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��àg�5 �©�§µ

n

∑
i=1

ai(x)
∂u
∂xi

= 0, x = (x1, . . . ,xn) ∈ D⊂ Rn m«�, (1)

��[�5 �©�§

n

∑
i=1

ai(x,u)
∂u
∂xi

= b(x,u), (x,u) ∈ G⊂ Rn+1 m«�, (2)

�¦)¯K.

©©©ÛÛÛ���&&&???: XÛò~�©�§|�ÄgÈ©�35nØ$^
�þã �©�§|�¦)¯K.
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1. ��àg�5 �©�§ (1))�nØ

 �©�§ (1)éA�A��§´

dx1

a1
= . . .=

dxn

an
. (3)

��y)��3��5§b�

a1, . . . ,an ∈ C1(D), �
n

∑
i=1
|ai(x)|> 0, x ∈ D. (4)

K (3)´ n−1�~�©�§|.

~X§� an(x) 6= 0�, (3)�±�¤

dxi

dxn
=

ai(x)
an(x)

, i = 1, . . . ,n−1.

l
,�§| (3)l D¥?�:Ñu�)Ñ�3��¶

ÛÜ/k n−1�¼êÕá�ÄgÈ©.
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½n 34

b� (3)÷v (4),�3 D¥k n−1�¼êÕá�ÄgÈ©

φ1(x) = c1, . . . , φn−1(x) = cn−1.

K���5 �©�§ (1)�Ï)�

u = Ψ(φ1(x), . . . ,φn−1(x)),

Ù¥ Ψ(·, . . . , ·)´?¿� n−1�ëY���¼ê.

yyy:
d®�^�,Ø�� an 6= 0. KA��§ (3)�du~�©�§|

dxi

dxn
=

ai(x)
an(x)

, i = 1, . . . ,n−1. (5)
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�âëY���ÄgÈ©��d�½,

φ(x)´ (5)�ÄgÈ©��=� φ(x)´ �©�§
∂φ

∂xn
+

a1(x)
an(x)

∂φ

∂x1
+ . . .+

an−1(x)
an(x)

∂φ

∂xn−1
= 0,

i.e.

a1(x)
∂φ

∂x1
+ . . .+an−1(x)

∂φ

∂xn−1
+an(x)

∂φ

∂xn
= 0,

�).

Ïd¦ �©�§ (1)�Ï)�du¦ (5)�¤kÄgÈ©.

e φ(x)´ (5)�ÄgÈ©,
⇓ d½n 31

�3ëY��� n−1�¼ê Ψ¦�

φ(x) = Ψ(φ1(x), . . . ,φn−1(x)).

� (1)�Ï)´'u φ1(x), . . . ,φn−1(x)�?¿ëY���¼ê.
y..
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½n 34¥Ï)�L�ª�´ÛÜ�.

���5 �©�§�Ï)dÙA��§� n−1�¼êÕ
á�ÄgÈ©���?¿�ëY��¼ê5L«.
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1. ¦e� �©�§�Ï)µ

x
∂u
∂x

+ y
∂u
∂y

+(z−
√

x2 + y2 + z2)
∂u
∂ z

= 0. (6)

)µ �©�§ (6)�A��§�

dx
x

=
dy
y

=
dz

z−
√

x2 + y2 + z2
.

l
dx
x

=
dy
y
,

��A��§���ÄgÈ©

φ1(x,y,z) =
x
y
.
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òA��§C/�

xdx
x2 =

ydy
y2 =

(z+
√

x2 + y2 + z2)dz
−(x2 + y2)

.

l
k

xdx+ ydy+(z+
√

x2 + y2 + z2)dz = 0,

=

d(x2 + y2 + z2)+2
√

x2 + y2 + z2dz = 0.

ù���A��§�1��ÄgÈ©

φ2(x,y,z) = z+
√

x2 + y2 + z2.

N´�y φ1 � φ2 ´¼êÕá. Ï
 �©�§ (6)�Ï)�

u(x,y,z) = ψ

(
x
y
,z+

√
x2 + y2 + z2

)
,

Ù¥ ψ ´?¿ëY�����¼ê.
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2. ¦ �©�§

y
∂u
∂x

+ z
∂u
∂ z

= 0, (7)

ÏL­¡ x = 1,u = lnz− 1
y �).

):  �©�§ (7)�A��§�
dx
y

=
dy
0

=
dz
z
.

