6 Cointegration

e 1 Introduction
Consider the following bivariate system

Yie = 7YY T Ui

Yor = Y21+ U
with uy; and ug; uncorrelated white noice processes. Both y1; and yo; are I(1) processes:

Ay = yug + Uy — Uy
Aysr = Us,
but the linear combination (y1; — yyx) is stationary. We say y; = (y1s, ) is cointe-
grated with a vector (1, —)". See Figure 1 in Ch6-ex1: yy; = VYo +Uns, Yor = Yoo—1+Uas,
with uy; and ug, independent N(0,1) variables, v = 1,2, —1.
Note: 1) If the vector y; is cointegrated, it is not correct to fit a VAR to the

differenced data. Denote €1, = Yug, + U1y, €9t = ug. Then

Ay = ( Ay ) B ( E1t — E14—1 + V€241 )
Y = =
Ayay Eat
1—-L ~L
= v R - U(L)ey.
0 1 Eot

The matrix moving average operator has a unit root and is noninvertible, hence no
finite-order VAR could describe Ay;.

2) Error-correction:

Ay _ -1 v Y1t—1 I U1t
Aysy 0 0 Y201 Ugy |

or
-1 ~
A = 14 u
Yt 0 0 > Yi—1 t
-1
= 0 (yl,tfl - vyz,H) + Uy
—1 /
= 0 (1, =) g1 + ue = af'yr—1 + us.
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Some examples:

1) Consumptiuon and income are I(1) processes, but over a long run consumptiuon
¢; tend to be a roughly constant proportion of income vy, so that (log ¢, — log y;) appears
to be stationary. That is (log c;,logy;)’ is cointegrated with (1,—1)".

2) PPP: P, = S, P} or taking log, p; = s; + p;. Each of the three variables p;, s;, and
p; is I(1). A weak version of the hypothesis is that the variable z, = (p; — s; — p}) is
stationary, i.e. (py, s, p;) is cointegrated with (1, —1, —1)’.

3) Money demand: Money demand is proportional to the price level; as income
increases, indviduals will want to hold increased money balances; money demand is
negatively related to the interest rate. Hence in equilibrium: money demand = money
supply,

my = By + B1pe + Bayr + Bare + e

where m, is the the money supply, e, is stationary. Here 3; =1, 5, > 0 and 35 < 0 by the
behavioral assumptions. When all the variables are I(1), (m¢, ps, yt,74)’ is cointegrated
with (1, —1, —(,, —(3)’. Also, suppose that the monetary authorities followed a feedback
rule such that they decreased the money supply when nominal GDP was high and

increased the money supply when nominal GDP was low. Then

my = Yo — 71 (P + ) +en
= Yo~ V1Pt — V¥ + 01 +ey

where ey, is stationary. Then (my, p;, yi, ;)" is also cointegrated with (1,v4,7,,0)".

e 2 Cointegration

Long-run equilibrium: §,21; + Box2; + -+ + B,2n = 0 or f'x; = 0, where § =
(81, Ba; - ’ﬁn)l7 2 = (1, Toty -+ 5 Tr) -

Equilibrium error——the deviation from the long-run equilibrium: 3z, = e;, where
{e;} is stationary.

Cointegration: If z; ~ I(d) and y; ~ I(d), it is generally true that z; — ay; ~ I(d).
Further, when z; — ay; ~ I(b) (b < d), we say that z; and y; are cointegrated. More
formally, the components of vector x; are said to be Cointegrated of order d,b,
denoted x; ~ CI(d,b), if

1) all components of z; are I(d);

2) 3 a vector B = (B, 84, -+ ,03,) # 0 such that the linear combination 3'z; =
Bix1 + Boor + - -+ + Bpxn ~ I(d — b) where b > 0.

The vector 3 is called the cointegrating vector, which represents the long-run

equilibrium relationship among variables.



