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Cogito,ergo sum.
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1�½Â⇒1�½Â: dax = a, ya = a©O�)er, el.é∀b ∈
G,∃c, d ∈ G 3 ac = b, da = b,u´elb = (ela)c = ac = b, ber =
d(aer) = da = b,¤±el = eler = er

def= e,�∀b ∈ G, eb = be =
e.2dax = e, ya = e©O�)ar, al,u´al = ale = al(aar) =
(ala)ar = ear = ar

def= a−1.

1�½Â⇒1n½Â´gÄ�.

1n½Â⇒1�½Â: d^�,∀a ∈ G,∃a−1 ∈ G 3 a−1a = e,�
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a′((a−1a)a−1) = a′a−1 = e(=�_���m_�),¤±a = ea =
(aa−1)a = a(a−1a) = ae(=�ü ���mü �).�é∀a, b ∈
G,�§ax = b, ya = b©Ok)a−1b, ba−1.
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5 +¥��a�_�Ï~P�a−1.�é?¿�êm,nk

am · an = am+n, (am)n = amn.

6 �+´\{+�,¡_��K�,Pa �K��−a;¡ü �
�"�,P�0.d�, é?¿�êm,nk

ma =
m︷ ︸︸ ︷

a + a + · · ·+ a,

0a
def= 0,

ma + na = (m + n)a, na + nb = n(a + b),
m(na) = (mn)a,

(−n)a =
n︷ ︸︸ ︷

−a− a− · · · − a = −(
n︷ ︸︸ ︷

a + a + · · ·+ a) = −(na).
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�G = {g},¦{´gg = g.G'uù�¦{�¤��+.

~

�G = Z, G'uÏ~�\{�¤+,�G'uÏ~�¦{�¤�
+,Ø�¤+.

~

�G = {0, 1, 2, 3, 4, 5, 6}, G¥�$��

i ◦ j =
{

i + j, ei + j ≤ 6
i + j − 6, ei + j > 6

K(G, ◦)�¤��+.ù�+�P�(Z7,+).
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~ (þ~����/)

�Zn´�n��{a(=Zn = {[0], [1], . . . , [n − 1]}),½ÂZn¥�

\{“+”:[i] + [j] = [i + j],K(Zn,+) ¤���+.

~

�Z·
7 = {[1], [2], [3], [4], [5], [6]}, Z∗

7 ¥�$��

[i] · [j] = [ij],

K(Z∗
7, ·)�¤��+.

~

�G = Z, G¥�$�½Â�a ◦ b = a + b− 2, (G, ◦)�¤+.
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�F�ê�,Mn(F )�ê�Fþ�¤kn�Ý
�8Ü,KMn(F )'
uÝ
\{�¤+,Mn(F )'uÝ
¦{Ø�¤+.

~

�GLn(F )�ê�Fþ¤kn��_Ý
�8Ü,KGLn(F )'uÝ

�¦{�¤+.ù�+�����5+.�n > 1�, ù�+Ø´
��+.

~

�SLn(F )� ê �Fþ ¤ k 1 � ª � u1�n� Ý 
 � 8
Ü,KGLn(F )'uÝ
�¦{�¤+.ù�+��AÏ�5+.
�n > 1�,ù�+�Ø´��+.
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öS

�äe�=
�êNX´+,��o?
1 (Z,+); (Z, ·);
2 (Q,+); (Q, ·); (Q∗, ·);
3 (R,+); (R, ·); (R·, ·);
4 (C,+); (C, ·); (C·, ·);
5 (N,+); (N, ·); (N+,+); (N+, ·);
6 (Mn(F ),+); (Mn(F ), ·); (Mn(F )∗, ·);
7 (R, ◦),Ù¥$��x ◦ y = x + y + c, c�~ê;
8 (R∗, ◦),Ù¥$��x ◦ y = xy/2;
9 (R− {−1}, ◦),Ù¥$��x ◦ y = x + y + xy;

10 ({x | x ∈ R,−1 < x < 1}, ◦)Ù¥$��x ◦ y =
x + y

xy + 1
.
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�G�+,a ∈ G.¦am = e�����êm¡�a��,P�|a| =
m.XJù��mØ�3, K¡a��´Ã��,P�|a| = +∞.

~

+(Z∗
7, ·)¥,|[1]| = 1, |[2]| = |[4]| = 3, |[3]| = |[5]| = 6, |[6]| = 2.

~

+(Z,+)¥,|0| = 1, |n| = +∞(n 6= 0).

5

\{+G¥,�a ∈ G, U
¦ma = 0�����êm��a�
�,eù��mØ�3,K¡a��´Ã��,a��EP�|a|.
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�G = {ε0, ε1, ε2}´x3 = 1�n�E��8Ü,G�$�´Eê¦
{,K(G, ·)�¤��+,�|ε0| = 1, |ε1| = |ε2| = 3.

g�K

�G = {ε0, ε1, . . . , εn−1}´ngü ��8Ü,=εk = cos
2kπ

n
+

i sin
2kπ

n
, k = 0, 1, . . . , n − 1,KG'uEê¦{��¤+.�

�|εk| =?

½n

z�+Ñ·Ü��Æ:
1 ���Æ ax = ax′ ⇒ x = x′;
2 m��Æ ya = y′a ⇒ y = y′.
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½n (½n�½Â)

�G´��k�8,e(G, ◦)÷v(1) µ45,(2) (ÜÆ,(3) ��
Æ,@o(G, ◦)�½´��+.

y.

�G = {a1, a2, . . . , an},5¿�é∀ai ∈ Gk

{aia1, aia2, . . . , aian} = G

=�.
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�(G, ◦)�(Ḡ, ◦̄)´ü�+.XJ�3V�ϕ : G → Ḡ 3 ∀a, b ∈
G, ϕ(a ◦ b) = ϕ(a)◦̄ϕ(b), K¡ϕ´Ó�N�, ¿¡G�ḠÓ�,P
�G ∼= Ḡ.éuÓ��+,·�@�´�ê�Ó�,Ï�§�Ø
Î
Ò�¶¡þ�«O�	, �övk¢���É.

