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Rn ¥~��ål½Â

¢ê8 R¥?¿ x,y�ålÏ~½Â�

ρ(x,y) = |x− y|,

Ù¥| · |L«R¥:�ýé�.

é Rn ¥?¿ü: x = (x1, . . . ,xn),y = (y1, . . . ,yn),

ρ(x,y) =
√

(x1− y1)2 + . . .+(xn− yn)2

½Â
 x� y�m�ål.

�È©¥�

4�Ú¼ê�ëY5§

���Ý��,

ÑlØmål.
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555¿¿¿µµµ��¼ê ρ(·, ·)÷ve�5�µé ∀x,y,z ∈ Rn k

ρ(x,y)≥ 0, ρ(x,y) = 0��=� x = y;

ρ(x,y) = ρ(y,x);

ρ(x,y)≤ ρ(x,z)+ρ(z,y).

¯̄̄KKKµ

���Ä��m¥XÛ½Âålº

��o�3���Ä��m¥½Âålº
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ååålll���mmm���½½½ÂÂÂ

�X´?¿��8Ü.é∀x,y ∈ X,k�¢ê ρ(x,y) ��éA,�
÷v:

1) �K5: ρ(x,y)≥ 0§ρ(x,y) = 0⇐⇒ x = y;

2) é¡5: ρ(x,y) = ρ(y,x);

3) n�Ø�ª: é∀x,y,z ∈ Xk ρ(x,y)≤ ρ(x,z)+ρ(z,y),

¡

ρ(x,y)� x� y�m�ååålll.

¡ (X,ρ)�± ρ�ål�ååålll���mmm.

±���Bå�§3ål®��^�e§{¡X´ål�m.

XJY ⊂ X§K (Y,ρ)�´��ål�m,¡��X�fff���mmm.

Ü�:þ°�Ï�ÆêÆX 1lù!�3��5½n�y²µål�mÚØ N��n



5: ål'u§�Cþ´ëY�.

�½��8ÜX .

¯:´Äo�3 X þ�ål¦�¤�ål�m?
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ååålll���mmm���~~~fff

C[a,b]�m

- C[a,b]L«½Â3 [a,b]þ�ëY¼ê�N�¤�8Ü.

é?¿� x(t),y(t) ∈ C[a,b],½Â

ρ(x,y) = max
t∈[a,b]

|x(t)− y(t)|. (1)

K ρ(x,y)´C[a,b]þ�ål. lC[a,b]´± ρ(x,y)�ål�å
l�m.
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yyy: N´�y ρ÷vål½Â¥��K5Úé¡5.

ey ρ÷vn�Ø�ª. é∀x(t),y(t),z(t) ∈ C[a,b]k

|x(t)− y(t)| ≤ |x(t)− z(t)|+ |z(t)− y(t)|

≤ max
t∈[a,b]

|x(t)− z(t)|+ max
t∈[a,b]

|z(t)− y(t)|= ρ(x,z)+ρ(z,y).

�k

ρ(x,y)≤ ρ(x,z)+ρ(z,y).

¤± ρ´C[a,b]þ�ål. l (C[a,b],ρ)´��ål�m.
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555µ C[a,b]�mD´�Ù�Ø%"ù´�[~���m§´Ä
��m¥�'��ål�m�~f"

¯̄̄KKK¶¶¶

C[a,b]þ�ållAÛþw��´�oº

C[a,b]þ´Ä�±½ÂÙ§�ålº

£££ÁÁÁµëY¼ê����Âñ5
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ål�m�Âñ5

aquîª�m�È©nØ¥4��½Â,�±3���ål�
m¥½Â4��Vg.

� (X,ρ)´?���ål�m.

:� {xn} ⊂ XÂÂÂñññ,XJ�3 z ∈ X,¦�é∀ε > 0§�
3N ∈ N,� n≥ N�k

ρ(xn,z)< ε.

d�¡:� {xn}ÂÂÂñññ��� z,½ z ´́́ {xn}���������444���. P�

lim
n→∞

xn = z, ½ xn −→ z(n→ ∞).