Remarks: (1) Cointegration refers to a linear combination of nonstationary vari-
ables. (2) The cointegrating vector is not unique: the set of cointegrating vectors con-

stitutes a vector subspace satisfying 5,x1; + Boxor + -+ + 8,2 ~ I(d — b); that is,

{6 = (ﬁlaﬁ% T 7671), € Rn\{o} : B,xt ~ I(d_ b)}

When f is a cointegrating vector, A3 is also a cointegrating vector for all A # 0. A nor-
malized integrating vector is 5/5, = (1, 85/5,,- -+, ,./01) if B; # 0. There may be
at most n — 1 linearly independent cointegrating vectors. The number of linearly inde-
pendent cointegrating vectors is called the cointegrating rank of z;. (3) Convention:
Here assume that z; ~ CI(1,1) s.t. 'z, ~ I(0).

e Cointegration and Trend: The parameters of the cointegration vector purge
the trend from the linear combination of the cointegrated variables while any other

linear combination up to normalization can not achieve this. Three examples:
1) Suppose ey, €., €, are i.i.d. white noise processes, and

Y = Myt Eyt, 2=y T Exn
e = Hey Tt Et

Then y — 2t = €ye — €2 ~ 1(0), ie. (1,—1) < v ) ~ 1(0). < v ) is integrated with
2t

Zt

(1,—1)". Here the stochastic trend in the cointegration is purged. And By, + 8,2 ~
I(0) <= B4/84 = —1. See Figure 2 in Ch6-ex2.

2) Suppose €y, €41, Ewt, € are i.i.d. white noise processes, and

Yt = My T Eyts 2t = [y T Exty Wi = yy T Ewts
:U’yt = /“Ly,t—l + Et, Moy = :U’z,t—l + &, oyt = Myt + Moy
Then y, + z,— wy = €y + €2 — € ~ 1(0), ie. (1,1, -1) (yi, zt,wt)/ ~ I1(0). (yy, 2, wt)/ is

integrated with (1,1, —1)". Here the stochastic trend in the cointegration is also purged.

3) Consider the vector representation:
Ty = Wy + €

where xy = (14, , Tne)'y e = (Hyg, -+ 5 f4z) 18 the vector of stochastic trends, and e,
is an n x 1 vector of stationary components. If one trend can be expressed as a linear
combination of the other trends in the system, i.e. there exists a vector 5 = (G4, , 3,,)
such that §'u, = 0, then 3'z; = B'e; ~ I(0). That is, z; is integrated with (31,---, 3,
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e Cointegration and Error correction: The vector x; has an error-correction

representation if it can be expressed in the form
Azy =mo + T2 + TiAT 1 + ToAT o + - -+ TpAT, + &4

where 7y = (7Ti0)n><17 ™ = (ij)nm #0, m = (ij(i))nxn,i =12,---,p. The
components in the error term vector €, = (£4),x1 may be correlated with each

other, but are stationary.

Remarks:
(i) Suppose that z; ~ I(1). Since

X1 = Aﬂft — Ty — 7T1A£Ct,1 - 7T2A.’Et,2 — e WpAiUt,p — &¢,

mx,_q is stationary. Each row of 7 is a cointegrating vector of x;.

If # = 0, the model is a VAR in first difference of x;. There is no error correction term,
implying that Ax; does not respond to the previous period’s deviation from long-run
equilibrium (or disequilibrium error).

If 7 # 0, Ax; responds to the previous period’s deviation from long-run equilibrium
and estimating z; as a VAR in the first difference by omitting the error correction term

Txy—1 1S inappropriate.

Example: Case 1. two-variable case VAR(1):

Yt = 011Y-1 + Q12211 + Eyt
2y = A21Yt—1 + Q2221 + €t

where €, and ¢€,; are white-noise which may be correlated with each other. Write

(1 —anl)y: — arpLz = ey
—an Ly + (1 — ago L)z = €4

and further
Y = (1 — aggL)éfyt + CL12L€Zt
! (1 — allL)(l — GQQL) — G12G21L2

a21L8yt + (1 — allL)gzt
(1 — CLHL)(]_ — CLQQL) — CL12(I21L2 ’

Zt =
The two series {y;} and {2z} have the same characteristic equation:

A2 — (aq + ag)\ + (a11a9s — aipag;) = 0.