5�

�ϕ : G → Ḡ´+�Ó�N�,Kϕ−1 : Ḡ → G �´+�Ó�N
�.

5�

�ϕ1 : G1 → G2, ϕ2 : G2 → G3þ�+�Ó�N�, Kϕ2ϕ1 :
G1 → G3�´+�Ó�N�.
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¡ϕ´+÷Ó�N�, ¿¡G�ḠÓ�, P�G ∼ Ḡ.

½n

�ϕ´(G, ◦)�(Ḡ, ◦̄)�Ó�÷�.e(G, ◦)´+, K(Ḡ, ◦̄)�´+.

5

�½n�_´Ø¤á�:-G = {��Ûê},Ù$��Ï~�¦
{,Ḡ = {e} ´�����+,ϕ : G → Ḡ;n 7→ e´÷Ó�,�GØ
´+.
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�(G, ◦)�(Ḡ, ◦̄)´ü�+.XJ�3N�ϕ : G → Ḡ 3 ∀a, b ∈
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+Ó����A^

~

�A = {a, b, c}, A�¦{�

· a b c

a a b c
b b c a
c c a b

y²:A�¤��+.

©Û:�KÏL$�L�NU)ûü �Ú_�¯K,�(ÜÆ�
u���æ�. y²g´´:�{é��+G,¦A´G�Ó��.

y. (Z,+)´��+,½ÂN��

ϕ : Z → A; n 7→


a,en ≡ 0 (mod 3);
b,en ≡ 1 (mod 3);
c,en ≡ 2 (mod 3).
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Kϕ�÷�,�ϕ�Ó�:
(1) �m ≡ 0 (mod 3), n ≡ 0 (mod 3)�,ϕ(m + n) = a = aa =

ϕ(m)ϕ(n);
(2) �m ≡ 0 (mod 3), n ≡ 1 (mod 3)�,ϕ(m + n) = b = ab =

ϕ(m)ϕ(n);
(3) �m ≡ 0 (mod 3), n ≡ 2 (mod 3)�,ϕ(m + n) = c = ac =

ϕ(m)ϕ(n);
(4) �m ≡ 1 (mod 3), n ≡ 1 (mod 3)�,ϕ(m + n) = c = bb =

ϕ(m)ϕ(n);
(5) �m ≡ 1 (mod 3), n ≡ 2 (mod 3)�,ϕ(m + n) = a = bc =

ϕ(m)ϕ(n);
(6) �m ≡ 2 (mod 3), n ≡ 2 (mod 3)�,ϕ(m + n) = b = cc =

ϕ(m)ϕ(n).
¤±,Z�AÓ�,d½n,A´+. �
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�ϕ : G → Ḡ´+Ó�÷�.K
(1) ee´G�ü �,Kϕ(e) = ē´Ḡ�ü �;
(2) ϕ(a−1) = ϕ(a)−1.

5

�ϕ : G → Ḡ´ü��êXÚ�Ó�N�(�7´÷�),þ¡ü�
½nÒ�7¤á
.�·��±�Äϕ��8Ü

=
G= {ϕ(x) | ∀x ∈

G},Kϕ : G →
=
G´Ó�÷�,þ¡�½nq�±^
.

½Â

�G´ +.eϕ´G�Gg � � Ó �,K ¡ϕ�G� � �g Ó
�;eϕ´G�Gg��Ó�, K¡ϕ�G���gÓ�.
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C�,�(0, 0)τ1τ2 = (0, 1) 6= (1, 0) = (0, 0)τ2τ1 ,=τ1τ2 6= τ2τ1.
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Cayley ½n

½n (p4(Cayley)½n)

?Û��+ÑÚ��C�+Ó�.

y.

�G = {a, b, c, . . .}´��+.∀x ∈ G,5½G���C�τx :
G −→ G; g 7−→ gx = gτx .Kτx ´G���C�.

PdG�¤k�¤���G���C�¤�¤�8Ü
�Ḡ,=Ḡ = {τa, τb, τc, . . .}.K

φ : G −→ Ḡ;x 7−→ τx

´��N�.�é∀g ∈ G,

gτxy = g(xy) = (gx)y = (gx)τy = (gτx)τy = g(τxτy)

=τxy = τxτy,¤±´G
φ∼= Ḡ,G´+,¤±Ḡ�´+.
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Cayley ½n

½n (p4(Cayley)½n)

?Û��+ÑÚ��C�+Ó�.

y.

�G = {a, b, c, . . .}´��+.∀x ∈ G,5½G���C�τx :
G −→ G; g 7−→ gx = gτx .Kτx ´G���C�.
PdG�¤k�¤���G���C�¤�¤�8Ü

�Ḡ,=Ḡ = {τa, τb, τc, . . .}.K

φ : G −→ Ḡ;x 7−→ τx

´��N�.�é∀g ∈ G,

gτxy = g(xy) = (gx)y = (gx)τy = (gτx)τy = g(τxτy)

=τxy = τxτy,¤±´G
φ∼= Ḡ,G´+,¤±Ḡ�´+.
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�!+�½Â.
1�½Â

1�½Â

1n½Â

k�+�½Â

�!+�5�.
�G´��+,KG

(1) G÷v(ÜÆ;
(2) G÷v��Æ¶

(3) G¥kü �e,�e´���;
(4) ∀a ∈ G, a3G¥7k_�a−1,�a−1´���.
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�!+�5�.
�G´��+,KG

(1) G÷v(ÜÆ;
(2) G÷v��Æ¶

(3) G¥kü �e,�e´���;
(4) ∀a ∈ G, a3G¥7k_�a−1,�a−1´���.
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+G�Uu)�G¹:
(1) G¥���´k��,d�¡G´k�+.
(2) G¥����ê´Ã��,d�¡G´Ã�+.
(3) XJ∀a, b ∈ G,Ñkab = ba,K¡G´��+.

n!+��Ú+����,±9ù����éX
(1) +G��=+G¥¤¹����ê.
(2) �a ∈ G.Ka��=¦“ak = e”¤á���g,ê.P�|a|. X
J÷v“ak = e0�g,êØ�3,K¡a��´Ã��.