:� {xn} ⊂ X´ Cauchy���,XJé ∀ε > 0, ∃N ∈ N¦�
� n,m≥ N�k

ρ(xn,xm)< ε.
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ååålll���mmm¥¥¥444������555���

·K 10

� (X,ρ)´?���ål�m, {xn} ⊂ X´�:�"

(a) XJ {xn}Âñ,KÙ4���;

(b) XJ {xn}Âñ,KÙ?¿fS�7Âñ;

(c) XJ {xn}Âñ,KÙ7� Cauchy�.

yyy: (a). � z,y´ {xn}�4�.Ké ∀ε > 0, ∃N ∈ N,¦�
� n > N�k

ρ(xn,z)<
ε

2
, ρ(xn,y)<

ε

2
.

�é?¿� n0 > Nk

ρ(z,y)≤ ρ(z,xn0)+ρ(xn0 ,y)< ε.

d ε > 0�?¿5� ρ(z,y) = 0§= z = y.
Ü�:þ°�Ï�ÆêÆX 1lù!�3��5½n�y²µål�mÚØ N��n



(b)Ú (c). d4��½ÂÚ (a)�y²N´��. 3�SK.y..

ÚÚÚ������&&&¢¢¢µ

îª�m¥Âñ:���=�´ Cauchy��

���m§'XC[a,b]þ´Ä�±kål¦�ål�m¥
�Cauchy�ØÂñº

555µµµ3��ål�m¥,k~fL²�� Cauchy��7Âñ.

½½½ÂÂÂµµµ

��ål�m¡�´���������,XJ§�?¿ Cauchy�ÑÂ
ñ.
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(C[a,b],ρ)´���

·K 11

� ρ ´ (1)¥½Â� C[a,b]þ�ål,Kål�m (C[a,b],ρ)´
���.

yyy: � {xn} ⊂ C[a,b]´?� Cauchy�.
Ké ∀ε > 0, ∃N > 0 ¦�� m,n≥ N �

ρ(xn,xm) = max
t∈[a,b]

|xn(t)− xm(t)|<
ε

3
.

AO/k

|xn(t)− xm(t)|<
ε

3
, t ∈ [a,b]. (2)

Ïd,é?¿�½� t ∈ [a,b],
{xn(t)} ⊂ R´ Cauchyê�,
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lÂñ. PÙ4�� x(t). ù���½Â3 [a,b]þ�¼ê x(t).

l (2)�,� n≥ N �k

|xn(t)− x(t)| ≤ ε

3
, t ∈ [a,b]. (3)

∗1Äky x(t) ∈ C[a,b].
é ∀ t0 ∈ [a,b],Ï xN(t) ∈ C[a,b],¤± ∃δ > 0,¦�
� t ∈ [a,b]� |t− t0|< δ �k

|xN(t)− xN(t0)|<
ε

3
.

�k

|x(t)− x(t0)| ≤ |x(t)− xN(t)|+ |xN(t)− xN(t0)|+ |xN(t0)− x(t0)|

<
ε

3
+

ε

3
+

ε

3
= ε.

ùÒy²
 x(t)3 t = t0 ëY.l, x(t) ∈ C[a,b].
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∗2Ùgy xn(t)3 C[a,b]þÂñ� x(t).
d (3)�,� n≥ N �k

max
t∈[a,b]

|xn(t)− x(t)| ≤ ε

3
.

=� n≥ N �k
ρ(xn,x)≤

ε

3
< ε.

ùÒy²


lim
n→∞

xn = x

�dy²


C[a,b]þ?Û Cauchy�ÑÂñ
l (C[a,b],ρ)´���ål�m.
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Ø��Ýþ�m�~f

3 C[a,b]þ½Â

ρ
∗(x,y) =

∫ b

a
|x(t)− y(t)|dt, ∀x(t),y(t) ∈ C[a,b],

K

ρ∗ �´ C[a,b]þ�ål.

� C[a,b]3ål ρ∗ eØ´���.
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(C[a,b],ρ)��ål�m�í2

� Ω⊂ Rn ´k.4«�.3 C(Ω)þ½Â

ρ(y1,y2) = max
x∈Ω

|y1(x)− y2(x)|, ∀y1,y1,∈ C(Ω).

K (C(Ω),ρ)´���ål�m.

Ü�:þ°�Ï�ÆêÆX 1lù!�3��5½n�y²µål�mÚØ N��n



���ùùù:::: (C[a,b],ρ)´��ål�m

���ùùùJJJ:::: (C[a,b],ρ)���5y²

���������¦¦¦: ?�Ún) (C[a,b],ρ)´��ål�m9Ùy²

������µµµSK� 1, 2.
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