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| "1 The concept of linear transformation

1. Mapping

Definition1. Let A, B be two non - empty sets. To each
a in A, by some rule 7', corresponds one and only one
definite £ in B. Then the rule 7 is called a mapping
from A4 to B, which is denotedby S =T(a)or f =T«,
(a € A). B is called the image of o and « is called the

pre-image of £.




For A, c A, the set of the images of all elements in A4,
is denotedd by 7T(A), i.e.

T(A,)= {ﬂ = T(a)‘a = Ao}9

Apparently, 7T(A)c B.

Clearly, mapping is an extension of the concept of
function.




i Definition 2. Let V be a linear space T a mapping from
V toV.If T satisfies the following conditions, then 7 is
called a linear transformation.

(1) Vea,peV, T(a+p)=T(a)+T(B).

2) VAeRaeV,T(Ax)= AT ().

Examplel. In P[x],, the differentiation operation is

a linear transformation.

3 2
Proof. V p=qgix’+a,x"+a;xX+a,< P[x];,

2
Dp=3a3x +2a2x+a1,




q=b3x’+byx’+ b xX+by< Plx],,
Dg=3b;x"+2b,x+by,
Hence, D(p+gq)
= Dl(as+ b3) x’ + (ar+ b)) x" + (a1 + b)) x + (ap+ bo)]

=3(as+b3) x>+ 2(a,+ b)x +(a; + by)
=QBasx’+2ax+a)+Bbsx’+2b,x+by)

= Dp + Dg;

EN K4 B4



D(kp) = D(ka3x3+ka2x2+ka1x+ka0)
- k(3a3x2 e 2a2x+ al)
= kDp.
Hence, T is a linear transformation.
Remark 1. If 7(p)=a,,thenT is also alinear
transformation.
Thereason: T(p+q)=a, +b, =T(P)+T(q).
T (4Ap) = Aa, = AT (p).
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Remark 2. If T(p)=1,then T is not a linear

transformation.

Thereason: T(p+q)=1,

but T(p)+T(q)=1+1=2,

Asaresult, T(p+q)=T(p)+T(q).




" Example2. LetT bedefined by

7 xX) (cosp —sing) x
y | sin @ cosp Ny
Then T is a linear transformation over xOy plane.

X =rcosb,
Solution. Let { | SO
y =rsind,

T(x] i (xcosqo — ysin qo]

y xsing + ycos @
_(rcosfcosp—rsinfsing ) (rcos(f+ @)
1 [r cos@sin ¢ + rsin 0 cos qo] - [r sin(6 + (o)]’

N B ES




- Geometric explanation : T rotates a vector by an angle

of ¢ anti-clockwise.

a

y




~ the interval [a,b] is a linear space. In this space,

define
T(£(x)= [ fleur
Then T is a linear transformation.

Proof. Let f(x)eV,g(x)eV.
Then 7L£(x)+ g(x)]= [ £(0)+ gloki
- [ o [ eloun

= T[f(x)]+ T[g(x)]
EN B2




T(kf (x)) = (ks () = k [} £ (e)dt = kT[ £ (x)}

Example 4. The following mapping in any linear
space V'is a linear transformation.

Ela)=a, acV.
Proof. Forany a,f eV,

E(a+,8)= a+ p= E(a)+ E(,B)
E(ka)=ka = kE(a).

Hence E is a linear transformation, which is called
identity transformation.




Example 5. The zero transformation in any linear
space V' defined by O(a)=0(Va cV) is alinear
transformation.

Proof. Let @,8<V. Then
0(cz + B)=0=0+0=0(cx)+0(5)
0(ka)=0=k0=k0(a).

So the zero transformation is linear.




7 Example 6. In R’,define
T(x,,x,,x,) = (x2,x, + x,,0)
Then 7 is not a linear transformation.
Proof. Va = (a,,a,,a,),8 = (b,b,,b,) e R’,
T(a+ B)=T(a, +b,,a, +b,,a, +b,)
= ((a, +b,) ya, + a, + b, + b,,0)
# (a2,a, +a,,0)+ (b2,b, + b,,0)
=T(a)+T(B).
k4



2. Properties of linear transformations
1. 7(0)=0, T(-a)=-T(x);
2.If p=ka, +k,a,+--+k, ,, then
Tg=kTo, +k,Ta, +---+k Tca,;
3. If ¢,,c,, --,, is linearly dependent, then

Te,,Te,, - -,Ta, is also linearly dependent .

Note. Linear independen ceof ¢,,,, --,,, does not

necessarily imply linear independen ceof 7¢,,Ta,,: -,
To

m'




" 4.LetT be alinear transformation of V. Then the

set T(V,)of theimages of V| is asubspaceof V.
Proof. Let B,,3,T(V,),so thereexist a,,a, cV,
such that Te, = B,,Ta, = 5,. Thus
B+ B, =Ta, +Ta, =T(a,+a,)eT(V,).
kB, =kTa,=T(ke,)eT(V,).

Since T(V,)cV,,itisasubspace of V.




" 5. Let S, ={ala eV,,Ta =0}.Then S, is a subspace
of V. which is called the kernel of 7.

Proof. If ¢,,a, €S, then Ta, =0,Ta, =0,
and thus T'(a, +a,)=Ta, + Ta,=0 i.e.a, +a, € S;.
If ¢, € S;,k € R, then
T(ka,)=kTa, =k0=0Q i.e. ka, € S,.
As aresult, S, is closed for the linear operations.

From S, cV, ,itfollows that S, is a subspaceof V.