(3) |G| < ∞ ⇒ |a| < ∞,∀a ∈ G, =:k�+���Ñ´k��
�.

¯K:Ã�+�����´N��?
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+G�Uu)�G¹:
(1) G¥���´k��,d�¡G´k�+.
(2) G¥����ê´Ã��,d�¡G´Ã�+.
(3) XJ∀a, b ∈ G,Ñkab = ba,K¡G´��+.
n!+��Ú+����,±9ù����éX
(1) +G��=+G¥¤¹����ê.
(2) �a ∈ G.Ka��=¦“ak = e”¤á���g,ê.P�|a|. X
J÷v“ak = e0�g,êØ�3,K¡a��´Ã��.

(3) |G| < ∞ ⇒ |a| < ∞,∀a ∈ G, =:k�+���Ñ´k��
�.

¯K:Ã�+�����´N��?
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¯¢þ,z�+Ñkk�����.�Xü �.
Ã�+G¥Øe	,�N�kÙ¦k����,X(R∗, ·)Ø
ü

 �1	,-1�´k���.
Ã�+G¥Øe	,Ù¦���UÑ´Ã���.X(Z,+)Ø


ü �0	,Ù¦��´Ã���.
Ã�+G¥�Uz���Ñ´k���,XG = {x|∃n ∈ Z 3

xn = 1}'uEê¦{¤�¤�+.
(4) |a| = 2 ⇔ a = a−1.

(5) e∀a ∈ G,Ñka2 = e,KG7´��+.
o©+����5�

(1) �|G| = n < ∞, A = {a ∈ G | |a| = e}, B = {b ∈ G |
|b| ≥ 3},K|B|´óê,�n�Ûó�|A|�Ûó��. ,

(2)���a��n�k'¯K:
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n´g,ê,�´¦�ª“an = e”¤á���ö.
XJkg,ê(�ê)m¦am = e,Kn|m���¤á.
��e = a0, a = a1, a2, . . . , an−1´n�üüØ���.
XJar = ak,Kn | r − k.

a = e ⇔ n = 1.

|a| = |a−1|.
an−r = a−r.

|ab| = |ba|.
|abc| = |cab| = |bca|(�í2�k����¦��/).
∀m ∈ Z,∃r(0 ≤ m ≤ n) 3 am = ar.

XJn´Ûê,K|a2| = n(�í2�e(m,n) = 1,K|am| = n)
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.

Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).

êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.

�n�{a\+(Zn,+).
öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.

8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?

Ô!C�+.
(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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(3) ��a��´∞�A�(Ø
∀m(6= 0) ∈ Z, am 6= e.

am = an ⇒ m = n.

. . . , a−2, a−1, e, a, a2, . . .´Ã��üüØÓ���.
Ê!A���+

�ê\+(Z,+).
êi¦+(Q∗, ·), (R∗, ·), (C∗, ·)�.
�n�{a\+(Zn,+).

öS:�G´��N�+(kü ���+),KG¥¤kk_���
�¤�8Ü7´+.
8!+Ó�

¯K: eA ∼ Ā,�Ā´+�,U�yA�´+í?
¯K: éü�+A, Ā,eA ∼ Ā, A¥=
5�ØU“D4”�Ā?
Ô!C�+.

(Cayley½n) ?Û��+ÑU�,�C�+Ó�.
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p. 50 2,4,5
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��+´y8¤ïÄ���Ä�+�5,´Ä��êM©
<E.Galais(1811-1832)3y²gê�uo����ê�§Ø�U
^�Ò¦)�Ú?�. ��+´�«AÏ�C�+.½ö`,��
+Ò´k�8þ�C�+. du´½Â3k�8þ,�z���
�Ly/ª,�kA:Ñ´�@ÿ�.

dCayley½n�±��:Xr¤k��+ïÄ�Ù
,Ò�u
r¤kk�+ÑïÄ�Ù
,�¢Sþ,ïÄ��+¿Ø'ïÄÄ
�+N´.¤±,��ïÄÄ�+^��´����{,¿��Ø
U�efr¤k+ÑéÑ5.Ï�¯K�E,
,<���{´ò
+©¤eZa(=N\�½^�),'Xk�+!Ã�+;C�+!
�C�+��.éz�+a?1ïÄ±�{£�þãn�¯K.�
J,<�Uá��+�8�k�êAa(�¡�Ì�+Ò´��)
û
��a+)�õê�3��<��)û.
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^�Ò¦)�Ú?�. ��+´�«AÏ�C�+.½ö`,��
+Ò´k�8þ�C�+. du´½Â3k�8þ,�z���
�Ly/ª,�kA:Ñ´�@ÿ�.

dCayley½n�±��:Xr¤k��+ïÄ�Ù
,Ò�u
r¤kk�+ÑïÄ�Ù
,�¢Sþ,ïÄ��+¿Ø'ïÄÄ
�+N´.¤±,��ïÄÄ�+^��´����{,¿��Ø
U�efr¤k+ÑéÑ5.Ï�¯K�E,
,<���{´ò
+©¤eZa(=N\�½^�),'Xk�+!Ã�+;C�+!
�C�+��.éz�+a?1ïÄ±�{£�þãn�¯K.�
J,<�Uá��+�8�k�êAa(�¡�Ì�+Ò´��)
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��a+)�õê�3��<��)û.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

