L Sl A B = At Bt B e B S S = e B = Uk il

Serdon | e Procuctof Ve

1

e VY e YV AV e Y T Ve VA Y A e YV e Y Ve Yy o TV F e Yt v -




1. Definition and properties

Definition 1. Given two n - dimensional vectors

(xl\ (yl\

X, s
X = E Y= -

\Xn/ \Vn/

then [x,y] =X N +tX), -+ X,),

is called the inner product of xand y.




b=

Remarks.

(1) Although the inner product of two » - dimensional
vectors for n > 4 is a generlization of the same notion
in the 3 - dimensional space, it is no longer intepreted

in an intuitive way as in the 3 - dimensional space.

(2) Inner product is a kind of operations on vectors.

If both x and y are column vectors, their inner

product canbe denoted by [x,y]= x y.



"Properties of inner product.

Let x, y,z be vectors of the same size and 4 a number.
1) :xay] = [yax];
2) [, y]=Alx,pk

3) :x + yaz] i [X,Z]+ [yaz];

4d[x,x]=0,and [x,x]>0 iff x = 0.




2. The magnitude of a vector and its
properties

Definition 2. et x = (x;,X,," ", X,)-

Then [x|=[x,x]= \/xf + X+ X,

is called the magnitude of x, or the norm of x.

The magnitude is of the following properties:
1. Non - negativity :

If x # 0, then HxH > 0;if x = 0, then HxH =1
2. Homogeneity :  |Ax] = |4/ x];

3. Triangle inequality :  |x+ y| < |x|+|y.
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(1) If | x| = 1,then x is called a unit vector.

[xa.V]
x|[»]

(2) If |x| # 0, y| # 0, then & = arccos

is called the angle beteen x and y.
Example. Find the angle beteen o = (1,2,2,3) and

B =(3,1,5,1).

Solution. Since cosé =

aif 18 =ﬁ
|8 3v2-6 2°

6=".
4
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3.Normal Orthogonal bases

(1) Orthogonality
If [x, y] =0, then x and y is called orthogonal.

By definition, the vector 0 is orthogonal to any

other vector.

(2) Orthogonal set of vectors

If each pair of vectors in a set of vectors is orthogonal,
then the set of vectors is called orthogonal.

v >




3. A property of orthogonal set of vectors
Theorem1. If thenon -zero vectorsa,,a,, -, &, are

mutually orthogonal thena,,a,, - -,«, arelinearly

independent.
Proof. Assume that there are 4,,4,,---,4, such that

Ao +a,+-+1a =0.
Multiplyin g it by g; leads to 1 o, o, = 0.
It follows from ¢, # O that o, ¢, =|ex,|* # 0,
and thus 4, =0. Similarly, 4,=---=1 =0.

Therefore, o,,a,, --,a, arelinearly independent.



b=

4. Orthogonal bases of a vector space
If o,,a,, -,a, is a basis of the vector space}” and if ¢,
,&,, 0, arenon - zero vectors, then o, ,a,, --,a, is
called an orthogonal basisof V.

Example 1. Given two orthogonal vectors of the 3-

dimensional space 1 1
a, =|1|, a, =|—2
1 1

Find a vector ¢, such that ¢ ,a,,a,form an
orthogonal base of the 3-dimensional space.



. Solution.
“Assume that o, = (x,, x,, x, )" # 0is orthogonal to a,,Q,.

Then [¢,,a;] = [a,,0;] = 0, namely
la,a]=x,+x,+x;, =0
lo,,a;]1=x;, —2x, + x;, =0

Therefore x, = —x;, x, = 0.

X il
By putting x; =1,wehave qa,=|x, [=| 0
X, 1

which can serve as the vector desired.
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% (5) Normal orthogonal bases

Definition 3. Let e ,e,,---,e, be a base of the vector space}l
R").If all of them are unit vectors and if they are mutually
orthogonal, then e,,e,, - -,e, is called a normal orthogonal

(or shortly, orthonormal) basis of V.

For example,

(l/ﬁ\ (l/ﬁ A ( 0 ) g
- 112 = -1/72 0 0
e 0 1/2 1/72
E e e

N
Il
D
Il




(12 (1029 (0% (0 -
1/\2 ~1/+2 0 0

0 0 12 1/V2 |
G e e o RO

Since [ei’ej] =0, i#j;i,j=1234.
[eiaej] =1, i=j;1,j=1234.

e,,e,,e,,e, is an orthonorma 1 basis of R*.
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Following the same reasoning,

(1)
0
0

\0)

0)
1
0

\0,

(0)
0
1

\0)

0
0

ol

1

is also an orthonormal basis of R*.
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6. An approach to finding an orthonormal basis

Leta,,a,, --,a, be abasis of V. Our aim is to find an
orthonormal basis of V" such that e ,e,,---,e, and
a,,a,, -,0, areequivalent. This process is said to

orthonormalize ¢,,c,, ,, .

r
Assume thata,,a,,---,a, isabasisof V.

(1) Orthogonalization.

[b19a2]
T




[bl,a3] [bzaasl

h =g
i [bl,bl [bz,b]

el linel 6,150,

br r r-1
[b,,b, ] 16,,b, ] 1,150, ]

Thus b,,---,b, are mutually orthogonal,and b,,---,b,

and a,,---a, are equivalent.
(2) Normalization. Divide each vector by its norm.

b, _ b, i

oooooo

. e, =—= = ;
BEL

Clearly, e,,e,,---,e, is an orthogonal basis of V.

e, =




7
’ﬂe above method to contruct an orthogonal set of vectors

b,,---,b, by using linearly independent vectorsa,,---,a,
is called the Gram - Schmidt orthogonalization process.

