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dy
dx

= Ay+ f(x), x ∈ J = (a,b), (1)

Ù¥ A´ n�¢~êÝ
, f(x) ∈ C(J).

���¯̄̄������ÚÚÚµ

� n = 1�,P A = a,�§ (1)éA�àg�§kÏ
) y = ceax.

Á�� n > 1�,�§| (1)éA�àg�§|�Ï)´Äk
aqu���§�/ªº

XJk§XÛ½ÂÝ
�ê¼êº
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^M L« n�¢~êÝ
��N�¤�8Ü.K
M 3Ý
�\{ÚÝ
�¢ê�¦{e�¤���5�m.

é A = (aij) ∈M ,½Â A�����

‖A‖=
n

∑
i,j=1
|aij|.

KÝ
��÷ve�5�µé ∀A,B ∈M , ∀λ ∈ R,

1) ‖A‖ ≥ 0, ‖A‖= 0 ⇐⇒ A = 0;

2) ‖λA‖= |λ |‖A‖, λ ∈ R;

3) ‖A+B‖ ≤ ‖A‖+‖B‖;

4) ‖AB‖ ≤ ‖A‖‖B‖, ‖Ak‖ ≤ ‖A‖k, k ∈ N.
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yyy: c 3^5�´w,�. ey1 4^µé A = (aij), B = (bij),

- cij =
n
∑

k=1
aikbkj. K AB = (cij). l


‖AB‖ =
n

∑
i,j=1
|cij| ≤

n

∑
i=1

n

∑
j=1

n

∑
k=1
|aik||bkj|=

n

∑
i=1

n

∑
k=1
|aik|

n

∑
j=1
|bkj|

≤
n

∑
i=1

n

∑
k=1
|aik|

n

∑
k,j=1
|bkj|= ‖A‖‖B‖.

?�Ú/, ‖Ak‖ ≤ ‖Ak−1‖‖A‖ ≤ ‖A‖k.
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é ∀A,B ∈M ,e�(Ø¤áµ

(a) Ý
�?ê

E+A+
1
2!

A2 + . . .+
1
k!

Ak + . . . ,

ýéÂñ. PÙ� eA ½ exp(A),¡�ÝÝÝ


���êêê¼¼¼êêê;

(b) XJ A,B���,= AB = BA,K eA+B = eAeB;

(c) eA �_,�
(
eA)−1

= e−A;

(d) é?¿��_Ý
 P ∈M k ePAP−1
= PeAP−1.
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yyy: (a)P a = ‖A‖. K∥∥∥∥∥ ∞

∑
k=0

Ak

k!

∥∥∥∥∥≤ ∞

∑
k=0

‖Ak‖
k!
≤

∞

∑
k=0

ak

k!
< ∞.

¤±Ý
�?êýé��Âñ,l

∞

∑
k=0

Ak

k! ∈M ,Ï�þãØ�

ª�y²
Ý
�?ê�z�©þÑýéÂñ.
(b)��O��

eA+B =
∞

∑
k=0

(A+B)k

k!
=

∞

∑
k=0

k
∑

i=0

(
k
i

)
AiBk−i

k!
=

∞

∑
k=0

k

∑
i=0

AiBk−i

i!(k− i)!
= eAeB,

Ù¥

(
k
i

)
=

k!
i!(k− i)!

.

(c)Ú (d)�y²N´��,lÑ.y..
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A =

 λ1 0 0
0 λ2 0
0 0 λ3


B =

(
λx 0
x λx

)

C =

(
C1 0
0 C2

)
, Ù¥ C1,C2 ´ l,m��


O� eA Ú eB.

y²

eC =

(
eC1 0

eC2

)
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(a) Ý
�ê¼ê Y(x) = exA ´~Xê�5àg�§

dY
dx

= AY, (2)

�Ä)Ý
;

(b) � f(x) ∈ C(J), x0 ∈ J,K~Xê�5�àg�§ (1)