��+�Vg

½Â

��k�8ÜA�g������C�(V�)��A��
���.

k�8ÜA�eZ����¤�+����+.
¹kn����k�+��N���¤�+,��ngé¡

+.ù�+Ï~P�Sn.

dun�����kn!�,¤±k

½n

|Sn| = n!.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

��+�Vg

½Â

��k�8ÜA�g������C�(V�)��A��
���.

k�8ÜA�eZ����¤�+����+.
¹kn����k�+��N���¤�+,��ngé¡

+.ù�+Ï~P�Sn.

dun�����kn!�,

¤±k

½n

|Sn| = n!.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

��+�Vg

½Â

��k�8ÜA�g������C�(V�)��A��
���.

k�8ÜA�eZ����¤�+����+.
¹kn����k�+��N���¤�+,��ngé¡

+.ù�+Ï~P�Sn.

dun�����kn!�,¤±k

½n

|Sn| = n!.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

���L«

�A = {a1, a2, a3}, π´A�����:aπ
1 = a2, a

π
2 = a3, a

π
3 =

a1.du·��'%��¥���m�'X,Ø3����äN
/ª. ��ÀA = {1, 2, 3},π�:1 7→ 2, 2 7→ 3, 3 7→ 1.=

π :
1 2 3
↓ ↓ ↓
2 3 1

½ π =
(

1 2 3
2 3 1

)

w,,^π =
(

1 2 3
2 3 1

)
5£ãA�����´�B�.�,,þ

¡�����±��

(
2 3 1
3 1 2

)
,

(
3 1 2
1 2 3

)
, . . . .�S.þ

Ñò1�1Ug,S�ü�, ùÒ�±4·�Ú�3�«L«�
���{S?1ó�
.
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π :
1 2 3
↓ ↓ ↓
2 3 1

½ π =
(
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2 3 1

)

w,,^π =
(

1 2 3
2 3 1

)
5£ãA�����´�B�.�,,þ

¡�����±��
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u´k



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

Ì����5�

5�

k-Ì���(i1i2 · · · ik)��´k.

5�

Ì���π = (i1i2 · · · ik)�_��´π−1 = (ikik−1 · · · i1).

5�

ü�Ø�ë�Ì����±��.

5�

(i1i2 · · · ik) = (i1i2)(i1i3) · · · (i1ik)
= (i1ik)(i2ik) · · · (ik−1ik).

u´k



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

Ì����5�

5�

k-Ì���(i1i2 · · · ik)��´k.

5�

Ì���π = (i1i2 · · · ik)�_��´π−1 = (ikik−1 · · · i1).

5�

ü�Ø�ë�Ì����±��.

5�

(i1i2 · · · ik) = (i1i2)(i1i3) · · · (i1ik)
= (i1ik)(i2ik) · · · (ik−1ik).

u´k



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

Ì����5�

5�

z�n���ÑUL«¤eZ�é��¦È.

5�
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?¿����L¤é��È�,L«ª¥é��ê�Ûó5ØC.
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�G´��(¦{)+,XJG¥k����a,¦G¥z���Ñ
´a�¦�, =G = {am|m ∈ Z},K¡G�Ì�+; �¡G´da¤
)¤�,P�G = (a).a��G���)¤�.
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Ún

|G| = |a|.

¯¢þ,
(1) e|a| = ∞,KG =

(· · · , a−2, a−1, e, a, a2, · · · ).
(2) e|a| = n < ∞,KG = (e, a, a2, · · · , an−1).
¤±k

Ún

�G = (a),K:(1) G´Ã�Ì�+⇔ |a| = ∞; (2) G´n�Ì
�+⇔ |a| = n.
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G = (· · · , a−2, a−1, e, a1, a2, · · · )
l l l l l

Z = (· · · , −2, −1, 0, 1, 2, · · · )

�
G = (e, a, a2, · · · , an−1)

l l l l l
Zn = (0, 1, 2, · · · , n− 1)

·�k

½n (Ì�+�(�½n)

�G´da)¤�Ì�+,
(1) XJ|a| = ∞,KG ∼= Z.

(2) XJ|a| = n < ∞,KG ∼= Zn.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

Ì�+�)¤�

þ¡�½n`²,3Ó��¿Âe,Ì�+�kü�:Z, Zn.·
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.
éw,,Zk�=kü�)¤�,Zn�)¤�Ò�E,�


.·�2£�G = (a), |G| = |a| = nþ5,eb ∈ G 3 G = (b),K
�I|b| = n Ò�±
,¤±

b = ak´G�)¤�⇔ (k, n) = 1.

~X,n = 6�,G = (e, a, a1, a2, a3, a4, a5), a, a5Ñ´G�)¤�,
e, a2, a3, a4Ø´G�)¤�.

½Â

�n���ê,¡ϕ(n)(=Ø�Ln��np����ê��
ê)�î.¼ê.

íØ

Znkϕ(n)�)¤�.
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�G´��+,H(6= ∅) ⊆ G,XJHéuG�$�5`��¤+,K
¡H´G���f+.P�H ≤ G.

~

�G�+,KG ≤ G, (e) ≤ G.ùü�+¡�G�²�f+.

~

�G = S3,KH = ((1), (12))´G����²�f+.

~

SLn(R) ≤ GLn(R).
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½n (f+��½½n1)

�G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔
{

(1) a, b ∈ H ⇒ ab ∈ H;
(2) a ∈ H ⇒ a−1 ∈ H.

íØ

�H ≤ G,KH�ü �Ò´G�ü �,H¥�a3H¥�_�Ò
´a3G¥�_�.

�½½n1¥�ü�^��±{z���^�:

½n (f+��½½n2)

�G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔ “a, b ∈ H ⇒ ab−1 ∈ H”.
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H ≤ G ⇔ “a, b ∈ H ⇒ ab−1 ∈ H”.
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½n (f+��½½n1)

�G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔
{

(1) a, b ∈ H ⇒ ab ∈ H;
(2) a ∈ H ⇒ a−1 ∈ H.

