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���{{{âââ»»»µµµ Ascoli–ArzelàÚÚÚnnn

¼ê� {fn(x)}, x ∈ I ⊂ R¡�3 I þ

������kkk...,XJ ∃K > 0¦�é¤k� n ∈ N, x ∈ I Ñ
k |fn(x)| ≤ K;

���ÝÝÝëëëYYY,XJé ∀ε > 0Ñ ∃δ > 0¦�é¤k� n ∈ N,
x1,x2 ∈ I,�� |x1− x2|< δ Òk |fn(x1)− fn(x2)| ≤ ε.

'''���©©©ÛÛÛµ

��k.�k.�«O�éXº

�ÝëY���ëY�'Xº
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e¡�(J�Ñ¼ê��3��Âñ�f��¿©^�.

Ascoli–ArzeláÚÚÚnnn.
XJ¼ê� {fn(x)}3k.48 I þ

��k.!

�ÝëY,

K {fn(x)}kf�3 I þ��Âñ.

Ascoli–ArzeláÚn�y²A�3z���¼©Û���ÖÑ
k (ë�Üö����¼©ÛùÂ),�y²Ñ´3Ä��m¥�
Ñ�.

�á�N¹¥k��Ð��y².
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Ascoli–ArzeláÚn¥�k.48 I �¤k�m«m,(Ø¤
á?

Ascoli–ArzeláÚn¥�k.48 I �¤Ã¡«m,(Ø¤
á?

(((ØØØ:

1) Ascoli–ArzeláÚn¥�k.48 I �¤k�m«m,(ØE
,¤á.

2) Ascoli–ArzeláÚn¥�k.48 I �¤Ã¡«m,(Ø�7
¤á.
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)��35: PeanoÚn

½n 19 (Peano½n)

b�

f (x,y)3m«� Ω⊂ R2 þëY,

(x0,y0) ∈Ω.

KÐ�¯K
dy
dx

= f (x,y), y(x0) = y0, (1)

��k��½Â3���3«mþ�ëY��).

Ü�:þ°�Ï�ÆêÆX 1�ù!)��35µPeano½n



©©©ÛÛÛ:

l Picard½n�y²,�IyÐ�¯K (1)3 x0 �,��S

�3ëY��)=�.

y²�'�´�EÜ·�ëY¼ê�m¥,9Ùþ÷v�¦
���k.!�ÝëY¼ê�
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1. ¼ê�m��E

�

R := {(x,y); |x− x0| ≤ a, |y− y0| ≤ b} ⊂Ω,

Ù¥ a,b > 0. -

M = max
(x,y)∈R

|f (x,y)|, δ = min
{

a,
b
M

}
, I = [x0,x0 +δ ].

eyÐ�¯K (1)�)3 I þ�3,=3¼ê�m C(I)þ.

5µ3 [x0−δ ,x0]þ)��35aq�y,lÑ.

Ü�:þ°�Ï�ÆêÆX 1�ù!)��35µPeano½n



2. 3 I þ�E Eulerò�S�.

ggg���: ±��§,��4�

éz� n,ò I ©¤ n�°,P©:�

{x0,x1, . . . ,xn}, Ù¥ xi < xj, 0≤ i < j≤ n.

3 I þ�E Eulerò�Xe: L (x0,y0)���ã

ψ1(x) = y0 + f (x0,y0)(x− x0), x ∈ [x0,x1].

- y1 = ψ1(x1). L (x1,y1)���ã

ψ2(x) = y1 + f (x1,y1)(x− x1), x ∈ [x1,x2].

�d�{,3z�«m [xi,xi+1]þ�E��ã

ψi+1(x) = yi + f (xi,yi)(x− xi), x ∈ [xi,xi+1], yi = ψi(xi).

P γn �ù
��ã�¿,¡�� I þþþ��� Euleròòò���.
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3. Eulerò��L�ª.

©©©ÛÛÛ: þã©ã�E�¼êÃ{?1êÆ$�§LéEulerò�
?1êÆL«"

P φn(x), x ∈ I � Eulerò��L�ª,K

φn(x) = y0 +
∫ x

x0

f (t,φn(t))dt+σn(x), x ∈ I, (2)

Ù¥3 I þ σn(x)⇒ 0 (n→ ∞).