´�

φ1(x,y,z) = y

´A��§���ÄgÈ©.

duA��§�?�^È©­�Ñ uÄgÈ©�,��³¡

þ,¤±3�³¡ y = c1 þ,l
dx
y

=
dz
z
,

)�
x
c1

= lnz+ c.
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l
A��§k,��ÄgÈ©:

φ2(x,y,z) =
x
y
− lnz,

§� φ1(x,y,z)¼êÕá. ���§�Ï)�

u = ψ

(
y,

x
y
− lnz

)
,

Ù¥ ψ ´?¿ëY��¼ê. [XÛdÐ©^�(½ ψ]?
d®�^��

ψ

(
y,

1
y
− lnz

)
= lnz− 1

y
.

3¼ê ψ ¥- ξ = y,η = 1
y − lnz ,Kk y = ξ ,z = e

1
ξ
−η . l
¼ê

ψ(ξ ,η) =−η .

���§÷v�½^��)�

u =−η = lnz− x
y
.
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1. ¦e��5 �©�§�Ï):

a) x
∂u
∂x

+ y
∂u
∂y

+(z+
√

x2 + y2 + z2)
∂u
∂ z

= 0

b) x(y2− z2)
∂u
∂x
− y(x2 + z2)

∂u
∂y

+ z(x2 + y2)
∂u
∂ z

= 0

2. ¦e��5 �©�§÷v·�^��):

a) (z− y)2 ∂u
∂x

+ z
∂u
∂y

+ y
∂u
∂ z

= 0, u|x=0 = 2y(y− z).
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2. ��[�5 �©�§ (2)�)�nØ

�?Ø��[�5 �©�§ (2),=

n

∑
i=1

ai(x,u)
∂u
∂xi

= b(x,u), (x,u) ∈ G⊂ Rn+1 m«�,

�)��35,b�

a1, . . . ,an,b ∈ C1(G), �
n

∑
i=1
|ai(x,u)|> 0, (x,u) ∈ G. (8)

~�©�§|

dx1

a1(x,u)
= . . .=

dxn

an(x,u)
=

du
b(x,u)

, (9)

¡���[�5 �©�§� (2)A��§.
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½n 35

b� (9)÷v (8),�3 D¥k n�¼êÕá�ÄgÈ©

V1(x,u) = c1, . . . , Vn(x,u) = cn.

K��[�5 �©�§ (2)�Ï)�

Ψ(V1(x,u), . . . ,Vn(x,u)) = 0, (10)

Ù¥ Ψ(·, . . . , ·)´?¿� n�ëY��¼ê.

yµdb�Ú½n 31�,A��§ (9)¤k�ÄgÈ©�

V(x,u) = Ψ(V1(x,u)), . . . ,Vn(x,u)),

Ù¥ Ψ´?¿�ëY��� n�¼ê.
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l½n 329Ùy²�, V(x,u)´�5 �©�§

a1(x,u)
∂V
∂x1

+ . . .+an(x,u)
∂V
∂xn

+b(x,u)
∂V
∂u

= 0, (11)

�Ï).

e¡Äky²l (10)�âÛ¼ê�3½n(½�

¼ê u = φ(x)´ (2)�)(�,�¦
∂V
∂u
6= 0).

dÛ¼ê�§(½�¼ê��ê÷v

∂φ(x)
∂xi

=−∂V
∂xi

/
∂V
∂u

, i = 1, . . . ,n.

òþãL�ª�\ (11)��

a1(x,φ(x))
∂φ

∂x1
+ . . .+an(x,φ(x))

∂φ

∂xn
= b(x,φ(x)).

ùÒy²
 u = φ(x)´[�5 �©�§ (2)�).
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��y² (2)�?�)�±L«¤ (10)�/ª.
� u = ψ(x)´ (2)�?�).-

Φi(x) = Vi(x,ψ(x)), i = 1, . . . ,n.