íØ

�H ≤ G,KH�ü �Ò´G�ü �,H¥�a3H¥�_�Ò
´a3G¥�_�.

�½½n1¥�ü�^��±{z���^�:

½n (f+��½½n2)

�G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔ “a, b ∈ H ⇒ ab−1 ∈ H”.
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�G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔
{

(1) a, b ∈ H ⇒ ab ∈ H;
(2) a ∈ H ⇒ a−1 ∈ H.

íØ

�H ≤ G,KH�ü �Ò´G�ü �,H¥�a3H¥�_�Ò
´a3G¥�_�.

�½½n1¥�ü�^��±{z���^�:

½n (f+��½½n2)

�G�+,H(6= ∅) ⊆ G.K

H ≤ G ⇔ “a, b ∈ H ⇒ ab−1 ∈ H”.
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½n (k�f+��½½n)

�G�+,H(6= ∅) ⊆ G,�H´k�8.K
H ≤ G ⇔ “a, b ∈ H ⇒ ab ∈ H.

~

?�+Ø�U´ü�ýf+�¿.

~

�K4 = ((1), (12)(34), (13)(24), (14)(23)),KK4 ≤ S4.�H1 =
((1), (12)(34)),H2 = ((1), (13)(24)),H3 = ((1), (14)(23))Ñ
´K4�ýf+, ���y�K4 = H1 ∪H2 ∪H3.

~

�G = S3,H1 = ((1), (12)),H2 = ((1), (13)),H3 =
((1), (23)),H4 = ((1), (123), (132)),KHiÑ´G�ýf+,�S3 =
H1 ∪H2 ∪H3 ∪H4.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

f+��½

½n (k�f+��½½n)

�G�+,H(6= ∅) ⊆ G,�H´k�8.K
H ≤ G ⇔ “a, b ∈ H ⇒ ab ∈ H.

~

?�+Ø�U´ü�ýf+�¿.

~

�K4 = ((1), (12)(34), (13)(24), (14)(23)),KK4 ≤ S4.�H1 =
((1), (12)(34)),H2 = ((1), (13)(24)),H3 = ((1), (14)(23))Ñ
´K4�ýf+, ���y�K4 = H1 ∪H2 ∪H3.

~

�G = S3,H1 = ((1), (12)),H2 = ((1), (13)),H3 =
((1), (23)),H4 = ((1), (123), (132)),KHiÑ´G�ýf+,�S3 =
H1 ∪H2 ∪H3 ∪H4.
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�G�+,H(6= ∅) ⊆ G,�H´k�8.K
H ≤ G ⇔ “a, b ∈ H ⇒ ab ∈ H.

~

?�+Ø�U´ü�ýf+�¿.

~

�K4 = ((1), (12)(34), (13)(24), (14)(23)),KK4 ≤ S4.�H1 =
((1), (12)(34)),H2 = ((1), (13)(24)),H3 = ((1), (14)(23))Ñ
´K4�ýf+, ���y�K4 = H1 ∪H2 ∪H3.

~

�G = S3,H1 = ((1), (12)),H2 = ((1), (13)),H3 =
((1), (23)),H4 = ((1), (123), (132)),KHiÑ´G�ýf+,�S3 =
H1 ∪H2 ∪H3 ∪H4.
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�G�+,H(6= ∅) ⊆ G,�H´k�8.K
H ≤ G ⇔ “a, b ∈ H ⇒ ab ∈ H.

~

?�+Ø�U´ü�ýf+�¿.

~

�K4 = ((1), (12)(34), (13)(24), (14)(23)),KK4 ≤ S4.�H1 =
((1), (12)(34)),H2 = ((1), (13)(24)),H3 = ((1), (14)(23))Ñ
´K4�ýf+, ���y�K4 = H1 ∪H2 ∪H3.

~

�G = S3,H1 = ((1), (12)),H2 = ((1), (13)),H3 =
((1), (23)),H4 = ((1), (123), (132)),KHiÑ´G�ýf+,�S3 =
H1 ∪H2 ∪H3 ∪H4.
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)¤f+

éu+G���f8S,�7kS ≤ G.�

K = {ar1
1 ar2

2 · · · arm
m | ai ∈ S, ri = ±1,m ∈ N, 1 ≤ i ≤ m} ≤ G.

¿�K´G�¹S����f+,¡K�dS)¤�f+,P�K =
(S),¡S�K�)¤8.�S = {a1, . . . , an}�k�8Ü�,¡K =
(a1, . . . , an)�k�)¤�, �S = {a}�k�����,¡K =
(a)�Ì�+(ù�´·�c¡¤?Ø�). XJS ≤ G,KS = (S).

�H ≤ G, K ≤ G,PHK = {hk|h ∈ H, k ∈ K},HK�7
�G�f+.~XH = ((1), (12)) ≤ S3,K = ((1), (13)) ≤ S3,KHK =
{(1), (12), (13), (123)},�(13)(12) 6∈ HK,=HK � G.Û�kHK ≤
GQ?

½n

�H ≤ G, K ≤ G,KHK ≤ G ⇔ HK = KH.
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1 ar2

2 · · · arm
m | ai ∈ S, ri = ±1,m ∈ N, 1 ≤ i ≤ m} ≤ G.

¿�K´G�¹S����f+,¡K�dS)¤�f+,P�K =
(S),¡S�K�)¤8.�S = {a1, . . . , an}�k�8Ü�,¡K =
(a1, . . . , an)�k�)¤�, �S = {a}�k�����,¡K =
(a)�Ì�+(ù�´·�c¡¤?Ø�). XJS ≤ G,KS = (S).
�H ≤ G, K ≤ G,PHK = {hk|h ∈ H, k ∈ K},HK�7

�G�f+.~XH = ((1), (12)) ≤ S3,K = ((1), (13)) ≤ S3,KHK =
{(1), (12), (13), (123)},�(13)(12) 6∈ HK,=HK � G.Û�kHK ≤
GQ?