We can also write the model as

{ Ay, = (a1 — )ye1 + 1221 + €yt (1)

Az = a1 + (a2 — 1)ze—1 + €.t

Denote the two characteristic roots be A\; and \s. We are interested in the case that y;,
2z~ CI(1,1).

If A\; and A lie inside the unit circle, {y;} and {z;} cannot be integrated of order
(1,1).

If either of A\; and As lies outside the unit circle, the solution is explosive. Neither
variable is difference stationary and cannot be CI(1,1).

If both A\; and Ay are unity, {y;} and {z;} cannot be integrated of order (1,1). Note
that a;2 = ag; = 0 will make A\; = Ay = 1.Hence if y;, z; ~ CI(1,1), then ajs - as; # 0.

For {y:} and {z} to be CI(1,1), it is necessary that A\; = 1, |A\s| < 1. Then

12021 (2)

From (1) and (2), for v, 2z ~ CI(1,1),

1—a22 1—aso2 a21

1—
Ayy = —FE2 Y1 + a2z + e = — T2 (yH — T zH) + ey

Azp = any—1 + (a2 — )21 + € = an (yt—l — 1-az zt,1> + e

a21

or

Axy = Txi1 + &

where

_ _aiay
— a;p —1  ap _ p— aiz —of,
as azy — 1 a1 azy — 1

/
where a = <—M a21> , 8= (1, —ﬂ)’ with rank(3) = 1.

1—a22”’ a1

Remarks: 1) {y; 1 — 1;;1122 z;_1} is stationary and y; — 1;2“122 z; = 0 is the long-run

equilibrium. We can see that y; and 2; change in response to the previous period’s devi-

1;;’122 z;_1 from the long-run equilibrium. Here the normalized cointegrating

ation y;_1 —
vector is (1, —1=222)/,
a21
2) Granger representation theorem—error correction and cointegration are equivalent
representation: C1(1,1) guarantees the existence of an error-correction model and an

error-correction model for /(1) variables implies cointegration.
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3) A cointegrated system can be viewed as a restricted form of a general VAR model.
It is inappropriate to estimate a VAR of cointegrated variables using only first differences
by ignoring the error-correction portion of the model.

4) If rank(m) = 0, we have ajy = as; = 0,a11 = as = 1, and Az, = g, or x; =
CI(1,1). If the variables are cointegrated, the rows of m must be linearly dependent,
and hence det(7) = 0 or the rank of 7 is 1, since if rank(w) = 2, there is no unit root
for y; and z;, hence x; » CI(1,1).

Example: Case 2. n-variable case VAR(1):
r = A1+ ey

where x; = (14, Tog, -+, Tnt)'y €0 = (E1es €265+ 5 Ent)’ 5 3.0.d.(0,82), Ay is an n X n matrix

of parameters.

Al’t = (Al — ])J;t—l + &

= TMXy_1 + Ey.

The rank of 7 determine the number of cointegration vectors. For example,

1) rank(r) =0 : 7 =0 and Az, = &;. All the sequences {x;;} are unit root processes
and there is no linear combination of the variables that is stationary. Hence x; ~
CI(1,1).

2) rank(mw) = n : det(m) # 0 (there is no unit root) and each row of 7z;—; = 0 is an
independent restriction on the long-run solution of the variables. Each of the n variables
in x; must be stationary with the corresponding long-run value constrain in 7z, ; = 0.
Hence z; » CI(1,1).

