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A consensus decision making model with personalized interval
composite scales

HUANG Haiyan, LIU Xiaoming

(Institute of Command Information System, Army Engineering University of PLA, Nanjing 210007, China)

Abstract Considering that different people are different in their linguistic preference and in order to

determine the consensus state for supporting consensus decision making, this paper first proposes an

interval composite scale based 2-tuple linguistic model, which realizes the process of translation from

word to interval numerical and the process of retranslation from interval numerical to word. A consensus

decision making model with personalized interval composite scales is proposed, which can provide different

linguistic representation models for different decision-makers. This model includes a semantic translation

and retranslation phase during decision process and determines the consensus state of the whole decision

process. These models proposed take into full consideration that human language contains fuzziness and

usually real-world preferences are uncertain, and provide efficient computation models to support consensus

decision making.

Keywords consensus decision making; personalized interval composite scale; linguistic 2-tuple; fuzziness
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���	
����, ��� [1] (computing with words, CWW) 	�	����, ������
��, ��������	�	 [2−4] �����
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��, � ���
�	���/��"	 [8].

�,	��13����	��"��	
�	-.,/0,1Æ������0
�	2�23,1

����0
��4����
�234�,3��,  ��5�51
67�	
�	"�6� [9], 7�

45���	4�5��8	859�, �2������859�	�0
���, �:
6�6���

	"�"����
��
	���; 56�;<=�)7�, >8 Yager�2	���9: [10], 97 17

�, ����;<8�;7��7��		��, �2:5	�)	
��, �=	?���9�	
7

�	�)*66:;@, �A��B>?Æ, C+	
�>8	
23�,;D9�E<@, 5=�A�A

�6>Æ9�	
7�.

b 1 Yager - CWW ./

2 0c123456def7g

1B���CFD?�2	��859�	�0
��� [11], /�Æ�2	��859��A�G.

� �H��0
����	 0 ∼ n 9���23�EFI�23@A	�, �2G:J5��#��

�	859�, �2G��859�	�0
���. ���, 45859�, B
�	�08 (si, ρ) ��

�	
�	
�<@23.

9h 1 
��
� S[11]

S /
��
KL	�5 {si}, �� si /
��
, ��9 i ∈ [0, g] C9D, s0 < sg MN��	


����		<@:	�<<4<, S �
��
	DH/ g + 1, � S / g + 1 I. 1Æ�	 g �E/F

D,  GJ>8��!�� S ��/ 3∼9 I, = g C 2∼8. �6, HI�!���. � 7 I/A, g = 6,

S={s0, s1, s2, s3, s4, s5, s6} = {HC, C, JC, Y B, JH, H, HH},�� “HC, C, · · · , HH”OJKMN�� “1

", ", �", �P, �
, 
, 1
”.

9h 2 ��859�	�0
�<@�
 (si, ρ)

J si ∈ S ���
��
, ���	�08��JK7��	LDMQ:

θ(si) = (si, 0), si ∈ S. (1)

/G:�R6�
�<@236:��, �	�08 (si, ρ) ∈ S′ = S × [−0.5, 0.5), �� si ∈ S, ρ ∈
[−0.5, 0.5). 0>, /?SHT�R�@�, �<@: v ∈ V 6:GU�;4�, �, v ∈ V = [−1, 1],  G


��	��A8�		
L���, �N��	�<@�
��VWOB	!�, 7�, g /FD, g + 1

/
��
��0M�D.

9h 3 ��859�	<@:!�0
�<@�
	CN Δ : V → S′

J�D v ∈ [−1, 1] /�	
�<@4P:, =K7��	LD Δ 5EQ� v ��	�0
�<@�


:

Δ : [−1, 1] → S × [−0.5, 0.5),

Δ(v) = (si, ρ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

si, i =

⎧⎨
⎩

g

2
+ round(loga((a

g
2 − 1)v + 1)), 0 ≤ v ≤ 1,

g

2
− round(loga(|v| (a g

2 − 1) + 1)), −1 ≤ v < 0.

ρ =

⎧⎨
⎩

loga((a
g
2 − 1)v + 1) +

g

2
− i, 0 ≤ v ≤ 1,

−loga(1 − (a
g
2 − 1)v) +

g

2
− i, −1 ≤ v < 0.

