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�ù2g£����5àg�©�§

y′′+p(x)y′+q(x)y = 0. (1)

���¯̄̄µ

p,qAäkN��5�âk�U¦ÑÙ�?ê)?

½½½ÂÂÂµ

XJ p(x),q(x)3 x0 �,��)Û,¡ x0 � (1)�~~~:::.

XJ p(x)½ q(x)3 x0 Ø)Û,¡ x0 � (1)�ÛÛÛ:::.
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�?ê)�nØ:~:

Äk�Ä�§ (1)3~:��)Û)�Âñ�».

½n 56

� p(x),q(x)3 |x− x0|< ρ S�Ð¤'u x− x0 �Âñ��?ê,
K�§ (1)3 |x− x0|< ρ SkÂñ��?ê)

y(x) =
∞

∑
k=0

ck(x− x0)
k,

Ù¥ c0,c1 ´?¿~ê, ck, k > 1�d4íúªÏL c0,c1 L«.
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�¯K=z��5�©�§|�Ó��¯K

£Á)Û�©�§|)Û)�35�y²

XÛò)Û�©�§|)Û)�35�y²Ün/£���

5�©�§|?
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yyy: du�5àg�©�§ (1)÷vÐ©^�

y(x0) = y0, y′(x0) = y1, y0,y1 ∈ R, (2)

�Ð�¯KÏLC� y′ = z�z����5àg�©�§|

y′ = z, y(x0) = y0,

z′ = −p(x)z−q(x)y, z(x0) = y1,

Ïd½n�y²�de¡�½n 27��. y..
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���¯̄̄µ~:�¹e,���5àg�©�§)Û)��35Ú�
3«m¯KÑ)û
"

Û:���´ÄkÂñ��?ê)º

���???êêê)))���nnnØØØ: ÛÛÛ:::���¹¹¹

�Ä���5àg�©�§ (1)3Û:��)Û)��35.
XJ

p(x) =
P(x)

x− x0
, q(x) =

Q(x)
(x− x0)2 , (3)

� P(x), Q(x)3 x0 �,���Ð¤Âñ��?ê,
P(x0)

2 +Q(x0)
2 6= 0,¡ x0 ´�§ (1)����KKKÛÛÛ:::.
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~~~: �½���5�©�§

x(1− x2)y′′+ xy′+ x−1 = 0

Ú

x3(1+ x2)y′′+ x2y′+ x−1 = 0

�Û:9Ùa.
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� x0 ´�§ (1)��KÛ:,� p(x),q(x)d (3)�Ñ.K�
§ (1)3 x0 �,��SkÂñ�222ÂÂÂ���???êêê)

y(x) = (x− x0)
ν

∞

∑
k=0

ck(x− x0)
k, c0 6= 0, (4)

Ù¥ ck, k ≥ 1�±S�/¦Ñ, ν ´�§ (1)����III���§§§

s(s−1)+P(x0)s+Q(x0) = 0.

�� (¡����III���)�� (XJ�I�Ñ´¢�, ν ´Ù¥���

��;XJ�I�´�é�ÝEê, ν ´Ù¥�?��).
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�E/ª�?ê)

|^`?ê{y²/ª)�Âñ5

yyy:
1.(½�§ (1)�/ª) (4).
d�KÛ:�½Â,Ø�� P(x), Q(x)3 |x− x0|< ρ S�Ð¤Â

ñ��?ê

P(x) =
∞

∑
k=0

ak(x− x0)
k, Q(x) =

∞

∑
k=0

bk(x− x0)
k. (5)
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ò (4)Ú (5)�\�§ (1),ÏL�n�

∞

∑
k=0

[
(k+ν)(k+ν−1)ck +

k

∑
i=0

ai(k− i+ν)ck−i +
k

∑
i=0

bick−i

]
(x−x0)

k≡ 0,

=é k = 0,1, . . .

[(k+ν)(k+ν−1)+a0(k+ν)+b0]ck+
k

∑
i=1

[ai(k+ν− i)+bi]ck−i = 0,

(6)
Ù¥ cj = 0, j < 0.
lþª k = 09 c0 6= 0�

ν(ν−1)+a0ν +b0 = 0.

§´�§ (1)��I�§. � ν1, ν2 ´§�ü��.XJ ν1, ν2 Ñ

´¢ê� ν1 ≥ ν2,½ ν1, ν2 ´�é�ÝE�,P ν0 = ν1.
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é k ≥ 1,-

f (s) = s(s−1)+a0s+b0, gi(s) = ai(s− i)+bi, i = 1,2, . . .