3) rank(m) =1 : there is a single cointegrating vector given by any row of 7, e.g. for
Aryy = m (P11 + BraTar1 + -+ Brpne1) + €1ty
the normalized cointegrating vector is (1, 85, -+, 8y,), where 8;; = m;/T11.
4) 0 < rank(m) = r < n : there are r cointegrating vectors and n — r stochastic
trends in the system.
e 3 Test for Cointegration——Engle-Granger Method: based on residuals

Consider the linear regression model

Y =20 +e



where the k x 1 vector z; ~ I(1) and elements of z; are not cointegrated. Further, assume
€t = a1€t1 + U

where v; ~ I(0). Testing the null
H(J cap = 1

amounts to testing the null of non-cointegration of 3, and z;.
Four steps to test for the cointegration of y; and z; : (take k = 1 as an example):
1) pretest each variable to determine its integration order (Augmented Dickey-Fuller
test infers the number of unit roots);
2) Estimate the long-run equilibrium relationship. If the above test indicates that

both y; and z; are I(1), estimate the long-run equilibrium relationship:
Yo = Bo + B2t + e (3)
Conduct D-F test for the AR(1) model of the above residuals é; :
Aé; =a16;_1+¢e, Hy:a1=0

or, if the the residuals ¢; from the above regression exhibits serial correlation,

p
Aé, = a16,_1 + Z a;11Aé;_; + ¢4, Hp:ay =0 (no cointegration)
i=1

The OLS estimator a; and its test 7-statistic for Hy : a; = 0 have no standard asymptotic
distributions. The asymptotic distribution can be derived by the similar argument to
that in Chapter 4. The critical value for the test should be obtained by simulation. If
rejecting the null Hy, we conclude that the variables are cointegrated. Here the critical
values for the test are provided in Table C at the end of the text (for the Engle-Granger
cointegration test).

3) Estimate the error correction model. Use the residuals from the equilibrium
regression (3) as the deviation from the long-run equilibrium in the error correction
model

Ayt = ap+ Oéyétfl -+ Z 11 (Z)Ayt,z —+ Z Odm(i)Athi + 5yt

=1 =1
A,Zt = Q9+ Oézétfl —+ Z (121(7;)Ayt7i —+ Z OCQQ(?:)Athi + Eun
=1 i=1

which constitutes VAR in first difference and can be estimated using the conventional
method for a VAR model.



4) Assess model adequacy. Estimate the error correction model by adjusting the lag
lengths such that the errors are serially uncorrelated.
Example: see Ch6-ex3. Test the cointegration of ¥, 2, and w;, where the data are

generated from

Yo = My Oyt By = Hyg1 T Eyty Oye = 0.50y1 + 1y
2t = gyt 0u + 050y, g, = Hyp—1 + €zt 6.6 =050, 1 +1m,
Wy = Moy + 511175 + 0'56yt + +O552t7 Pyt = luyt + ozt 61Ut = 0‘5611)715—1 + Nt

where €4, 1,;, €2t,1,; and n,,, are all white noise processes. The true relationship is that

(ys, 2, wy)" is cointegrated with (1,1, —1).

Remark: The Engle-Granger method has the following shortcomings: (i) In Step 2

above, the long-run equilibrium relationship (3) can also be set as

2 = By + By + e

As the sample size T — oo, the two settings give equivalent results in testing for a unit
root of the residuals. However, in practice, it is possible to find that one regression
indicates that the variables are cointegrated, whereas reversing the order indicates no
cointegration. The test for more than two variables becomes more troubled. (ii) Also in
Step 2, the residuals from (3) are used to estimate a; in the regression. Any error intro-
duced from the regression (3) is carried into the estimation of a; and the no-cointegration
test. Hence the following Johansen-Stock-Watson Method.

e 4 Test for Cointegration——Johansen-Stock-Watson Method

Some forms of the models:
1) The model without a drift is

Model 1: x; = Ayxy_1 +¢; or Axy = mxi_q + &,

where m = A; — I. The rank of 7 equals the number of cointegrating vectors (also called
the cointegration rank, denoted as r = rank(w)). If r =0, all the {x;}, i =1,2,--- | n,
are unit root processes. There is no linear combination of {x;} that is stationary, and
hence z; is not cointegrated. If r = n, there is no unit root in each z;, and hence
xy ¢ CI(1,1). If 1 < r < n, there are r cointegrating vectors and n — r stochastic trends
in the system.

