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Robust PPLS regression modeling subject to t-distributed noise
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(Ministry of Education Key Laboratory of Advanced Process Control for Light Industry, Jiangnan University, Wuxi 214122,

China)

Abstract In the probabilistic partial least squares (PPLS) model, both the data source (scores) and noise

satisfy Gaussian distribution, which makes it sensible to the outlier. In the existing robust PPLS model, to

improve the model robustness, a t-distribution with a longer tail rather than a Gaussian distribution with

a shorter tail is employed to describe the distribution of noise and scores. However, in the real industrial

processes, it is the measurement noise rather than the data source which results in the outliers. To

accurately extract the information hidden in the polluted data by noise, a robust PPLS model is proposed

based on the t-distributed noise assumed, where similar to the PPLS model the latent variables are normally

distributed to capture the character of measurements available. Due to latent variables involved in the

model, the maximum likelihood method along with the EM algorithm are employed to estimate the model

parameter. Furthermore, the proposed model is used for the estimation of process variables and quality

variables. Finally, a simulation case is employed to verify the proposed model.

Keywords probabilistic partial least squares algorithm; t-distributed noise; regression model; parameter
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		��	. +2 PCA(PPCA) 
+2 PLS(PPLS) 
31 PCA 
 PLS 	+

2459, [5,6]. � PCA 
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	��; 9:	, ��9��1
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��,����	, 66�=>	�@, Æ�	6�$�?
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��, CC+2�#CD�?�,

��8�?�<E; �DE=F�, �F0AG>
		H
�4��.  /3D?
%, t 
%3�?I	

:;, -.02J	�8�	
�

�, KÆ:;IL, M��G&*KÆBB
��	@H!, �Æ��

8�	A.. G3N, t 
%9EB�+2�#	, �A��#	CD� [8,9]. CD PPCA �#
CD PPLS


3� PPCA 
 PPLS �#IJ! [10,11], ,4 t 
%OCA/
%43���
��	*�, 02?<<

KP�8�	�@. Q1, �8��)26�F�CC, �*12
	<��, L
	<&DE�7�Æ8.

MG�F, +2�#1GH���#, 6�
	2=>
%	�����C��, ��#R���	, G>S


'I2��
%
NOS
<�, ��5,4 t 
%*�����, �J;��#		G>S
, CC�

#TK. Sadeghian1�U�GH��P=Q;D?
%;H
	CD PPLS[12], I	,��,4D?
%*

�. Q1LH��M1N���
%	JK@9, -6�?L, ./M�R
.

G3+2�#	G&J�, &NKS RPPLS �#, �UGHG3 t 
%��	CD PPLS �#. V�

#EB t 
%43*���, ������ PPLS �#G5P=WOD?
%, O�8���#	�@TP

3��, �A��#	CD�. &N	��UX�!: PQV�WQ PPLS�#; Y 3 X�
� RPPLS�#;

G3 t 
%��	CD PPLS �#�Y 4 X�U; '91ZRS�.

2 PPLS >?

2.1 PPLS @A
YR Mx ;��Æ�
 My ;SUÆ�	 N <6�
	
3�: X = {xn|xn ∈ RMx}N

n=1, Y =

{yn|yn ∈ RMy}N
n=1. YR��;
� q < Mx, ��Æ�
��Æ�	BB
�#S

3� μx, μy, P ∈

RMx×q, C ∈ RMy×q, � PPLS �#�! [13]:

xn = Ptn + μx + ξn, (1)

yn = Ctn + μy + εn. (2)

I	, ��Æ�F� ξn ∼ N(0, σ2
xIMx), ��Æ��� εn ∼ N(0, σ2

yIMy ), �� tn ∼ N(0, Iq), I� 4T � U

	[VZT, �VE/, 9U\,4 I 4T.

M PPLS �#FV[U, ��P=WOD?
%, 6�
	�G�BBG]�, 2��<.-^��G
>	6�����. PPLS �#	G>S
� Θ = (P , C, μx, μy, σ2

x, σ2
y). G3 PPLS �#UX, ���B�

WÆ�, F,4\
W5��U. EM M��S
SX]/, 3XFS^NY [13].

2.2 CDEF PPLS @AGHI
*>G_�, V�8��GUD?
%
		�@SXYZ. YR
		BB
��
3� μ 
 σ2. J

	D?
%	J�, 
	�`[ [μ− 3σ, μ + 3σ] "\	+2� 0.26%. Q1, �,����	, _6
	�8

�UÆ	+2Z
3 0.26%. ���+2����8�9a`3D?
%, �`[ [μ− 3σ, μ + 3σ] b5�a


, 'IOD?
%	BB
��KÆ. c[� PPLS�#�, 23��P=WOD?
%, ��O�8��

+2�P=D?
%, �#	S
A7�Æ8, 'IOd6�Æ�	
%`[R
. \N, PPLS �#��8

�?�<E, CD�?�.
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3 RPPLS >?