�Ï)�

y(x) = exAc+
∫ x

x0

e(x−s)Af(s)ds,

Ù¥ c´?¿ n�~ê�þ.
L (x0,y0) ∈ J×y0 ∈ Rn �Ð�¯K�)�

y(x) = e(x−x0)Ay0 +
∫ x

x0

e(x−s)Af(s)ds.
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yyy: (a)é?¿� x ∈ R,- I ⊂ R´± x�S:���k.m«
m. Ï�

exA =
∞

∑
k=0

xkAk

k!
,

3 I þýé��Âñ,¤±éÝ
�ê¼êÅ�¦��

dexA

dx
=

∞

∑
k=1

xk−1Ak

(k−1)!
= A

∞

∑
k=1

xk−1Ak−1

(k−1)!
= AexA,

= exA ´�§ (2)�)Ý
. q e0A = E,¤±
exA ´�§ (2)�Ä)Ý
.

(b)d (a)Ú�5�àg�§�~êC´úªá�. y..
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éu�½� A ∈M ,XÛ¦ exA k�)û?

Ü�:þ°�Ï�ÆêÆX 1���ù!~Xê�5�©�§|µÝ
�ê)�JordanIO.¦{



exA �JordanIO.¦{

£££���: Ý
�JordanIO..

é ∀A ∈M ,d�5�ê� JordanIO.nØ�,�3�ÛÉÝ

 P ∈M ¦�

A = PJP−1,

Ù¥

J = diag(J1, . . . ,Jm) =


J1

J2
. . .

Jm

 ,
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Ji = λiEni +Ni, Ni =



0 0 0 · · · 0 0
1 0 0 · · · 0 0
0 1 0 · · · 0 0
...

. . . . . . . . .
...

...

0 0 0
. . . 0 0

0 0 0 . . . 1 0


,

Ù¥ λi, i = 1, . . . ,m,´ A�A��, ni ´Ý
 Ji ��ê,
n1 + . . .+nm = n, Eni ´ ni �ü Ý
.
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exA = PexJP−1 = Pdiag
(

exJ1 , . . . ,exJm
)

P−1.

qé i = 1, . . . ,m,

exJi = exλiEni exNi = eλixexNi = eλix



1 0 0 · · · 0 0
x 1 0 · · · 0 0
x2

2! x 1 · · · 0 0
...

...
. . . . . .

...
...

xni−2

(ni−2)!
xni−3

(ni−3)!
xni−4

(ni−4)!
. . . 1 0

xni−1

(ni−1)!
xni−2

(ni−2)!
xni−3

(ni−3)! . . . x 1


.

ù�ÒlnØþ)û
Ä)Ý
 exA �¦{¯K.
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***			©©©ÛÛÛ: ?ØÄ)Ý
���/ª

exAPE´Ä)Ý


äN�ÑÝ
 exAP = Pdiag
(
exJ1 , . . . ,exJm

)
�©þ,�Ñ�o

(Ø?
�Y:�§ (2)kÄ)Ý
,Ùz����þ´d eλix �gê

Ø�L ni−1�õ�ª�¦È�¤�.

5µÄ)Ý
�ù«(��e¡Ïé#�¦)�{Jø
g´.

Ü�:þ°�Ï�ÆêÆX 1���ù!~Xê�5�©�§|µÝ
�ê)�JordanIO.¦{



A^Þ~

~~~KKK: ¦)e�~Xê�àg�§

dy
dx

= Ay+ f(x),

Ù¥

y =

 y1

y2

y3

 , A =

 2 0 0
0 −1 0
0 1 −1

 , f(x) =

 0
1
x

 ,
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exA =

 e2x 0T

0 e−x exp

(
x

(
0 0
1 0

)) =

 e2x 0 0
0 e−x 0
0 xe−x e−x

 .

¤±d~êC´úª����§�Ï)�

y(x) = exAc+
∫ x

0
e(x−s)Af(s)ds = exAc+

 0
1− e−x

x− xe−x

 ,

Ù¥ c´?¿ 3�~ê�þ.
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dy
dx

= Ay+ f(x), y(0) =

 1
1
1

 ,

Ù¥

y =

 y1

y2

y3

 , A =

 2 0 0
1 2 0
0 1 2

 , f(x) =

 0
1
2 x
0

 ,
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