2) Add a drift term, if the variables exhibit a decided tendency to increase or decrease:
Model 2 : v, = Ay + Ayxy_1 + & or Axy = Ag + g1 + €.
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Here Ay = (a0, a0, - ,ano) allows for the possibility of a linear trend in the data
generating process. rank(m) = the number of cointegrating relationships existing in the

“detrended” data. For the i-th series z;,
Azy = ag + (TaZi—1 + - + Tni®ni—1) + Eit.

In the long run, mj;214-1 + -+ + Tp1%n—1 = 0, and EAx; = ap;. Aggregating all such
changes over t yields the deterministic expression ag;t.See Figure 6.3 in Text: P350.
3) Include a constant in the cointegrating relationship: e.g. assume that rank(r) =1

and QAo — S;Q10

Model 3 : A.flt = (71'1151311571 + 1201+ + T1pTpe—1 + aw) + €1t

Axg = So (T11%T14—1 + T12To—1 + + ++ + T1nTp—1 + Q10) + 2t

Az = Sy (T11%10-1 + T12T2t—1 + ++ + + TinZnt—1 + A10) + Ene

or Ax; = m*x} | + &, where x} | = (X141, %21, ,Tm—1,1)" and 7 = (7w, Ag).Here
the linear trend is purged from the system.
4) Include an intercept term in the cointegrating vector along with a drift term: e.g.

assume that rank(m) =1,

Model 4 : Az = (T11%14-1 + T12%or—1 + - - + T1n@nt—1 + b1o) + b11 + €1t

Axg = Sy (T112T1—1 + T12To—1 + -+ + T1nTp—1 + b10) + b1 + €21

Az = Sp (MT11%10-1 + T12To—1 + + + + T1nTpi—1 + b10) + b1 + €

where s;b19 + by = aj. EViews identifies the portion belonging in the cointegrating
vector as the amount necessary to force the error correction term to have a sample mean
of zero.

5) Higher-order AR process:

Model 5 : Ty = Al.%'tfl + AQZL‘t,Q + -+ Apl't,p + e

or
p—1

A.Tt =Txy_1+ Z 7T¢A£Ct7i + e (4)
i=1

where 7 =30 | A, — I, m=—3" .. Aj, and rank(m) = the number of independent

cointegrating vector (i.e. the cointegration rank). If rank(w) = 0, 7 = 0 and the model

is the usual VAR model in the first difference. If rank(m) = n, the vector process is
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stationary. If rank(m) = 1, there is a single cointegration vector; if 1 < r = rank(mw) < n,
there are r cointegration vectors, and mx;_; is the error correction term. For 1 < r < n,

7 can be decomposed as

T =af

where o and 3 are two n X r matrix with rank(3) = r. We can say §'z; = 0 is the long
run equilibrium.

Likelihood ratio test of cointegration rank

(A) Log-likelihood function

Consider the VAR(p) model (4), where e; ~ #dN(0,X), t = 1,2, ---, T, and
Xi_p, -+ ,Xo are given constant vectors. The log-likelihood function is derived from

the multivariate normal distribution:

—nT
In L(xy, @, -+, Tp; W1, Moy - v+, Tpe1, Ty, 1) = In(27) — —ln\E] ZetZ €.

The following steps will be taken for the likelihood ratio test:
(i) Concentrate In L with respect to ¥ : by ¥ = £ ST el

T
In L*(21, w9, , 2p; 71, T2, - y Tp—1, T m) =C— _1 Zete; .
(i) Concentrate In L* with respect to mq, ma, - - -, m,—1. Use the partial-out approach.
Let
q = (A%fl, Az g, >A5L’t—p+1)/-
Denote
p—1
Ry = Az — Zﬁiﬁxtﬂ‘
i=1
—
Ry = 11— Zﬁz‘Axt—i
where

T -1 /7

e s (zqtqt> (zmtq;)
=1
T -1 /7

(71, Moy vy Tp_1) (Z%%) (Z%—l%)-
=1
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Then