3.1 RPPLS @A
RPPLS �#UX� PPLS  +, �, (1) 
, (2) ]T. �#	��
��	
%\P= t 
%, L

ξn ∼ t(0, σ2
xI, v), εn ∼ t(0, σ2

yI, v), tn ∼ t(0, I, v), I	, J2L, BB
��ZT
3� v, μ 
 Σ 	 t 
%

t(μ, Σ, v) 4T�:

p(x; μ, Σ, v) =
Γ((Mx + v)/2)|Σ|−1/2

Γ(v/2)(vπ)Mx/2
[1 + (x − μ)TΣ−1(x − μ)/v]−(Mx+v)/2. (3)

I	, Γ(·) 4T Gamma Æ
, I+2^LÆ
�]�: Γ(x) =
∫∞
0

zx−1e−zdz. e v > 2 _, x 	^��ZT

13 vΣ/(v − 2). \N, t 
%F�*KÆ
%	BB, R`KÆ^��ZT	@H!, ��f_J2L v 	


�, KÆ:;bL, M�O
%02cg�8�,  /3D?
%, 3�\<	CD�.

3.2 KLMN
PPLS �#	��
��\P=D?
%, ��Æ�
��Æ�2��
��:.d�. PPLS ���

deh��Æ�	`6	d��?<	64. J3<, PPLS �#	, �G;D?
%
	<, (.R:
	

	��J�.

�,����	, ��aXfb��4Æ�
	<"�	 ��7�Æ8g:
	<&D7�Æ8. *

+3��aXfb, �8���2iEafbh��jBkFh�S
�kF1c\d�, &��16�U

Æ�?
	��, CCD)D?
%
	<
��	:.B�
, ��D)
	`[, ���	
	<&D

E�7�Æ8. �CD PPLS 	, ��A�#	CDJ�, Y���Æ�
��Æ�2P= t 
%	��


����. ?5, ���	
%SXbc, *(.��	R�
%.

G3V�
�, &N�UGHG3 t 
%��	CD PPLS ��, I	�� (
	<) � PPLS ��G

5, PMD?
%, ���43A.6���, Y��PM t 
%.

4 tRPPLS >?

4.1 tRPPLS @A
�#UX� RPPLS 
 PPLS �# +, M1��
��	
%
3� tn ∼ N(0, I), ξn ∼ t(0, σ2

xI, v),

εn ∼ t(0, σ2
yI, v). 23EB� t 
%, R986d7��Æ�h��Æ�
��	+2
%. J	 x ∼

t(μ, Σ, v) 	J� [14], �5ee�-Æ� un P=Oh
% p(un) = Ga(un; v/2, v/2), � x �3 un 	fi


% x|un PMD?
%. \N, FV��EB	��-Æ� un, ���Æ�h��Æ�
��	
%f8

�D?
%/M, V8�/M��, 3X
%�!:

p(ξn|un) = N(0, σ2
xI/v), (4)

p(εn|un) = N(0, σ2
yI/v), (5)

p(tn) = N(0, I). (6)

� xn, yn �3 tn, un 	fi
%
j.
%�!:

p(xn|tn, un) = N(Ptn + μx, σ2
xI/v), (7)

p(yn|tn, un) = N(Ctn + μy, σ2
yI/v), (8)

p(zn|tn, un) = N(Wtn + μ, Φ/v). (9)

I	: zn =

(
xn

yn

)
, W =

(
P

C

)
, μ =

(
μx

μy

)
, Φ =

(
σ2

xI 0
0 σ2

yI

)
. k Θ = (P , C, μx, μy, σ2

x, σ2
y) �l

]/	S
. �3W`Æ� p(tn, un|zn; Θ) ghB	/M
��!Q;H
d7:

p(tn, un|zn; Θ) = p(un|zn; Θ)p(tn|zn; Θ). (10)

YGH
a407/m,FVd� un �3 zn 	9S
%
[15]:

p(un|zn; Θ) ∝ p(zn|un; Θ)p(un; Θ) = Ga

(
un;

Dx + Dy + v

2
,
(zn − μ)TA(zn − μ) + v

2

)
. (11)
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Y�H
FV86d� tn �3 zn, un 	9S
%:

p(tn|zn; Θ) =
p(zn|tn; Θ)p(tn)

p(zn)
= N(BW TΦ−1(zn − μ), B). (12)

� tn 	gh�!:

〈tn〉 = BW TΦ−1(zn − μ). (13)

I	, A = (WW T + Φ)−1, B = (I + W TΦ−1W )−1.