ρ ∈ [−0.5, 0.5).

(2)

round � “OPDQ” C9@�.

9h 4 ��859�	�0
�<@�
!<@:	CN Δ−1 : S′ → V

J (si, ρ) ����0
�<@�
, =K7��LD Δ−1 J���0
�<@�
 (si, ρ) �;/��
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	D: v ∈ [−1, 1], �:

Δ−1 : S × [−0.5, 0.5) → [−1, 1],

Δ−1(si, ρ) = v =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

a(i+ρ− g
2 ) − 1

a
g
2 − 1

,
g

2
≤ i + ρ ≤ g,

−a( g
2−i−ρ) + 1
a

g
2 − 1

, 0 ≤ i + ρ <
g

2
.

(3)

�N Δ−1(si, 0) J�	 Δ−1(si) ��, �"/ Δ−1(si, 0) = Δ−1(si).

A9, ��� g = 6, 14Æ�	
��
� S JQ���	859�<@:E�5 V �CN��9

7 2 7�, ��WF�����:R5<@7��	
�	��4�G	:.

0 0.23-0.23 0.55-0.55 1-1

HC
s0

C
s1

JC
s2

YB
s3

JH
s4

H
s5

HH
s6

(g=6,a=1.4)

b 2 ;<=>ij V ?k@AlBC

?Y6	��859�	�0
�<@�� H��� 0 ∼ n 9�	�0
�<@���H�A��

�D, ���	���D�E5��<Z4P���	Q��D�Q!�	
�	E5<@4P, �9�:

1) ���D: RJ (sj , ρ1) < (sk, ρ2) /SI���0
�<@�
, =���0
�<@�
	��

,9�<�:

T j > k, = (sj , ρ1) > (sk, ρ2), �N “>” �� “J�”;

T j = k,

[ ρ1 = ρ2, = (sj , ρ1) = (sk, ρ2), �N “=” �� “O�”;

\ ρ1 > ρ2, = (sj , ρ1) > (sk, ρ2), �N “>” �� “J�”;

] ρ1 < ρ2, = (sj , ρ1) < (sk, ρ2), �N “<” �� “S�”.

2) U�D: Δ−1(si, ρ) = −Δ−1(sg−i,−ρ).

3) Q��D: �	LD Δ < Δ−1, 8T���	Q��D (K� [12]) 9TVWO�D�4�	
�
	�0
�<@23.

?���		859�J�1
6R5	
�		
4�, 5^�
6BC	
�	4�*6.  �L

	�_��1�!��	
�<@���	, 5�5^�AUF	<@:, 7��2G��45��D:9
�<859� (��859�) 	�0
���, ���	����	
�#�	���.

3 0cGH123456def7g

��4Æ�2	�0
���,��!
�1X	���,1Æ45?��D:9� [1,13,14] ��L	�

2	859�,�2G��859�	`Y,���0�G4�2����859�	�0
���.?��

J����!D:��	�;7���D:��!�	8�;7�,����4�G�	#�	����

�	
�	8M�. ��, ZN���859�6:��.

9h 5 �� S 	��859� ICS : S → M

R� S = {si|i = 0, 1, 2, · · · , g} /
��
�, M = {[AL, AR]|AL, AR ∈ [−1, 1], AL ≤ AR} � [−1, 1]

4	�8��:. LD ICS : S → M a��/ S 	��D:9�, ICS(si) aV/ si 	��85:.

9P ICS(si) = [Ai
L, Ai

R], =LD ICSL < ICSR ��9�: ICSL(si) = Ai
L < ICSR(si) = Ai

R. 45

�Æ�2	859�#V, 1Æ��	��VWOB
��
	!�, �[I��\W:

1) Δ−1(si,−0.5) ≤ Ai
L ≤ Δ−1(si), i = 1, · · · , g, � A0

L = −1;

2) Δ−1(si) ≤ Ai
R ≤ Δ−1(si+1,−0.5), i = 0, 1, · · · , g − 1, � Ag

R = 1;

3) Ai
L + Ag−i

R = 0, i = 0, 1, · · · , g;

4) Ai
R − Δ−1(si) ≤ Ai+1

R − Δ−1(si+1), �� g/2 ≤ i ≤ g − 2;

5) Δ−1(si) − Ai
L ≤ Δ−1(si+1) − Ai+1

L , �� g/2 ≤ i ≤ g − 1.
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7�, ��859� ICS �,O	, �, 9P ICSL(si) < ICSL(si+1) = ICSR(si) < ICSR(si+1).