T
T
In L™ (21,29, -+ ,xr;m) = Cp— —=In Z (Ros — mRy;) (Ros — Ry
2 =1
T

! !
= COO - 5 In |800 — TS10 — S017T + TS11T | s
where
T
1 ;.
Sij = T E RitRjta 1,7 =0,L
t=1

(iii) Imposing the restriction ™ = o3, we have

T
In L™ (21,29, -+ , 2150, ) = Cop — 9 In [s00 — af's10 — so100" + 51180/
By
Oln L*(z1, 29, -+ ,x1r; 00, B)
Oa

we have, by normalizing 3's113 = I and substititing a with &,

=0= a=s010 (5/3115)_1 )

lnL***<fE1,§C2,“' 7:UT;£) - lnL**(.Tl,ng,“' JxT;&7ﬁ)
T _
= () — 5 In ‘500 - 8015 (5'5115) ' 5'510‘

T
= C— b) In [|5,5115|_1|500| |ﬂ/ (811 - 5108501801) 5H

T
— Cl — 5 11’1 |800| — E 111 |ﬁ/ (811 — 8108801801) ﬂ| .

Therefore, MLE requires

minimize }ﬁ' (511 — 510500 So1) ﬂ|
subject to 35118 = 1.
(iv) Suppose rank(m) = r. Order the characteristic roots of 7 such that A\; > Ay >
>N >0and N,y = --- = X\, = 0. If the variables in z; are not cointegrated,
rank(m) = 0,all \; = 0 and In(1—X;) = 0. If rank(m) = 1,0 < A\; < 1, thenIn(1—-X\;) <0
and In(1—X;) =0fori = 2,3,--- ,n. It is deduced from the theory of matrix charactristic

root that the maximized value of the likelihood function is given by

T
In L****(J;l, To,** , TT; 7‘) = 02 — 5 In ‘ﬂ, (311 - 8108601801) ﬁ‘

T T
- K—Egln(l
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where K is a constant.
(B) Test two null hypothesis
1) The first statistic tests the null hypothesis that the number of distinct cointegrating

vectors is less than or equal to r against a general alternative. That is, to test
Hy :rank(w) <r (thatis, \py1 ==X\, =0)

against Hy : rank(m) > r (i.e. at least one of A\.11,-+ , A, is not equal to zero). When

7 is unrestricted, the log-likelihood function is

T n
Lo=K-3 ;111(1 — ).
Under Hy, A\,y1 = --- = A, =0, the log likelihood function is
T T
L, =K - E;m(l — ).
Therefore, the likelihood ratio is
2Ly — L) = =T > In(1—\),
i=r+1
This is the trace-statistic Ayqqee(T) :
Mrace(r) = =T > In(1 = Xy).
i=r+1

When all \; = 0, Ajpace(r) = 0; The further the estimated characteristic roots are from
zero, the more neagtive is In(1— 5\2), and the larger is the trace-statistic Ayqee(r). Critical
values of Aqce(r) are obtained by simulation, see Table E in Enders’s textbook.

2) The second statistic tests the null hypothesis that the number of distinct cointe-
grating vectors is r against the alternative of r + 1 cointegrating vectors. That is, to
test

Hy :rank(m) =7

against the alternative hypothesis Hy : rank(n) = r+1. Under Hy, \pyo = -+ = A\, =0,

so the log likelihood function is

Tr—i—l
L,=K— 5;1H(1 —\).
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Under the restriction Hy, A\,11 = --- = A\, = 0, so the likelihood function is

T r

Therefore, the likelihood ratio is
2(Ly = Ly) = =T'log(1 — Arja).
This is the maximum-eigenvalue statistic Apax(r, 7+ 1) :
Amax (T, 7+ 1) = =T'In(1 — 5\r+1)-

When the estimated 5\,a+1 is close to zero, Apax(r, 7 + 1) will be small. The further the
estimated characteristic root are from zero, the more neagtive is In(1 — 5\T+1), and the
larger is Apax(r, 7 + 1). Critical values of the test are in Table E (the case without any
deterministic regressors: the first cell) at the end of the text.