4.2 @APQ
\
W5��1d7+2�#S
	����, Q1� tRPPLS �#	 {un, tn} �W5Æ
86 �,

.G>, \N�IB�i>
	, EB EM M�
d7S
. W5Æ
�!:

L(Θ) = ln
N∏

n=1

p(zn, tn, un; Θ) =
N∑

n=1

ln{p(zn, tn, un; Θ)} =
N∑

n=1

ln{p(zn|tn, un; Θ)p(tn|un; Θ)p(un; Θ)}. (14)

EM M�	d7ng
�Qn, E n
 M n, 3X�!:

� E n, J	 p(tn, un|zn; Θ) 	ghd L(Θ) gh 〈L(Θ)〉, �!:

〈L(Θ)〉 = −
N∑

n=1

{
Dx

2
lnσ2

x +
〈un〉
2σ2

x

(xn − μx)T(xn − μx) − 1
σ2

x

〈untn〉TP T(xn − μx) + (15)

1
2σ2

x

tr{〈untntTn 〉P TP } +
Dy

2
lnσ2

y +
〈un〉
2σ2

y

(yn − μy)T(yn − μy) −
1
σ2

y

〈untn〉TCT(yn − μy) +
1

2σ2
y

tr{〈untntTn 〉CTC} +
v

2
ln

v

2
+

(
v

2
− 1
)
〈lnun〉 − lnΓ

(
v

2

)
− v

2
〈un〉

}
.

I	,

〈un〉 =
v + Dx + Dy

(zn − μ)TA(zn − μ) + v
, (16)

〈lnun〉 = Ψ
(

v + Dx + Dy

2

)
− ln

(
(zn − μ)TA(zn − μ) + v

2

)
, (17)

〈tn〉 = BW TΦ−1(zn − μ), (18)

〈untn〉 = 〈un〉〈tn〉, (19)

〈untntTn 〉 = 〈un〉B + 〈un〉〈tn〉〈tn〉T. (20)

� M n, dgh 〈L(Θ)〉 	\
B, M�d�S
	'h]/B Θ̃. � 〈L(Θ)〉 �3oS

3d�C, -O

"13 0, d'hB�!:

μ̃ =
(

μ̃x

μ̃y

)
=
∑N

n=1〈un〉(zn − W 〈tn〉)∑N
n=1〈un〉

, (21)

W̃ =
(

P̃

C̃

)
=
( N∑

n=1

(zn − μ̃)〈untn〉T
)( N∑

n=1

〈untntTn 〉
)−1

, (22)

σ̃2
x =

1
NDx

N∑
n=1

{〈un〉‖xn − μ̃x‖2 − 2〈untn〉TP̃ T(xn − μ̃x) + tr{〈untntTn 〉P̃ TP̃ }}, (23)

σ̃2
y =

1
NDy

N∑
n=1

{〈un〉‖yn − μ̃y‖2 − 2〈untn〉TC̃T(yn − μ̃y) + tr{〈untntTn 〉C̃TC̃}}, (24)

1 + ln
(

ṽ

2

)
− Ψ

(
ṽ

2

)
+

1
N

N∑
n=1

(〈lnun〉 − 〈un〉) = 0. (25)

I	, Æ
 Ψ(x) = dlnΓ(x)/dx, , (25) E�?U v 	7�45,, F,4
Bd7��d7V,d� v 	

]/B. cTpO E n
 M n, 8�jl, tRPPLS �#��k�. EMM�FV��jl�G;i��, �

3 EM M�	jl�, NY [16] SX��Z, &N*jk�. ��;
	����+ PPLS �, Y���;


=4��, �3XM�ng�4 1.
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R 1 tRPPLS STU EM VW
1. qlm: μx = 1

N

∑N
n=1 xn, μy = 1

N

∑N
n=1 yn, σx = σy = 1, k = 0, P = X(:, 1 : q), C = Y (:, 1 : q). mr Θk.

2. E s: nn Θk l"o$op"�q: Q(Θ, Θk) = Ep(tn,un|zn;Θ)log(p(zn|tn, un)).

3. M s: r Q(Θ,Θk) pm, tu Θk+1 s Θk+1 = argmaxQ(Θ,Θk).

4. t�uvvq, wrwvq, ns k = k + 1, xou� 2 s; wrvq, n Θk+1 tsyrxp.