½n

�H ≤ G, K ≤ G,KHK ≤ G ⇔ HK = KH.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

)¤f+

éu+G���f8S,�7kS ≤ G.�
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2 · · · arm
m | ai ∈ S, ri = ±1,m ∈ N, 1 ≤ i ≤ m} ≤ G.
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(S),¡S�K�)¤8.�S = {a1, . . . , an}�k�8Ü�,¡K =
(a1, . . . , an)�k�)¤�, �S = {a}�k�����,¡K =
(a)�Ì�+(ù�´·�c¡¤?Ø�). XJS ≤ G,KS = (S).
�H ≤ G, K ≤ G,PHK = {hk|h ∈ H, k ∈ K},HK�7

�G�f+.~XH = ((1), (12)) ≤ S3,K = ((1), (13)) ≤ S3,KHK =
{(1), (12), (13), (123)},�(13)(12) 6∈ HK,=HK � G.Û�kHK ≤
GQ?

½n

�H ≤ G, K ≤ G,KHK ≤ G ⇔ HK = KH.



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

§9 f+��8



1�Ù

+Ø

+�V

g

ü �

_��

�Æ

k�+

�,�

½Â

+�Ó

�

C�+

��+

Ì�+

f+

f+�

�8

ØCf

+!û

+

Ó��

ØCf

+

�8�Vg

~

(Z4,+)¢Sþ�Ñ
Z���©a:[0],[1],[2],[3]. 3ù�©a¥,
�k[0]�¤(Z,+)���f+,Ù{©aþØ�¤(Z,+)�f
+.¿�Z4¥�z�a[i]Ñ´a[0]¥�z���ÊH\þi ��
�,½ö`,a[i]¥?¿ü�����´[0]¥���.

~

�½S3���©aΩ = {H,K,M},Ù¥H = {(1), (12)},K =
{(13), (123)},M = {(23), (132)}.�kH ≤ G,K, MþØ�
¤G�f+,�K¥���T´dH¥���m¦(13)¤���
a,MK¥���T´dH¥���m¦(23)¤���a,½ö
`,∀a, b ∈ K(M) ⇒ ab−1 ∈ H.

��/,�H ≤ G,5½G¥���'X∼Xe:a, b ∈ G, a ∼
b ⇔ ab−1 ∈ H.K∼´G����d'X.
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(Z4,+)¢Sþ�Ñ
Z���©a:[0],[1],[2],[3]. 3ù�©a¥,
�k[0]�¤(Z,+)���f+,Ù{©aþØ�¤(Z,+)�f
+.¿�Z4¥�z�a[i]Ñ´a[0]¥�z���ÊH\þi ��
�,½ö`,a[i]¥?¿ü�����´[0]¥���.

~

�½S3���©aΩ = {H,K,M},Ù¥H = {(1), (12)},K =
{(13), (123)},M = {(23), (132)}.�kH ≤ G,K, MþØ�
¤G�f+,�K¥���T´dH¥���m¦(13)¤���
a,MK¥���T´dH¥���m¦(23)¤���a,½ö
`,∀a, b ∈ K(M) ⇒ ab−1 ∈ H.

��/,�H ≤ G,5½G¥���'X∼Xe:a, b ∈ G, a ∼
b ⇔ ab−1 ∈ H.K∼´G����d'X.
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Z���©a:[0],[1],[2],[3]. 3ù�©a¥,
�k[0]�¤(Z,+)���f+,Ù{©aþØ�¤(Z,+)�f
+.¿�Z4¥�z�a[i]Ñ´a[0]¥�z���ÊH\þi ��
�,½ö`,a[i]¥?¿ü�����´[0]¥���.

~

�½S3���©aΩ = {H,K,M},Ù¥H = {(1), (12)},K =
{(13), (123)},M = {(23), (132)}.�kH ≤ G,K, MþØ�
¤G�f+,�K¥���T´dH¥���m¦(13)¤���
a,MK¥���T´dH¥���m¦(23)¤���a,½ö
`,∀a, b ∈ K(M) ⇒ ab−1 ∈ H.

��/,�H ≤ G,5½G¥���'X∼Xe:a, b ∈ G, a ∼
b ⇔ ab−1 ∈ H.K∼´G����d'X.
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½Â

dþ¡��d'X(½�a��H�m�8,�¹��a�m
�8P�Ha.

aq/,�H ≤ G, a, b ∈ G.d�d'Xa ∼ b ⇔ a−1b ∈ G(
½�a����8,�¹��a���8P�aH.

5

�H,K�ü�8Ü,Ï~PHK = {ab|a ∈ K, b ∈ K}.AO
/, H{b}({a}K)P�Hb(aK).

e+G�ü���f8H = K,K∀a ∈ G, Ha = Ka.
Ha = Hb´8Ü��,�7kha = hb, h ∈ H.
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½Â

dþ¡��d'X(½�a��H�m�8,�¹��a�m
�8P�Ha.

aq/,�H ≤ G, a, b ∈ G.d�d'Xa ∼ b ⇔ a−1b ∈ G(
½�a����8,�¹��a���8P�aH.

5

�H,K�ü�8Ü,Ï~PHK = {ab|a ∈ K, b ∈ K}.AO
/, H{b}({a}K)P�Hb(aK).
e+G�ü���f8H = K,K∀a ∈ G, Ha = Ka.
Ha = Hb´8Ü��,�7kha = hb, h ∈ H.
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½n

�H ≤ K, a, b ∈ G.Ke�Qã�d:
(1) a ∈ Hb;
(2) Ha = Hb;
(3) ab−1 ∈ H;
(4) b ∈ Ha;
(5) ba−1 ∈ H.