�������859�	�0
���6:��D?.

9h 6 �� S′ 	��859� ICS′ : S′ → M

�� (si, ρ) ∈ S′, �� si ∈ S, ρ ∈ [−0.5, 0.5). ����859�	�0
�<@�
!��:	CN,

��� S′ 	��859�a��/

ICS′((si, ρ)) = [AL, AR]. (4)

��

AL =

{
Δ−1(si, ρ) + (1 − ρ) × (Ai

L − Δ−1(si)) + ρ(Ai+1
L − Δ−1(si+1)), ρ ≥ 0,

Δ−1(si, ρ) + (1 + ρ) × (Ai
L − Δ−1(si)) − ρ(Ai−1

L − Δ−1(si−1)), ρ < 0,
(5)

AR =

{
Δ−1(si, ρ) + (1 − ρ) × (Ai

R − Δ−1(si)) + ρ(Ai+1
R − Δ−1(si+1)), ρ ≥ 0,

Δ−1(si, ρ) + (1 + ρ) × (Ai
R − Δ−1(si)) − ρ(Ai−1

R − Δ−1(si−1)), ρ < 0.
(6)

=?�� G[I]X�, � lim
ρ→0.5

ICS′
L((si, ρ)) = ICS′

L((si+1,−0.5)),  �, lim
ρ→0.5

ICS′
R((si, ρ)) =

ICS′
R((si+1,−0.5)).

����859� ICS′, �,��4� [13]:

1) ICS′
L((si, ρ)) = −ICS′

R((sg−i,−ρ)).

2) 9P ICS �� S �,O	, = ICS′ �� S′ ��,O	.

3) 9P ICS �� S �,O	, = ICS′
L, ICS′

R, ICS′ �^N (��CN) LD.

14� 3 J�, 9P ICS �� S �,O	, = ICS′, ICS′
L, ICS′

R 	U@��/�	. L	��U@

�J/ ICS−1, ICS−1
L , ICS−1

R .

J I = {A|A = ICS(s), s ∈ S′} /��859� ICS′ 	C:=P. 14� 3 JQ:

9P ICS �� S �,O	, = ICS−1(A) = ICS−1
L (AL) = ICS−1

R (AR), ��SI A = [AL, AR] ∈ I.

������859�	U@�6:��.

9h 7 ICS′ 	U@� ICS−1

R� S = {si|i = 0, 1, 2, · · · , g} /
��
�, ICS′ ��� S′ 	,O��859�, �� M =

{[AL, AR] |AL, AR ∈ [−1, 1], AL ≤ AR} / [−1, 1] 4	�8��:. ����859�	��:!�0
�
<@�
	CN, J��/ ICS′ 	U@� ICS−1 a��/:

ICS−1 : M → S′. (7)

��, ��SI A ∈ M , , ICS−1(A) = s, =

d(A, ICS′(s)) = min
x∈s′ d(A, ICS′(x)). (8)

�N d �����	YZLD, 1Æ7�		�_`YZ, � d([a, b], [c, d]) =
√

(a − c)2 + (b − d)2, aK

a�	����	8�;7�� [10].

����� ICS′, ICS−1 	��T�[A>Æ.

J 1 J, S = {s0, s1, · · · , s6}, , ICS(s0) = [−1,−0.8], ICS(s1) = [−0.65,−0.51], ICS(s2) =

[−0.35,−0.22], ICS(s3) = 0, ICS(s4) = [0.22, 0.35], ICS(s5) = [0.51, 0.65], ICS(s6) = [0.8, 1].

1) E�08 (s4, 0.2) 	��85:/ ICS′((s4, 0.2)) = [AL, AR], �>8� (5) Q:

AL = Δ−1(s4, 0.2) + (1 − 0.2)(0.22− Δ−1(s4)) + 0.2(0.51 − Δ−1(s5)) = 0.2697.

