s − 1, s − 2, · · · , 2),

η3 =
1

s(s+1)
2 + (2s − 6)

(s − 2, s− 1, s, s − 1, · · · , 3),

· · ·

ηk =
{

1
s(s+1)

2 + [(k − 1)s − k(k−1)
2 ]

}
(s − k + 1, s − k + 2, · · · , s − 1, s, s− 1, · · · , k),

· · ·
ηs−1 =

2
s(s+1)

2 + (s − 2)
(2, 3, · · · , s − 1, s, s− 1),

ηs =
2

s(s + 1)
(1, 2, 3, · · · , s − 1, s),

0 ηk (k = 1, 2, · · · , s) 6�N�9)>,8.

vw 2 T

η1 =
1∑s

k=1
1
k

(
1,

1
2
,
1
3
, · · · , 1

s − 1
,
1
s

)
,

η2 =
(

1
1
2 +

∑s−1
k=1

1
k

)(
1
2
, 1,

1
2
,
1
3
, · · · , 1

s − 1

)
,

η3 =
(

1
5
6 +

∑s−2
k=1

1
k

)(
1
3
,
1
2
, 1,

1
2
, · · · , 1

s − 2

)
,

· · ·

ηk =
{

1∑k
i=2

1
i +

∑s−k+1
i=1

1
i

}(
1
k

,
1

k − 1
, · · · , 1

2
, 1,

1
2
, · · · , 1

s − k + 1

)
,

· · ·

ηs−1 =
1

1
2 +

∑s−1
k=1

1
k

(
1

s − 1
,

1
s − 2

, · · · , 1
2
, 1,

1
2

)
,

ηs =
1∑s

k=1
1
k

(
1
s
,

1
s − 1

, · · · , 1
3
,
1
2
, 1

)
,

0 ηk (k = 1, 2, · · · , s) 6�N�9)>,8.

5 xtsy

z 1 590?$IJ@I!#:;A@ (research excellence framework,A< REF) 6BK1 “+16
/0” .27�[+?+V�.

REF !X3%�6\N] ($) \. +?6\]\ (^-YH, world-leading), +Q�$]\ (0B,_,
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internationally excellent), `Q63]\ (0BZ�, internationally recognised), +>��]\ (W0Z�,

nationally recognised), [`]L�N U \6a!�]\�-;.

REF L 3 N!Æ'%: !#U�a,!VI -bb�!#^_. :=$NNU&!#U�a,�)
P+1, c 65%,VI bb�)P6 20%,!#^_�)P6 15%. +]!Æ3%CG!#U�a,!I 
-B`bb�!#^_$N'%�!X3%Z[7)4*6, D>`UV\\cPFI�. REF +]:W
�!Æ3%�,X!Yd (UOA) �+]\�%Sc�'B.

S%NK5,X!Yd�+]\�%Sc�'B!�,X!Yd�%�46]\, 03 46� 0
1. TO i NX!Yd�!X3%>,

δi = (δ1
i , δ2

i , δ3
i , δ4

i , δ5
i ) = (0.68, 0.21, 0.06, 0.05, 0),

+& δ1
i 6O i NX!Yd\]\�%Sc�'B, δ2

i 6$]\�%Sc�'B, δ3
i 6Z]\�%Sc�'

B, δ4
i 6�]\�%Sc�'B, δ5

i 6a!�]\��%Sc�'B.

@ max
1≤k≤5

{δk
i } = 0.68 = δ1

i , A+1�, δ1
i = 0.68 �+Q,�,�632B1, �5Z6O i NX!Y

d&`��%eR:3 \]\.

S%O j NX!Yd�!X3%>, δj = (δ1
j , δ2

j , δ3
j , δ4

j , δ5
j ) = (0.12, 0.38, 0.40, 0.10, 0).

dD@ max
1≤k≤5

{δk
j } = 0.40 = δ3

j , �5��+1�, δ3
j = 0.40, ) δ2

j = 0.38 � δ3
j = 0.40 32�1B, +

J`]^� δ1
j = 0.12 ��6"'.1, ?JN2�O j NX!Yd&`��%eR:3 Z]\ea@5

�W[�.

?JCG “+16/0” 1<.2, !A!�O j NX!Yd3 Z]\; S%/.2��>, δj =

(δ1
j , δ2

j , δ3
j , δ4

j , δ5
j ) = (0.12, 0.38, 0.40, 0.10, 0) 1<46!Æ, 0bZ6JO j NX!Yd4PZ]\�6�\

O j NX!Yd!3 *?]\, MU>8 “+16/0” .27�. SJ�5JÆ 'O 4 c&�)��
9)>,8J� ��>, δj & k �, δk

j O>IEN�,SFO�KG/? j 4P� k �./�P�

�, k H, .>Q��NQ68*R�,KIAU�#�.2��>,.

]Æ_1 1 &:���9)>,8. @ s = 5, ��

η1 =
1
15

(5, 4, 3, 2, 1), η2 =
1
18

(4, 5, 4, 3, 2), η3 =
1
19

(3, 4, 5, 4, 3), η4 =
1
18

(2, 3, 4, 5, 4), η5 =
1
15

(1, 2, 3, 4, 5).

`@ ωk
j = ηk · δT

j , �

ω1
j = η1 · δT

j =
1
15

(5, 4, 3, 2, 1) · (0.12, 0.38, 0.40, 0.10, 0)T = 0.23,

ω2
j = η2 · δT

j =
1
18

(4, 5, 4, 3, 2) · (0.12, 0.38, 0.40, 0.10, 0)T = 0.24,

ω3
j = η3 · δT

j =
1
19

(3, 4, 5, 4, 3) · (0.12, 0.38, 0.40, 0.10, 0)T = 0.22,

ω4
j = η4 · δT

j =
1
18

(2, 3, 4, 5, 4) · (0.12, 0.38, 0.40, 0.10, 0)T = 0.19,

ω5
j = η5 · δT

j =
1
15

(1, 2, 3, 4, 5) · (0.12, 0.38, 0.40, 0.10, 0)T = 0.16,

ωj = (ω1
j , ω2

j , ω3
j , ω

4
j , ω5

j ) = (0.23, 0.24, 0.22, 0.19, 0.16).

@ max
1≤k≤5

{ωk
j } = 0.24 = δ2

j , �f, .IR:]^, O j NX!Yd3 $]\. ?J ω3
j = 0.22 f��

ωj �+1�,, M.IR:]^, O j NX!Yd�3 Z]\.

S%]Æ_1 2 :���9)>,8E%+Q ���9)>,8, "�5��*+�3�.

6 g{|

“+16/0” .27�?+"�J� ��>, δi ;6�NIR1<46]^, dh �9)>,8
+.8.2��>,+1�,F6�+Q�,L��LB, MCG “+16/0” H��.2�/.2��
>,1<IR!ÆS��3�DTJ, MU> “+16/0”.27�-,�46.201. E REF !Æ�

B&YXi_gJÆ`3�+��9)>,8/� ��>, δi &+Q�,SFO�KG/? i 4P� 
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k �./1<Q6, :$@�+�9)>,8S��97).2��>,�+1�,MG��. �9)>,

8$6`+ “+16/0” .27��PN�e, ! +�a[+$Æh#, 5[,3#��Æ�9)>,
8�<j[)Æ-,$, )3 La1�8aP!#�PNb1.
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