½n

��+H�m�8��êÚ��8��ê��.

½Â

��+G���f+H�m(�)�8��ê��H3Gp��
ê,P�[G : H].
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�H ≤ K, a, b ∈ G.Ke�Qã�d:
(1) a ∈ Hb;
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½n

�H ≤ K, a, b ∈ G.Ke�Qã�d:
(1) a ∈ Hb;
(2) Ha = Hb;
(3) ab−1 ∈ H;
(4) b ∈ Ha;
(5) ba−1 ∈ H.

½n
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ê,P�[G : H].
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��f+H�H�z��m�8Ha�mÑ�3��N�.

½n (Lagrange½n)

�H ≤ G,K|G| = [G : H]|H|.

íØ

�G�k�+,a ∈ G.K|a| | |G|.
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½n (Lagrange½n)

�H ≤ G,K|G| = [G : H]|H|.

íØ

�G�k�+,a ∈ G.K|a| | |G|.
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½n (Lagrange½n)

�H ≤ G,K|G| = [G : H]|H|.
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�G�k�+,a ∈ G.K|a| | |G|.
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p. 61 2,3,5

p. 64 1,2,4,5

p. 70 1,2,5
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�H ≤ G,dHû½�¤k�m�8�¤�8ÜSl = {aH|a ∈
G}. ·�5wSl�¤+�^�.

Sl¥�$�AT�G¥�$�k,«éX¿�Sl¥�$�A

Tµ4, =é∀a, b ∈ G,∃c ∈ G 3 (aH)(bH) = cH ∈ Sl,u´ab =
(ae)(be) ∈ cH,laHbH = abH. AO/(�a = e),HbH =
bH.u´kb = h1bh2,�Hb ⊆ HbH = bH;2db�?¿5,kHb−1

⊆ b−1H,¤±,bH ⊆ Hb.

¯¢þ,·�y²


5�

�H ≤ G,Ké∀aH, bH ∈ Sl = {aH|a ∈ G}, aHbH ∈ Sl ⇔ ∀a ∈
G, aH = Ha.

3y²Sl'uXþ½Â�$��¤��+�c,·�k5
w“aH = Ha”�A�5�.
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�H ≤ G,dHû½�¤k�m�8�¤�8ÜSl = {aH|a ∈
G}. ·�5wSl�¤+�^�.

Sl¥�$�AT�G¥�$�k,«éX¿�Sl¥�$�A

Tµ4, =é∀a, b ∈ G,∃c ∈ G 3 (aH)(bH) = cH ∈ Sl,u´ab =
(ae)(be) ∈ cH,laHbH = abH. AO/(�a = e),HbH =
bH.u´kb = h1bh2,�Hb ⊆ HbH = bH;2db�?¿5,kHb−1

⊆ b−1H,¤±,bH ⊆ Hb.

¯¢þ,·�y²


5�

�H ≤ G,Ké∀aH, bH ∈ Sl = {aH|a ∈ G}, aHbH ∈ Sl ⇔ ∀a ∈
G, aH = Ha.

3y²Sl'uXþ½Â�$��¤��+�c,·�k5
w“aH = Ha”�A�5�.
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�K�±���y,��±|^Lagrange½n5y².
y du|S3| = 6, |H| = 3,¤±H�kü��(m�8),¿�Ù¥
k���H. �k(12)H = (13)H = (23)H = H(12) = H(13) =
h(23), (123)H = (132)H = (1)H = H(1) = H(123) = H(132). �
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y ∀x ∈ G,ex ∈ H,KHx = H = xH;ex /∈ H,KHx ∩ H =
∅, xH∩H = ∅,�d�kG = H∪Hx = H∪xH,u´Hx = xH.o
�kHx = xH,=H C G. �

5¿

aH = Ha�´8Ü��,ýØ¿�X��¦È�±��.
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�H ≤ G.e�Qã�d:
(1) aH = Ha,∀a ∈ G;
(2) aHa−1 = H,∀a ∈ G;
(3) aHa−1 ⊆ H,∀a ∈ G;
(4) aha−1 ∈ H,∀a ∈ G,∀h ∈ H.

~

�H ≤ G,¡N(H) = {x ∈ G|xH = Hx}�H3G¥��5z
f.KH C N(H) ≤ G.
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dd�±wÑ,N(H)´òH��ØCf+�G����f
+.AO/, eH C G,KN(H) = G.

~

�H ≤ G, N ≤ G.K

(1) H C G ⇒ H ∩N C N ;
(2) H C G and N C G ⇒ H ∩N C G;
(3) H C G ⇒ HN ≤ G and H C HN ;
(4) H C G and N C G ⇒ HN C G;
(5) H CG and N CG and H∩N = {e} ⇒ ∀h ∈ H,n ∈ N,hn =

nh.

~

�G = S4,H = {(1), (12)(34), (13)(24), (14)(23)}, N =
{(1), (1234)},KH C G, N C H,�N 6 G.ù`²�5f+vk
D45.
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�H C G,KSl¥�$�(aH)(bH) = (ab)H´���ê$�,=
eaH = a′H, bH = b′H,K(ab)H = (a′b′)H.
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�H C G,KSl'u$�(aH)(bH) = (ab)H�¤��+.

½Â

��+G���ØCf+H��8¤�¤�+��G'uH�û
+,P�G/H.

du| G/H |�uH3G¥��ê,�âLagrange½n��

íØ

�H C G,K
|G|
|H|

=| G/H | .
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½Â

�ϕ : G //Ḡ´+Ó�N�,¡kerϕ = {x ∈ G | ϕ(x) =
ē}�ϕ�Ø.

5�

�ϕ : G //Ḡ´+Ó�,Kkerϕ C G.

5�

�ϕ : G //Ḡ´+Ó�,Kϕ�üÓ�⇔ kerϕ = {e}.
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�ϕ : G //Ḡ´+Ó�,Kkerϕ C G.