 �, >8� (6) Q:

AR = Δ−1(s4, 0.2) + (1 − 0.2)(0.35 − Δ−1(s4)) + 0.2(0.65− Δ−1(s5)) = 0.4017.

7�, Q ICS′((s4, 0.2)) = [AL, AR] = [0.2697, 0.4017].

2) E ICS−1([0.5, 0.7]), 45 ICS′ 	,O�, >8� (7) <� (8), Q:

min
x∈s′

d([0.5, 0.7], ICS′(x)) = d([0.5, 0.7], ICS′(s5, 0.0910)) = 0.0015.

7�, JQ ICS−1([0.5, 0.7]) = (s5, 0.0910).
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4 0cKL ICS 5mnMN7g

>84Æ�2	����859�	�0
���,���D?��9��)	
7��73\	O
	, �9��)	
7�. ?7���b]
��;7�cQ�7�c
�8�;7����)7�. ��9

��)	
7��, ��!b���
���� , ���� 	�IQ��^� 	D:_�, 7�9�

	
7��	
���7��	 ICS ���^� 	. �Æ7��	������859� (ICS) 	�)
	
��, ������859�	�P�4Æ��).

4.1 QoRS ICS TpqUVWr
J,
��
� S = {s0, s1, · · · , sg},dR�E� X = {x1, x2, · · · , xn}. 	
�� E = {e1, e2, · · · , em},

�V,�H/ Wd = {w1
d, w2

d, · · · , wm
d }, = wk

d ∈ [0, 1],
∑m

k=1 wk
d = 1. P = (pki)m×n �	
� ek ���E

xi 7�#
��
`S.

1) 
��;7�
>84Æ�2	��, T�	
� ek �� S 	,O��859� ICSk, =	 ICSk 6:�;	


�	
��
�� P , MQ��	�����
`S Ṽ = (ṽki)m×n, �� ṽki = [v−ki, v
+
ki] = ICSk(pki)

(k = 1, 2, · · · , m).

2) Q�7�

Q! Ṽ = (ṽki)m×n Æ, JK7TVWO�Da��cV,�D�Q�	
�		�
, MQE5��
���
��`S Ṽ c = [ṽc

1, ṽ
c
2, · · · , ṽc

n]. 1Æ���	TVWO�D, �9�:

ṽc
i = [vc−

i , vc+
i ] =

[
m∑

k=1

wk
d · vk−

ki ,

m∑
k=1

wk
d · vk+

ki

]
. (9)

>8E54P:, � ṽc
i 	�UJ�	�<;�E	
b.

3) 
�8�;7�
T� Ṽ c,J>8��859�	U@�,EQ���	
� ek 	��
���, Ṽ c,−1

k = {ICSk,−1(ṽc
1),

ICSk,−1(ṽc
2), · · · , ICSk,−1(ṽc

n)}, �� ICSk,−1(ṽc
i ) = (slci,k

, ρc
i,k) �����E xi 	E5<@4P ṽc

i , 	


� ek 	��
���. J ss ∈ S′, = ϕp(ss) a��/ ss 	VXLD. �, 9P ss = (si, ρ), = ϕp(ss) = i,

�JYc��/ ϕp(si) = i. >8��VXLD ϕp, JQb�4P:��� S 	VX�5, Lc
k = {ϕp(slc1,k

),

ϕp(slc2,k
), · · · , ϕp(slc

n,k
)} = {lc1,k, lc2,k, · · · , lcn,k}.

4) �)7�
���7�, ��b_���)��cdÆ�)*6<B>?Æ.

[���)��
4ÆT�E5<@4P Ṽ c = [ṽc

1, ṽ
c
2, · · · , ṽc

n], ��
`S P , >84Æ�2	�� S 	VXLD ϕp, J

Q	
� ek 	��<@4P:��� S 	VX�5, Lk = {ϕp(slki
), ϕp(slki

), · · · , ϕp(slki
)} = {lk1 , lk2 , · · · , lkn},

���E5<@4P Lc
k = {ϕp(slc1,k

), ϕp(slc2,k
), · · · , ϕp(slcn,k

)} = {lc1,k, lc2,k, · · · , lcn,k} 6:��.