¿� ν = ν0,K (6)��¤

f (k+ν0)ck +
k

∑
i=1

gi(k+ν0)ck−i = 0, k = 1,2, . . . (7)

Ï�é k ≥ 1

f (k+ν0) = (k+ν0)(k+ν0−1)+a0(k+ν0)+b0

= k(k+2ν0 +a0−1) = k(k+2ν0−ν1−ν2)

= k(k+ν1−ν2) 6= 0,

¤±l�§ (7)�±�g/¦Ñ c1,c2, . . .,�§�Ñd c0 ��/

(½. l
/ªþ��/¦Ñ
�§ (1)�/ª) (4).
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2. y²/ª) (4)�Âñ5.
- ν∗ = ν1−ν2. K Reν∗ ≥ 0�

f (k+ν0) = k(k+ν
∗) 6= 0, k = 1,2, . . . .

du P(x)Ú Q(x)�Ðmª (5)3 |x− x0|< ρ SÂñ,¤±
é 0 < ρ1 < ρ, ∃M ≥ 1¦�

|ak| ≤
M
ρk

1
, |bk| ≤

M
ρk

1
, |ν0ak +bk| ≤

M
ρk

1
, k = 0,1, . . . .

l
,

|ck| ≤
(

M
ρ1

)k

|c0|. (8)

¯¢þ,é k = 1

|c1|=
|g1(1+ν0)c0|
|f (1+ν0)|

=
|a1ν0 +b1|
|1+ν∗|

|c0| ≤
M
ρ1

1
|1+ν∗|

|c0| ≤
M
ρ1
|c0|.
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b�é k ≤ l−1, l≥ 2, (8)¤á. � k = l�

|cl| =

∣∣∣∣ l
∑

i=1
gi(l+ν0)cl−i

∣∣∣∣
|l(l+ν∗)|

≤

l
∑

i=1
|ai(l+ν0− i)+bi| |cl−i|

|l(l+ν∗)|

≤

l
∑

i=1
(|aiν0 +bi|+ |ai|(l− i)) |cl−i|

l2

≤ l−2
l

∑
i=1

(
M
ρ i

1
+

M
ρ i

1
(l− i)

)(
M
ρ1

)l−i

|c0|

= l−2 M
ρ l

1

l

∑
i=1

(1+ l− i)Ml−i|c0|

< l−2 Ml

ρ l
1

l

∑
i=1

(1+ l− i)|c0| ≤
(

M
ρ1

)l

|c0|.

¤±d8B{�y� (8).
l (8)ª�,�§ (1)�/ª) (4)3 |x− x0|<

ρ1

M
SÂñ. y..
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1. ¦ Legendre�§

(1− x2)y′′−2xy′+n(n+1)y = 0,

3~: x = 0��?ê).
))): �â½n 56,� |x|< 1�, Legendre�§kÂñ��?
ê)

y(x) =
∞

∑
k=0

ckxk.

òÙ�\ Legendre�§,ÏL�n�

∞

∑
k=0

[(k+2)(k+1)ck+2 +(n− k)(n+ k+1)ck]xk ≡ 0, |x|< 1.
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�k

ck+2 =−
(n− k)(n+ k+1)
(k+2)(k+1)

ck, k = 0,1, . . .

?�ÚO��

c2m = (−1)mAmc0, c2m+1 = (−1)mBmc1, m = 1,2, . . .

Ù¥

Am = (n−2m+2)(n−2m+4)...(n−2)n(n+1)(n+3)...(n+2m−1)
(2m)! ,

Bm = (n−2m+1)(n−2m+3)...(n−3)(n−1)(n+2)(n+4)...(n+2m)
(2m+1)! .

Ïd Legendre�§��?ê/ª�Ï)�

y(x)= c0

[
1+

∞

∑
m=1

(−1)mAmx2m

]
+c1x

[
1+

∞

∑
m=1

(−1)mBmx2m

]
, |x|< 1,

Ù¥ c1,c2 ´?¿~ê.
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� n ∈ N∪{0}�,�3 m0 ∈ N¦�� m > m0 �

k Am = 0½ Bm = 0. d� Legendre�§k��õ�ª¼ê
�). ¡�� Legendreõõõ���ªªª.

x =±1´ Legendre�§��KÛ:,§3T:��I�Ñ
´". Ïdd½n 57�, Legendre3 x =±1���ÑkÂ
ñ��?ê).
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2. ¦ µ � Bessel�§

x2y′′+ xy′+(x2−µ
2)y = 0, µ ≥ 0,

� 2µ 6∈ Z�3 x = 0���Ï).
): ´� x = 0´ Bessel�§��KÛ:,��I�§�

ν
2−µ

2 = 0.

�â½n 57, Bessel�§3 x = 0 ���kÂñ��?ê
),��

y(x) = xν
∞

∑
k=0

ckxk, c0 6= 0.