5�
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½n

�N C G,Kk+÷Ó�ϕ : G //G/N ;x � //xN.

5

1 ½n¥�Ó�Ï~¡�g,Ó�;
2 g,Ó��Ó�Ø�N ;
3 +G�z�û+Ñ´G�Ó��,?�dû+�5��
�G��
5�;

4 de¡�½n��±wÑ,G�z�Ó����U´G�û
+(3Ó��¿Âe),ùü�½nÜ¡�Ó�Ä�½n(½1
�Ó�½n).
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�G�Ḡ´Ó��+:G
ϕ∼ Ḡ�kerϕ = N,KG/N ∼= Ḡ.

y.

dN C G�û+G/N.½Âφ : G/N //Ḡ; gN
� //ϕ(g),K��

�y=�G/N ∼= Ḡ.

~

GLn(R)/SLn(R) ∼= R∗.
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½n (©)½n,1�Ó�½n)

�ϕ : A //B´ + Ó � N �,K � 3 � � � + ü Ó
�ϕ̄ : A/kerϕ //B¦eã��:

A
ϕ //

η

��

B

A/kerϕ,

∃1ϕ̄

66nnnnnnn

�ϕ̄÷⇔ ϕ÷.

y.

5 ¿ �ϕ´ + Ó �,N = ker ϕ C A,k g , Ó

�η : A //A/N,�ϕ̄ : A/N //B; gN � //ϕ(g) ÷ v ^

�.

Ï~¡ϕ̄�ϕ��ÑÓ�.
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½Â

�φ : A //B.¡φ(S) = {y ∈ B | ∃x ∈ S 3 φ(x) = y}�A�f
8S3φe��; ¡φ−1(T ) = {x ∈ A | ∃y ∈ T 3 φ(x) = y}�B�
f8T 3φe���.

½n

�φ : A //B.´+Ó�÷�,K
(1) H ≤ A ⇒ φ(H) ≤ B;
(2) H C A ⇒ φ(H) C B;
(3) H ≤ B ⇒ φ−1(H) ≤ A�kerφ ≤ φ−1(H);
(4) H C B ⇒ φ−1(H) C A�kerφ ≤ φ−1(H).
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1�Ó�½n´`,eA
ϕ∼ B,KA/kerϕ ∼= B,Ù¥ker ϕ =

ϕ−1(eB)(= ϕ−1({eB})).·�y35í2ù�½n,ò{eB}�¤B�
ØCf+.

½n (+�1�Ó�½n)

�A
ϕ∼ B,H C B,KA/N ∼= B/H,Ù¥N = ϕ−1(H).

y.

dH C B�N C A,u´A/N, B/HÑk¿Â.u´k��ã

A
ϕ //

ηA

��

B
ηB // B/H

A/N

∃1ϕ̄

66mmmmmmm

5¿�N = ker(ηBϕ),dÓ�Ä�½n=�(Ø.
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p.74 1,2,4
p.79 2,3
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ØCf
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öS�g�K

1 �G´��k�+,AÚB´G�ü���f8.y²:XJ|A|+
|B| > G,KG = AB.AO/,e|A| > |G|/2,KG = A2.

2 y²:e+G¥k���2���,Kù�2���7´G��
�¥%�.

3 �G´��+,�|G| > 1.

(1) y²:eG¥Øü �	Ù{����Ñ�Ó,Kù��Ó�
�Ø´Ã�Ò´�ê.

(2) `²ù��ü«+´�3�.
4 �a, b´+G¥���,�|a| = s, |b| = t, ab = ba.y²:

(1) |ab||[s, t];
(2) é[s, t]�?��Ïêh, G¥k�´h���.

5 �a´+G¥�����,�|a| = mn, (m,n) = 1.y²:∃1b, c ∈
G 3 a = bc, bc = cb, |b| = m, |c| = n.

6 y²:��+¥¤kk�����¤��+.
7 ¦S3�¤kf+.
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öS�g�K

8 �H´+G�����f8,�H2 = H.
(1) H´Ä�G���f+?
(2) �Hk��,H ≤ G.

9 �H ≤ G, a ∈ G.y²:aHa−1 ≤ G,�H ∼= aHa−1.
10 �H,K ≤ G.y²:

(1) H ∩K ≤ G;
(2) H ∪K ≤ G ⇒ H ∪K = HK;
(3) H ∪K ≤ G ⇔ H ⊆ K or K ⊆ H.

11 �G´��2n���+.y²:XJn´��Ûê,KGk�=
k��2�f+.

12 �H,K ≤ G,�|H| = m, |K| = n.y²:e(m,n) = 1,KH ∩
K = {e}. ��,eH ∩K = {e},´Ä�½k(m,n) = 1?

13 �G´��2p(p��ê)�k����+.y²:
(1) G�½k��p�f+;
(2) G�����¤e, a, . . . , ap−1, b, ab, . . . , ap−1b�/ª.

14 �H,K´+G�ü�k�f+.y²:|HK| = |H| · |K|
|H ∩K|

.
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öS�g�K

15 �N C G,�(G : N) = m,K∀a ∈ G, am ∈ N.

16 y²:o�ê+G = {±1,±i,±j,±k} (Ù¥i2 = j2 = k2 =
−1, ij = k = −ji, jk = i = −kj, ki = j = −ik) ´���+
�z�f+Ñ´�5f+.T+�¡�Hamilton +.

17 y²:
(1) Ã�Ì�+�gÓ��kü�;
(2) n�Ì�+�gÓ�kϕ(n)�,=�un��np����ê�
ê.

18 y²:3Ó��¿Âe,4�+�kü�,��´Ì�+,,��
´Klaino�+K4 = {(1), (12)(34), (13)(24), (14)(23)}.

19 ¦S5¥��2���.
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