�)	
7��, ����d��P	�)��.

9h 8 	
7��)�� δcon

	
� ek ���E xi 	<@, �9<@	�)�� δi,k ��9�:

δi,k = 1 − |lci,k − lki |
g

. (10)

��, δi,k ∈ [0, 1], :We, ��	
� ek ���E xi �9<@�W�).

	
� ek ��7,�E	<@, �9<@	�)�� δk ��9�:

δk =
1
n

n∑
i=1

δi,k. (11)

��, δk ∈ [0, 1], :We, ��	
� ek ��7,�E�9<@�W�).
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9�	
7��)��, J��/7,	
���7,�E	<@	�)eW, �9�:

δcon =
1
m

m∑
k=1

δk. (12)

��, δcon ∈ [0, 1], :We, 	
7��)��We, 	
���W�).

\dÆ�)*6
��)�� δcon [IZU�)[: δthrd G, � δcon ≥ δthrd, �)7�4f, �JK7TEQ	E5<

@ Zc ���E6:RX. f=, � δcon < δthrd G, �A��B>?Æ, 5�A��eYA	
�g�. 	


�>8;Z[		
236:�h#�\2��D9Æ, f\6Q;�g		
7�, 90B8. Y!�)
�� δcon [IZU�)[: δthrd, a�#!Z�g5D MaxRound, �4f?7�. ��, MaxRound�/

Gih�)7�]^]	6:��2	, =ZU�)[: δthrd <Z�g5D MaxRound J45hE^i
	I����j_Æj2.

]B>?Æ
?kB���K7��	
����9����E	<@, ��R`2	
7��	ka7�.

ZN, ��b�D9		
�� ED:

ED = {ek|δk < δthrd}. (13)

�l, ��	
� ek b�D9	�<@�E� EDXk:

EDXk = {pki|ek ∈ ED ∧ δi,k < δthrd ∧ ϕp(pki) �= ϕp(slc
i,k

)}. (14)

8l, c�b�� EDXk, �2�	D9eY�A	
�g�:

(i) 9P ϕp(pki) > ϕp(slci,k
), ij	
� ek Jl3���E xi 	
�<@: pki.

(ii) 9P ϕp(pki) < ϕp(slci,k
), ij	
� ek JdT���E xi 	
�<@: pki.

ZÆ, D9�L;	��
��
Æ, ,;6:;�g		
7�.

4.2 QoRS ICS TpqUVWr_stJ
J,<k	
^i� E = {e1, e2, e3, e4, e5}, b���l<k�E6:<@, dR�E� X = {x1, x2,

x3, x4}. J
��
�/ S={s0, s1, s2, s3, s4, s5, s6} = {HC, C, JC, Y B, JH, H, HH}. 	
� ek ���

E xi 7�#
��
��`S P = (pki)m×n K7
��
� S ���. �0�G4, J	
��	V,
�H/ Wd = {0.2, 0.2, 0.2, 0.2, 0.2}. �	b��	
�	���E7�#	
��
��`S9�7�:

P =

⎛
⎜⎜⎜⎜⎜⎜⎝

s4 s5 s4 s6

s5 s4 s3 s5

s4 s5 s3 s5

s4 s4 s3 s5

s5 s5 s4 s4

⎞
⎟⎟⎟⎟⎟⎟⎠

.

��b�	
^i	��
���	� , � 1 �j2b�	
^i7��	��859� ICSk.

` 1 ab[cd-ef;<=>
ICSk s0 s1 s2 s3 s4 s5 s6

e1 [−1,−0.8] [−0.64,−0.46] [−0.28,−0.18] [−0.04, 0.04] [0.18, 0.28] [0.46, 0.64] [0.8, 1]

e2 [−1,−0.85] [−0.62,−0.45] [−0.25,−0.17] [−0.02, 0.02] [0.17, 0.25] [0.45, 0.62] [0.85, 1]

e3 [−1,−0.87] [−0.65,−0.47] [−0.29,−0.19] [−0.03, 0.03] [0.19, 0.29] [0.47, 0.65] [0.87, 1]

e4 [−1,−0.82] [−0.61,−0.43] [−0.25,−0.16] [−0.03, 0.03] [0.16, 0.25] [0.43, 0.61] [0.82, 1]

e5 [−1,−0.86] [−0.63,−0.47] [−0.27,−0.18] [−0.04, 0.04] [0.18, 0.27] [0.47, 0.63] [0.86, 1]