(C) Extensions of the Johansen test

1) Cointegration test with unrestricted intercept. Consider the VAR model with an

intercept
p—1
Azy = p+mrp g + Z AT + €
i=1

where p is unrestricted. Replacing Ry, and Ry, respectively, by

p—1
Ry = Az — E AT — [
i=1

p—1
Ry = z1— g ﬁiﬁxt—i—ﬂa

i=1

we proceed in the same manner. The limiting distributions of the trace and maximum-
eigenvalue tests change. Their critical values are listed in Table E (the case with drift:
the second cell) at the end of the text according to the form of the vector Ap.

2) Cointegration test with restricted intercept, that is, with a constant in the coin-

tegrating vector. Consider
p—1

Axy = p+7mriq + Z AT + €
i=1
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with 7 = af',where a and 3 are two n X r matrix with rank(3) = r. The intercept is

restricted: p = af3; for any arbitrary 1 x r vector 3,. Then

p—1

Al't = « (ﬁ{) + ﬁ,l't_l) + Z WiAxt_i + e

i=1

1 i
= a6, 0 ( . ) +Z7TiA$tfi + e

t=1 i=1

p—1
*
Ty + E AT + ey

=1

Note the presence of intercept in the cointegrating vectors as opposed to the unrestricted
drift in 1) above. Formulate the trace and maximum-eigenvalue tests in the same manner

as before, but replace Ry; by

p—1

* * § :~

1t — Z’t_l - ﬂiAxt,i.
=1

Critical values for these tests should change, and are listed in Table E (the case with a
constant in the cointegrating vector: the third cell) at the end of the text.

(D) Hypothesis testing about some restricted forms of cointegrating vec-
tors

Note that if there are r cointegrating vectors, only these r linear combinations of the
variables are stationary. All other linear combinations are nonstationary. Suppose you
re-estimate the model restricting the parameters of 7. If the restrictions are not binding,
it should be founded that the number of cointegrating vectors has not diminished. Some
cases:

1) Test Hy : including an intercept in the cointegrating vector as opposed to the
unrestricted drift Ay (i.e. a linear time trend). Estimate the two forms of the model and

obtain the ordered characteristic roots:
M>Xh>- >,

(without an intercept in the cointegrating vector, i.e. with unrestricted )

(with an intercept in the cointegrating vector, i.e. with restricted 7).
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Assume that the unrestricted model has r nonzero characteristic roots. Then the likeli-
T . T < -
(—5 ;111(1 — )\i)> — <—§ ;mu — m)]
4 1—\
= T In 2
> (1)

=1

hood ratio statistic is

2

~ x*(n —r) asymptotically.

The intuition is that: if the restriction is true, In(1 — 5\: ) and In(1 — ;) should be
equivalent. Hence, small values for the above statistic imply the restriction (i.e. including
an intercept in the cointegrating vector); large values imply that it is possible to reject
the null of including an intercept in the cointegrating vectors, and that there is a linear
trend in the variables.

2) Test for restrictions on 7 or o, where 7 = o', o (n x r) is the matrix of the speed
of adjustment parameters, and 3 (r X n) is the matrix of cointegrating parameters.
Use MLE to estimate VAR(p) model (4), where ¢, ~ #dN(0,%), t = 1,2, ---, T,
and X;_p, -, X( are given constant vectors, determine the rank of m, use the r most
significant cointegrating vectors to form o, then select vy such that m = a3 .For example,
if rank(m) = 1, then

Aryy = (Tu@uy—1 + T2l 1+ + TinTpe—1) + - + ey
Axyy = sy (mudy—1 + Tia%oy—1 + -+ Tin@pe—1) + - + €2
Az = Sp (M1 + TaToy1 + -+ Tin@ne—1) + -+ + €
Define oy = 711, 0 = 8,711, 3; = m1i/m11,% = 2,3, -+ ,n. Then the model can be written
as
Axy = o (211 + Boor—1+ -+ Bpp—1) +-- ey, i =1,---,n
or
p—1
Az, = af T, + Z AT _; + €
i=1
where

o = (05170427“' aan)/7 B = (17527"' 7ﬁn)/7

(651 04152 T alﬁn

(8% 04252 T a2ﬁn
T = .