¯¢þ,é ∀x ∈ I, ∃s ∈ {0,1, . . . ,n−1}¦� x ∈ (xs,xs+1],l

φn(x) = y0 +
s−1

∑
k=0

f (xk,yk)(xk+1− xk)+ f (xs,ys)(x− xs).
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Ï�

f (xk,yk)(xk+1− xk) =
∫ xk+1

xk

f (t,φn(t))dt+
∫ xk+1

xk

(f (xk,yk)− f (t,φn(t)))dt,

f (xs,ys)(x− xs) =
∫ x

xs

f (t,φn(t))dt+
∫ x

xs

(f (xs,ys)− f (t,φn(t)))dt,

¤±

σn(x) =
s−1

∑
k=0

rn(k)+ r∗n(x),

Ù¥

rn(k) =
∫ xk+1

xk

(f (xk,yk)− f (t,φn(t)))dt,

r∗n(x) =
∫ x

xs

(f (xs,ys)− f (t,φn(t)))dt, x ∈ (xs,xs+1].
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ey σn(x)⇒ 0, x ∈ I.

Ï f 3 Rþ��ëY (f ´k.48 Rþ�ëY¼ê),�
� x ∈ [xk,xk+1]�k

|x− xk| ≤
δ

n
, |φn(x)− yk|= |f (xk,yk)(x− xk)| ≤M(x− xk)≤

Mδ

n
,

¤±é ∀k ∈ {0,1, . . . ,n−1}, ∀ε > 0Ñ ∃N > 0¦�� n > N �k

|f (xk,yk)− f (x,φn(x)|<
ε

δ
, x ∈ [xk,xk+1].

�

|rn(k)|<
∫ xk+1

xk

ε

δ
dx =

ε

n
, |r∗n(x)|<

∫ x

xk

ε

δ
dx =

ε

n
, x ∈ (xs,xs+1].

lk |σn(x)|< ε, x ∈ I,= σn(x)⇒ 0.
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4. ¼êS� {φn(x)}3 I þ��k.��ÝëY.

�â Eulerò���Ek γn ∈ R,¤±

|φn(x)− y0| ≤ b, = |φn(x)| ≤ |y0|+b.

l

{φn(x)}3 I þ��k..

ey�ÝëY.é ∀ε > 0,� δ = ε

M .

é ∀s, t ∈ I, ∀n ∈ N,Ïë�: (s,φn(s))Ú (t,φn(t))�����Ç
0u −M Ú M �m,

¤±�� |s− t|< δ Òk

|φn(s)−φn(t)| ≤M|s− t|< ε,

= {φn(x)}3 I þ�ÝëY.
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4. �35y².
d Ascoli–ArzelàÚn,

¼ê� {φn(x)}3 I þ�3��Âñ�f�,
P� {φnk(x)}. - φ(x)´f����4�.

d (2)�, φnk(x)÷v

φnk(x) = y0 +
∫ x

x0

f (t,φnk(t))dt+σnk(x), x ∈ I.

éþª- k→ ∞�

φ(x) = y0 +
∫ x

x0

f (t,φ(t))dt, x ∈ I.

ùÒy²
 y = φ(x)´Ð�¯K (1)3 I þ�).

Peano½ny..
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,,,���yyy²²²: TonelliSSS���

éu½n 19�y²¥�½� δ Ú I,±9 I � n��©
: {x0,x1, . . . ,xn}. �E¼êS� {φn(x)}Xeµ

φn(x)=



yn0(x) := y0, �x ∈ [x0,x1],

yn1(x) := y0 +
∫ x− δ

n
x0

f (s,yn0(s))ds, �x ∈ (x1,x2],

yn2(x) := y0 +
∫ x1

x0
f (s,yn0(s))ds

+
∫ x− δ

n
x1

f (s,yn1(s))ds, �x ∈ (x2,x3],
...

...

yn,n−1(x) := y0 +
n−2
∑

i=0

∫ xi+1
xi

f (s,yni(s))ds

+
∫ x− δ

n
xn−2

f (s,yn,n−2(s))ds, �x ∈ (xn−1,xn].

TS�¡� TonelliSSS���.

Ü�:þ°�Ï�ÆêÆX 1�ù!)��35µPeano½n



öööSSSµµµ

�Ñ¦�©�§

y′ =

{
e
− 1

x2+y2 , (x,y) 6= (0,0),
0, (x,y) = (0,0),

÷vÐ©^� y(x0) = y0 �)�3���¤kÐ©: (x0,y0),¿
`²nd.
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|^TS�Ú Ascoli–ArzeláÚn�±y²½n 19 (Peano½
n).

Peano½n�kéõ?�Ú�í2,�Ñ��á���.

���ùùù:::ÚÚÚJJJ:::µPeano½n�n)�y²

������µµµSK� 10, 12, 13.
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