1) 
��;7�
1�
��`S< ICS, J�������
��`S Ṽ /:

Ṽ =

⎛
⎜⎜⎜⎜⎜⎜⎝

[0.18, 0.28] [0.46, 0.64] [0.18, 0.28] [0.8, 1]
[0.45, 0.62] [0.17, 0.25] [−0.02, 0.02] [0.45, 0.62]
[0.19, 0.29] [0.47, 0.65] [−0.03, 0.03] [0.47, 0.65]
[0.16, 0.25] [0.16, 0.25] [−0.03, 0.03] [0.43, 0.61]
[0.47, 0.63] [0.47, 0.63] [0.18, 0.27] [0.18, 0.27]

⎞
⎟⎟⎟⎟⎟⎟⎠

.
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2) Q�7�

>8� (9), 9�7�:

ṽc
i = [vc−

i , vc+
i ] =

[
1
5

5∑
k=1

vk−
ki ,

1
5

5∑
k=1

vk+
ki

]
.

QE5�����
��`S Ṽ c:

Ṽ c =
(

[0.292, 0.418] [0.346, 0.484] [0.056, 0.126] [0.466, 0.630]
)

.

Q!	�EE5mO/ x4 	 x2 	 x1 	 x3.

3) 
�8�;7�
T� Ṽ c, J>8��859�	U@�, EQE54P���m	
�	��
���, ��� S 	V

X�5, �9� 2.
` 2 ab[Auv<gh-cdij

$'e )&fg%m hkn/
e1 Ṽ c,−1

1 = {(s4, 0.4299), (s5,−0.3837), (s3, 0.4347), (s5,−0.0075)} Lc
1 = {4, 5, 3, 5}

e2 Ṽ c,−1
2 = {(s4, 0.4880), (s5,−0.3322), (s3, 0.4815), (s5, 0.0407)} Lc

2 = {4, 5, 3, 5}
e3 Ṽ c,−1

3 = {(s4, 0.3981), (s5,−0.4136), (s3, 0.4166), (s5,−0.0339)} Lc
3 = {4, 5, 3, 5}

e4 Ṽ c,−1
4 = {(s5,−0.4834), (s5,−0.2998), (s3, 0.4899), (s5, 0.0864)} Lc

4 = {5, 5, 3, 5}
e5 Ṽ c,−1

5 = {(s4, 0.4415), (s5,−0.3753), (s3, 0.4457), (s5,−0.0047)} Lc
5 = {4, 5, 3, 5}

4) �)7�
[���)��
T�����E	�
<@`S P , �,� 3 	
������E	�
.

` 3 ab[Au./-lm
$'e hkn/ )&ni

e1 L1 = {4, 5, 4, 6} x4 � x2 � x1 ∼ x3

e2 L2 = {5, 4, 3, 5} x1 ∼ x4 � x2 � x3

e3 L3 = {4, 5, 3, 5} x2 ∼ x4 � x1 � x3

e4 L4 = {4, 4, 3, 5} x4 � x1 ∼ x2 � x3

e5 L5 = {5, 5, 4, 4} x1 ∼ x2 � x3 ∼ x4

�l,��	
7��)�� δcon,ZN��	
� ek ���E xi 	<@,�9<@	�)�� δi,k,

�4P9�:
{δ1,1, δ2,1, δ3,1, δ4,1} = {1, 1, 0.8333, 0.8333},
{δ1,2, δ2,2, δ3,2, δ4,2} = {0.8333, 0.8333, 1, 1},
{δ1,3, δ2,3, δ3,3, δ4,3} = {1, 1, 1, 1},
{δ1,4, δ2,4, δ3,4, δ4,4} = {0.8333, 0.8333, 1, 1},
{δ1,5, δ2,5, δ3,5, δ4,5} = {0.8333, 1, 0.8333, 0.8333}.