(679 O‘nﬂn T anﬁn
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So, we can test various restrictions on o and 3 by comparing the number of cointegrating

vectors under the null and alternative hypotheses. The test statistic is

(-Tzn:mu - m) - (—Tilnu - Xf))

-7y [111(1 AN —In(1 - X-)]
i=1
~  x*(the number of restrictions), asymptotically.

If a; = 0, the variable x;; is weakly exogenous. The practice importance is that a weakly
exogenous variable does not experience the type of feedback, i.e. it does not respond to
the deviation from the long-run equilibrium.

Remark: (i) Note that, in testing for the restriction (about ) on multiple cointe-
gration vectors, the number of restrictions imposed on the system is not the number
of the equations for the restriction. For eaxmple, if n = 4,r = 2, and we normalize each

cointegration vector with respect to xy;, we can write 3'z; as

L1t

1 =By —Bis —Pu Ta | _ (0
I =By —Ba —Bou T3t 0/
T4t

Since any linear combination of these two cointegrating vectors is also a cointegrating

1 0 -8 -6
0 1 =05 —B5 )

(@14, w3, x4¢) are cointegrated such that xy, = Bisxse + F14%a; (@2, T3, Tay) are cointe-

vector, by

grated such that xo; = B5323:+05,24:. More generally, n—r+1 variables are cointegrated.
A testable exclusion restriction entails the exclusion of r or more variables from a coin-
tegrating vector. Hence, excluding ro(> r) variables from a cointegrating vector entails
only (ro—r+1) restriction, and the degree freedom for the x? statistic is only (ro—r+1)
instead of rq.

(ii) It is possible to test for the restriction on one cointegrating vector conditional on
the values of all other cointegrating vectors. For example, n = 4,r = 2. We want to test
if (1, B9, 0, B94)" is a cointegrating vector for the fixed normalized values of (3,5, 3;5,and
(4. That is,

L =B —bi3 —Pu «— fixed
1 =Py 0 —Ba4 «— test Jy3 =0
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3) Test lag length p in the model: Since all of the Az;_; are stationary, we can use
x? statistic similar to t or F-test. Let ¥, and X, be the variance-covariance matrices of

the restricted and unrestricted systems, respectively. Use the test statistic
(T — ¢) (log|%,| —log |Zu|) ~ x*(number of restrictions)

where ¢ is the maximum number of regressors contained in the longest equation. AIC
and SBC can be also applied. An F-test test for the lag lengths in a single equation can
be used, too.

4) Granger causality test is invalid if the variables in the model are cointegrated.

The coefficients 7 of nonstationary variables are blamed for this failure.
e Four Steps in Johansen-Stock-Watson Method:

1. Pretest all variables to assess their order of integration.
2. Estimate the model and determine the rank of .

3. Analyze the normalized cointegrating vectors and speed of adjustment coef-

ficients and test the restrictions about each of both.

4. Conduct innovation accounting and causality tests on the error-correction
model to identify a structural model and determine whether the estimated

model appears to be reasonable.
e Difference or Not Difference? VAR or ECM?

If the I(1) variables z; are cointegrated, differencing them and estimating a VAR:

p—1
Az, = Z AT _; + e

i=1

will lead to a misspecification error since it excludes the long-run equilibrium relation-
ship among the variables that are included in 7z, ;.If the I(1) variables x; are not

cointegrated, it is preferable to estimate the VAR in first differences.

If I(1) z; are not cointegrated = estimate VAR in first differences

If I(1) x; are cointegrated = estimate the error-correction model

Hence the importance of testing unit root of each variable and cointegration of the

variables.

e Linear or Nonlinear?
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