òÙ�\ Bessel�§,ÏL�n¿'� x�Óg��Xê�

(k+ν +µ)(k+ν−µ)ck + ck−2 = 0, k = 0,1, . . . (9)

Ù¥ c−2 = c−1 = 0.
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� ν = µ �,du

(k+ν +µ)(k+ν−µ) = (k+2µ)k > 0, k ≥ 1,

¤±l�§ (9))�

c2k+1 = 0, c2k =
(−1)k

22k(µ + k)(µ + k−1) . . .(µ +2)(µ +1)k!
c0,

Ù¥ k = 0,1, . . .. -

Γ(s) =
∫

∞

0
e−xxs−1dx, ¡� Gamma¼ê.

K Γ(s+1) = sΓ(s) 5:
Γ(µ + k+1) = (µ + k) . . .(µ +2)(µ +1)Γ(µ +1),
Γ(−n) = ∞, Γ(n+1) = n!, n ∈ N∪{0}.
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�
PÒ�Bå�,�

c0 =
1

2µΓ(µ +1)
.

K

c2k =
(−1)k

22k+µΓ(µ + k+1)k!
, k = 1,2, . . .

Ïd Bessel�§k�?ê)

y(x) = Jµ(x) =
∞

∑
k=0

(−1)k

Γ(µ + k+1)k!

( x
2

)2k+µ

.

N´�yT�?ê3 |x|< ∞þÂñ (X D’Alembert�O
{). ¼ê Jµ(x)¡�111���aaa Bessel¼¼¼êêê.
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� ν =−µ �,du 2µ 6∈ Z,�§ (9)k���). �

c0 =
1

2−µΓ(−µ +1)
.

aqu ν = µ �¦{�� Bessel�§�2Â�?ê)

y(x) = J−µ(x) =
∞

∑
k=0

(−1)k

Γ(−µ + k+1)k!

( x
2

)2k−µ

.

§3 x ∈ R\{0}þÂñ. ¼ê J−µ(x)¡�111���aaa Bessel¼¼¼
êêê. du Jµ(x)Ú J−µ(x)��$����gØÓ,Ï
§�

´�5Ã'�. ¤± Bessel�§�Ï)�

y(x) = c1Jµ(x)+ c2J−µ(x), x ∈ R\{0},

Ù¥ c1, c2 ´?¿~ê.
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1. ~ 2¥�?Ø
 2µ 6∈ Z��¹. 2µ ∈ Z��/3�öS�
ÖögC�¤.

2. þãü�CXê�©�§/ªþ�~{ü,�§��¦)½
)�L�ª'�E,. ù�±wÑ=¦´���CXê��
�5�©�§�Ã{¦)�©

3. þãü�~f¥�§�)��ÑØ´Ð�¼ê,¡�AAAÏÏÏ¼¼¼
êêê. AÏ¼êäk�~´L�SN,§3ó§þk2��A
^. k,��Öö�±ë�

�ÆM!H�;§AÏ¼êVØ§�®�ÆÑ��§2000.
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3. Airy�§
y′′+ xy = 0

´=IU©Æ[ George B. AiryïÄ1Æ����.
(a) ¦ Airy�§��?ê);
(b) y² Airy�§3C� u(t) = x−

1
2 y(x), t = 2

3 x
3
2 e�±=z

¤ 1
3 �� Bessel�§;

(c) Á^ 1
3 �� Bessel¼êL« Airy�§�Ï).

yyy: (a)du x = 0´~:,�â½n 56
Airy�§3 RþkÂñ��?ê).
aqu Legendre�§Ú Bessel�§�){N´¦
Ñ Airy�§��?ê). ��öSgC�¤.
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(b)3�½C�e��

du
dt

=
du
dx

dx
dt

=−1
2

x−2y+ x−1y′

d2u
dt2 =

d
dx

(
du
dt

)
dx
dt

= x−
7
2 y− 3

2
x−

5
2 y′+ x−

3
2 y′′

Ïdk

t2 d2u
dt2 + t

du
dt

+(t2− 1
9
)u =

4
9

x
3
2 (y′′+ xy).

(c)d Bessel�§�Ï)�� Airy�§�Ï)

y(x) = x
1
2 u(t) = x

1
2

(
c1J 1

3
(
2
3

x
3
2 )+ c2J− 1

3
(
2
3

x
3
2 )

)
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ÙGÚÝº~:Ú�KÛ:��½Ú�?ê)�/ª

�?ê)�¦{

���ùùù���JJJ:::µ

3~:Ú�KÛ:���?ê)��35�y²

�?ê¦)¥^4íúª¦Ï�.

������µµµSKn 10, 12.2, 12.5.
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