	
� ek ��7,�E	<@, �9<@	�)�� δk, 9�:

{δ1, δ2, δ3, δ4, δ5} = {0.9167, 0.9167, 1, 0.9167, 0.8750}.
ZÆ, EQ9�	
7��)�� δcon:

δcon = 0.9250.

\dÆ�)*6
1A�, 9PJZU�)[: δthrd = 0.85, =?	
7�4f, Zn	�EmO/ x4 	 x2 	 x1 	 x3.

9PJZU�)[: δthrd = 0.95, EQ	�)�� δcon < δthrd, 7��AB>?Æ, K���;, �f

\6:�)	
.

]B>?Æ
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ZN, ��b�D9		
�� ED:

ED = {e1, e2, e4, e5}.
�l, ��	
� ek b�D9	�<@�E� EDXk:

EDX1 = {p13, p14},
EDX2 = {p21, p22},
EDX4 = {p41, p42},
EDX5 = {p51, p53, p54}.

8l, c�b�� EDXk, �2�	D9eY�A	
�g�, �������J5:

P ′ =

⎛
⎜⎜⎜⎜⎜⎜⎝

s4 s5 s4 s5

s5 s4 s3 s5

s4 s5 s3 s5

s5 s4 s3 s5

s4 s5 s4 s4

⎞
⎟⎟⎟⎟⎟⎟⎠

.

ZÆ, 	
�>8;]�		
236:nMoE23, �o	
7��nMpK, \2��D9Æ, �

L;	��
��
Æ, ,;6:
��;7�cQ�7�c
�8�;7�<�)7�, Y![IZU�
)[:a#!Z�jkD.

4.3 owpq
�����"�	����859�	�0
����q 2 B�	��859�	�0
���6:

Mk��, J r1cr2cr3 < r4 /	
� e1ce2ce3 < e4 �A	
��
�
, J r1 = s4, r2 = s4, r3 = s5,

r4 = s5, 	
�V,/ W = {1/4, 1/4, 1/4, 1/4},T� ICSk 9 4.2 B7�, =��4P9� 4 7�.

` 4 rxf-sytu
)&opÆq v/rs

,&*/�+ r1 ∼ r2 ≺ r3 ∼ r4 (s5,−0.4581)

,&)& ICS r2 ≺ r1 ≺ r4 ≺ r3 (s5,−0.4903), (s5,−0.4350), (s4, 0.4788), (s5,−0.4047)

� 4 �, �	��859�	�0
���6:����<@, Q! r1 ∼ r2 ≺ r3 ∼ r4; ��	1Æ�

2	����"�	 ICS ��, Q!	��<@/ r2 ≺ r1 ≺ r4 ≺ r3. J�3�, 1���!� 	�,�

 	
���, l0F,N�H�I�4	mO!�. �2	�������859�	�0
���, J

�:
66:�M�E. 0>, �	��859�	�0
�����L	E54P� (s5,−0.4581), ��

	��; ICS ���Æ, 1�b����
��
,�� 	D:_�, ZÆ	E54P������,�
�H	��, ��	
� e1 / (s5,−0.4903),��	
� e2 / (s5,−0.4350),��	
� e3 / (s4, 0.4788),

��	
� e4 / (s5,−0.4047), J�3���	
� e3, ?4P	
��
��� ��cd�. l0, J

�3��2	��; ICS ����G�#�	�����"��I6, ��mI6rp���;, ��R�

��, 6�J��,G6�M�E, 5^�
6�	�1���		
�.

5 zw{|}

��!�����"�	"��, ��#��#	���, b���
���� . 1ÆZN�2G�

���859�	�0
���, ?����G�	4�5�*6, J����!D:��	�;7���
D:��!�	8�;7�, ����4�G�	#�	�����	
�	8M�; �l, nM��

b���
���	"��, �2G���� ICS 	�)	
��, nM��	
����	� 	
��

���, a2	
7��	
��;<8�;7�,  GJ�9�	
�	�)*66:;@, ���AB

>?Æ, s+	
�>8	
23�,;D9�E<@, 5=Mk���2��	Jq.

1Æ��	b�	
�7��	��859���>8�m^ij_�j2rt��	���G,n�

�6�;����
���	���L�, o9	
7�	b�kB.
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