4.3 XY tRPPLS @AGZ[
tRPPLS �#�y���Æ�
��Æ�
3�
	<"�	 ���. J	��	 tRPPLS �#, �

�3��Æ�
��Æ�	]/�:

x̂n = Ptn + μ̂x, (26)

ŷn = Ctn + μ̂y. (27)

I	,QS>�!,�� tn �P=WOD?
%	�-�. Q1,e,5_u n!,��Æ�
��Æ�	6

�B=>, �F� tn 	
%SX�_'h, d�9S+2�, (12) ]T, L tn ∼ N(BW TΦ−1(zn −μ), B).

J	SvNY [17], ,4 tn 	
%	BB t̄n OC tn, ���Æ�	]/B�:

x̂n = PBW TΦ−1(zn − μ) + μ̂x, (28)

ŷn = CBW TΦ−1(zn − μ) + μ̂y. (29)

5 \]^_
?�G;:Æ���, ` 7 ;��Æ�, 3 ;��Æ�, 
3� 4 ;W`Æ�p�<.��, �#�!:⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1

x2

x3

x4

x5

x6

x7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1.9458 −0.2848 0.7887 0.1087
0.1169 −0.6409 −0.3228 −2.1190
0.1788 −0.1272 −0.5463 −0.1249
0.7870 −0.9782 −1.3781 −0.3241
0.7470 −1.5114 −2.0372 −0.2204
−1.6617 −0.9843 1.9540 −0.3603
−1.3525 −1.2072 0.3674 −0.4347

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

t1

t2

t3

t4

⎞
⎟⎟⎟⎠+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e1

e2

e3

e4

e5

e6

e7

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (30)

⎛
⎜⎝ y1

y2

y3

⎞
⎟⎠ =

⎛
⎜⎝ −1.0690 1.7710 0.9190 −1.3784

−1.0907 0.3172 0.3385 −0.7937
0.0284 0.7830 0.3432 0.3267

⎞
⎟⎠
⎛
⎜⎜⎜⎝

t1

t2

t3

t4

⎞
⎟⎟⎟⎠+

⎛
⎜⎝ f1

f2

f3

⎞
⎟⎠ . (31)

I	: W`Æ� ti(i = 1, 2, 3, 4) PMWOD?
%, ��Æ� ei(i = 1, · · · , 7) 
 fi(i = 1, 2, 3) BPMBB

� 0, ��� 10−4 	D?
%. J	�#�� 200 <
	. ���A�,����, ���Æ�
��Æ�

	+_EB 3% 	�8B, L�-q� 3% 	5&�, 594�8BCwzc
	B.

���Æ� x1 ��-;B 3% 	�8B, +_���Æ� y3 �r�-;B 3% 	�8B, D)
	


;B�8B
	�z 1∼4 ]T.

J	��Æ�
��Æ�	
	, 
3�� PPLS, RPPLS, tRPPLS �#. ��;
	qsStNY

[17], {;�#\qs 4 ;��, &N*jk�. 
3� x1 
 y3 SXNO (]/), �5�z 5, 6 
 7 ]T.

0 20 40 60 80 100 120 140 160 180 200
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3

Sample point

x 1

` 1 abcd x1 efg
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` 2 hi 3% jkgUcdabcd x1
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` 3 abcd y3 efg
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` 4 hi 3% jkgUcdabcd y3
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` 5 0l PPLS STUmnop
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` 6 0l RPPLS STUmnop

0 20 40 60 80 100 120 140 160 180 200
−3

−2

−1

0

1

2
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Sample point

x 1

 

 
Real
Estimated

0 20 40 60 80 100 120 140 160 180 200
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Sample point

y 3

 

 
Real
Estimated

` 7 0l tRPPLS STUmnop

R 2 qrcdUstuvwÆ
{x PPLS RPPLS tRPPLS

x1 0.3871 0.3649 0.0854

x2 0.0743 0.0680 0.0607

x3 0.0713 0.0647 0.0261

x4 0.0467 0.0211 0.0423

x5 0.0641 0.0669 0.0695

x6 0.0459 0.0133 0.0794

x7 0.1101 0.1339 0.0431

y1 0.2585 0.2494 0.2301

y2 0.2361 0.2062 0.1848

y3 0.4023 0.3025 0.2108

�/z 5, 6 
 7 F>, �UÆ�8�	_u, PPLS �#	, �Æ�	]/u�KP�8�	�@, \N

CC]/B	rUÆ�8�	@H. � RPPLSM�	,23���	
%SX�Æc,\N|5 / PPLS,

�8��]/B	�@|Ly`, Q1]/B	z1UÆ��8�. tRPPLS M��FR<<v8�8�	

�@, d�?<	]/B. �{�]/�5, EBB�F�wW�!:

RMSE =

√∑N
i=1(xn,i − x̂n,i)2

N
. (32)
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