Example 2. Apply the Gram-Schmidt orthogonalization
process to orthonormalize the following set of vectors.

a, = (LLL1),a, = (1,-1,0,4),a; = (3,5,1,-1)
Solution. Firstly, we orthogonalize them.
Let b, = a, = (1,1,1,1). Then

b2 = 612 o [b19az]b1
1, 1-1+4
=(1,-1,0,4)— 1,1,1,1)=(0,—2,-1,3
( ) 1+1+1+1( ) ( )

._.' ..-
...‘.;i'
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[b19a3] [b29a3]
* [b,,b, 1 b,,b, 1
—14

=(3,5,1,—1)—4(1,1,1,1) —y (0-2-1.3)=(11,-2,0)

Then we normalize b,, b, ,b3 :

b1 1111
=—===(LELl)] =1~ 5=
€ Bigp ( 2 z)

by

b1 9 1 3
= I 0,-2,-1,3)=| 0, ’ ’
20 Bl NTR ) ( J14° 14 J14)

byt 1 . ey
= o 76029 (o 7o 75 4)
AR >




iﬁ?  Example 3.

1 —1 4
Leta;=| 2 |,a,=| 3 [a3=|—1|. Apply the
-1 1 0

Gram - schmidt orthogonalization process to get

orthonormal vectors.

Solution. By letting p, = q,, we have

= ; 1 HeT
b2=a2—[az’21]b1= 3 —g 2 =5 1B
b, . Al
g [tlsabzl]bl (i [a3ab22] by
by b




4 1 =1 1

=|-1 L 2 +5 1 (=210
3 3
0 -1 1 1
Dividing each vector by its norm, we have
1 -1
i bl = 1 2 = b2 =i 1 1
| L =i ) 2= e ’
led V6| e V3|
1
L
= =

e1se2.e3 18 the vectors desired.
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bi, b1 laz.bil

] = b )
bl led~ [pf
bz =dadz —Czs

[ 63y, [a29

¢, is the projection of a, on the
plane spanned by b,, b,. a/ by
Since p, L b,, c;is the sum of projections ¢, and

032 Of a3 On bl,bz, ioeo

I [a39b1] [(l39b2] b3 TG

G331 s H , bt > b2
1
L4

b:



: . Example 4.
% 1

Given g, =| 1 [,find the non - zero vectorsg,,q; such that
1
a1-a>-a; are mutually orthogonal.
Solution. a2,a;should satisfy the equaiong; x = 0,0r
xi+x;+x3=0.
Its one of systems of fundamental solutions is
1 0

ci= 0 LE — ]
= =




Orthogonalize vectors in the system of fundamental
solutions in order to get the desired vectors.

[S155,]

Leta =§ s d =§ — 5 I
e
where[£,,£,] = LI£,,&,] = 2.
1 0 1 -1
1 1
gi- 0L el




4 Orthogonal matrices and
orthogonal transformations

Definition 4. If a square matrix A satisfies that
4 E(or i AT), then A is said to be an

orthogonal matrix .

Theorem. A4 is an orthogonal matrix iff all of its
column vectors are unit vectors and they are
mutually orthogonal.

i )
Proof. (a, a, a,,

ol G0 D

n

AA =ES

kanl anz ann/




Lo
N a:z (alT,ag,“',aZ)=E

\2,, )

(alalT alag alag\
- Olz'alT Olz.ag 0!2'055 =5

\.e 2,0 | 4.0,
- by (i,j=1,2,---,n)

0, otherwise




Remarks.

1.Since A' = A" for the orthogonal matrix A,

AA" = E. As aresult, all row vectors of an
orthogonal matrix are unit vectors and mutually

orthogonal.

2.Since an orthogonal matrix satisfies
A"A=E, |A"||A|=1,i.e. |4| = +1. Hence

every orthogonal matrix is invertible.




>

ws@Definition 5. If P is an orthogonal matrix, the
“ linear transformation y=Px is called an
orthogonal transformation.
Property. An orthogonal transformation does not
change the magnitude of a vector.

Proof. Let y = Pxbe the orthogonal transformation.

Then |y|= .y y=+/x P Px =/x x =|x|.

Example S. Whether are the following matrices

orthogonal or not? aatp e
9 9 9
T Al e
@Wii=—12 1 12 o '
13 (D "9 o gy b




{19 g3
Solution. (1)|-1/2 1 1/2
132512 ¢ =1

Pay attention to the first and second column.

Since 1x(—1)+(—1)><1+1x1¢0,
2 2 Sl

the matrix is not orthogonal.
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(L 8 4

9 9 9

8 1 4

L i

() 9 9 9

Ll
Sinee. 2 1
108 gyl
9 9 9 9
s A R ]
9 9 9 9
4 407 i
T4 gL

the matrix is orthogonal.

S o -
=R )
e [ === =)
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L
2 2 2
o
12 2 2 is an orthogonal matrix.
— 0 0
2
G
2 D

Proof.
Since all column vectors of P are unit vectors and

the set of column vectorsis orthogonal, P is orthogonal.
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