Ké i = 1, . . . ,nk

a1(x,ψ(x))
∂Φi

∂x1
+ . . .+an(x,ψ(x))

∂Φi

∂xn

= a1
∂Vi

∂x1
+ . . .+an

∂Vi

∂xn
+

∂Vi

∂u

(
a1

∂ψ

∂x1
+ . . .+an

∂ψ

∂xn

)
= a1

∂Vi

∂x1
+ . . .+an

∂Vi

∂xn
+b

∂Vi

∂u
= 0,

Ù¥

1���ª¥^� ψ(x)´ (2)�),

1n��ª¥^� φi(x,u)´A��§ (9)�ÄgÈ©.
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ùÒy²
 Φ1(x), . . . ,Φn(x)´ n−1�~�©�§|

dx1

a1(x,ψ(x))
= . . .=

dxn

an(x,ψ(x))
,

�ÄgÈ©,
ÏdÙ¥�,�ÄgÈ©´Ù§ÄgÈ©�ëY���¼ê.
Ø��

Φn(x) = Γ(Φ1(x), . . . ,Φn−1(x)),

Ù¥ Γ´ëY���¼ê. -

Ψ(V1(x,u), . . . ,Vn(x,u)) := Vn(x,u)−Γ(V1(x,u), . . . ,Vn−1(x,u)).

K u = ψ(x)´�§

Ψ(V1(x,u), . . . ,Vn(x,u)) = 0,

�). y..
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1. ¦) �©�§Ð�¯Kµ

√
x

∂ z
∂x

+
√

y
∂ z
∂y

= z,

z|y=1 = cos(ωx).

): A��§
dx√

x
=

dy
√

y
=

dz
z
,

kü�¼êÕá�ÄgÈ©

φ1(x,y,z) =
√

x−√y, φ2(x,y,z) = 2
√

y− ln |z|.

�� �©�§�Ï)�

Φ(
√

x−√y, 2
√

y− ln |z|) = 0, (12)

Ù¥ Φ´?¿���ëY��¼ê,�¹k1��C�.
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é¼ê�§ (12)$^Û¼ê�3½n)�

2
√

y− ln |z|= g(
√

x−√y).

l
k

z = e2
√

y
ψ(
√

x−√y).

|^Ð©^��

ψ(
√

x−1) = e−2 cos(ωx).

�k

ψ(ζ ) = e−2 cos(ω(1+ζ )2)

Ïd�Ð�¯K�)´

z = e2(
√

y−1) cos(ω(1+
√

x−√y)2).
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2. ¦)�� �©�§

x
∂u
∂x

+ y
∂u
∂y

+ z
∂u
∂ z

= u+
xy
z
.

): �ÄA��§
dx
x

=
dy
y

=
dz
z
=

du
u+ xy

z
.

´�§kü�¼êÕá�ÄgÈ©

φ1(x,y,z,u) =
z
x
, φ2(x,y,z,u) =

y
z
.

duA��§�È©­�Ñ u�³¡þ,Ïd¦Ù§�¼êÕ
á�ÄgÈ©��±ò z

x �
y
z ��~êw�.

3A��§¥,�Ä
dx
x

=
du

u+ xy
z
,

¿- y
z = c1,Kk
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du
dx

=
1
x

u+ c1.

ù´��'u u��5�©�§,§kÏ)

u = x(c1 ln |x|+ c).

Ï
�A��§kÄgÈ©

φ3(x,y,z,u) =
u
x
− y

z
ln |x|.

N´�y φ1,φ2,φ3 ´¼êÕá. ¤±��§�Ï)´

Φ

(
z
x
,
y
z
,
u
x
− y

z
ln |x|

)
= 0,

Ù¥ Φ(ξ ,η ,ζ )´?¿ëY���¼ê,� Φζ Øð�u".
|^Û¼ê�3½n,��§�Ï)���¤

u = xψ

(
z
x
,
y
z

)
+

xy
z

ln |x|,

Ù¥ ψ ´?¿ëY���¼ê.
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1. ¦e�[�5 �©�§�Ï):

a) x
∂u
∂x

+ y
∂u
∂y

= u− x2− y2

b) (z+ y− x)
∂ z
∂x

+(z+ x− y)
∂ z
∂y

= x+ y− z

c) (z+ ex)
∂ z
∂x

+(z+ ey)
∂ z
∂y

= z2− ex+y

2. ¦e��5 �©�§÷v·�^��):

a) (x2 + y2)
∂ z
∂x

+2xy
∂ z
∂y

= xz, (y2 + z2)|x=a = a2.
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�5Ú[�5 �©�§�Ï)�A��§�ÄgÈ©�é

X

�5Ú[�5 �©�§�Ï)ÚÐ�¯K�)�¦{

������µµµSKn 18.2, 18.4, 18.5, 19.2, 19.6, 19.7
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