EN E4




Example 7. Let

(an ' A o aln\
azi Az " A
A— : : : =(0519a29"'905n)9

kanl aAn2 Ann)
a;
aZi 0 ° n

whereo; =| ! . Define a mapping 7 in R" by

a

ni

T(x)=Ax(x € R").
Then 7 is a linear transformation . E



Indeed,if a,b < R", then
T(a+b)=A(a+b)=Aa+ Ab =T(a)+ T(b);
T (ka) = A(ka) = kAa = kT (a).
Clearly,
T(R)={y=xia1t x2a:+ "+ x,a,

‘ X19X29 "9 Xn € R}

whereas the kernel S, of T is the solution space

of the system of linear equations Ax =0.

v >




ﬁ% 3.The matrix expression of a linear

transformation
As we know, if
(an Qi aln\
az; dad»» °'°° dA2n
0 | : : : =(0519a29"'905n)9
kanl An2 " QAnn)
a,;
a,;

wherea, =| ' |, define T by

ni
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" T(x)=Ax(x<R"), then T is a linear transforma tion.

Assume e,,e,, --,e, are the unit coordinate vectors.

Then A, =

(an

asi

kanl

(an

asi

\anl

aiz

a

aAn2

ai

a

an2

\
A1n

An
Ann)

A1in

Arn

(1)
0

Ann )

\0)

(0)
0

1

= Ons




i.e. o, =Ae;=T(e;) (i=12,---,n)
Conclusion : If 7(x) = Ax, then the columns of
AareT(e;)(i=1,2, --n).
Conversely,if a linear transformation 7 such
that7(e;)=c,(i =1,2,---,n), then
T(x)=Tl(e1re2, " "sen)X]
=T(x1e1t+ x2e2t "+ x,e,)

=x1T(e))+x:T(er))+ -+ x,T(e,)

=(T(e1)sT(ez)s 5T (en))x
= (@12 s &)X = Ax.




i In other words,
Each linear transformation 7 of R” can be expressed by
T(x)=Ax (xeR")
where  A=(T(e1),T(ez)s -5 T(e,))

(a11 ¢ i aln\
S|4 apn T A2
e . . . 9

\@n1 An2 " QAnn)

with ¢,,¢,,: - *,e, being the unit coordinate vectors.
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=% 4.The matrix of a linear transformation
| under a given basis

Definition 1. Let V' be an n-dimensional linear space
T a linear transformation of V. Given a basis of V,

alaaza'”aan ,lf
T(a1)= a,c, +ta,a,+ --+a,a,,
< T(az)= a,a, +aa,+---+a,a,,

ooooooooooooooooooooooooooooooooo

\T(an)=a1nal e e B

nn~""n’
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- denoted by T(a,,a,,-,a,)= (T(e, ), T(a, ), T(,)),
then we have
T(alaaza'”aan)= (alaaza'”san)A

= \
(an a,, a,,
a a PR a
21 22 35
where A= -
kanl anz i ann J

We shall call 4 the matrix of the linear transformation
under the given basis ¢,,%,, ,&,

v >




‘ Obviously, 4 is uniquely determined by T (), T (a,,)-

Now assume A is the matrix of 7 under the given basis
oo s LI Nl T
T(ey,2,,5a,)=(2,a,, -, ) A.
Let us check what conditions should be satisfied by 7.

EN K4 B4



Vael ,leta= Zx.a. then
i=1

| Rt

T(a) = T(é ) z 1)

(0
= (T(a): T(@D)y > T(@n)| .
S
=(arsazs a7,
\X, )




namely,

! X1 : X1

X X,
T(al,az,---,an) : =(a1,a2,---,an)A i

il xn U xn

The above expression uniquely detertermines

the linear transformation 7', whose matrix is A.
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Conclusion:

When a basis in a linear space is selected, a linear
transformation 7 uniquely determines a matrix A.
Conversely, a matrix 4 uniquely determines a

linear transformation 7.

In other words, linear transformation and matrix are
uniquely determined by each other after a basis is

selected.




r (alaaza'“aan)

X

n

= (avaza"',an)A

It follows that under ¢,,2,, --,«,,

the coordinate of « is

] EN K4 B4



\
%’
~e

The coordinateof 7T'(a)is A 5

or equivalently,

T(a)=Ac.

N B =



" Examplel. In P[x],,take the basis

D1 = x3apz . xzaps =x,p, =1.

Find the matrix of the differentiation operation D.

Solution.

(Dp,=3x*=0p,+3p,+0p.+0p,,
Dp2=2x=0p1+0p2+2p3+0p4,
Dp3=1 =0p1+0p2+0p3+1p4,

\Dp4=0 =0p,+0p,+0p,+0p,,




-

Hence the matrix of D under the basis in question is

(0 0 0 0)
300 0
A= .
0200
(0.0 Tt 0
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Example 2.

In the linear space R[x] , define the mapping

o(f(x))= ;i F(x), f(x) € Rx],.

By properties of derivatives, o is a linear
transformation of R[x] , which is called
differential transformation.

Take the basis 1,x,x*,---,x" " in R[x], .




Then we have

oc1)=0, o(x)=1, O'(xz) = 2x,

......... . o(x" HN=(m-1)x""?
So the matrix of o under 1,x,x>,---,x" ' is
iy 1] ing oo 0 )
0o 0 2 .. 0
A=l :
O 0 0 --- n-1
b0 o




 Example 3.In R’, let T denote the projection

on the xOy plane, i.e.

T(xi +yj +zk)=xi +yj,
(1)Find the matrix of 7 under the basis 7, j, k.
(2)Find the matrix of 7 under thebasisa =i, = J,

y=i+j+k.
Ti- 7
Solution. i i’
1) 1 =7,
Tk =0,
1 0 O

ie. T(i,j,k)=(@,j,k))0 1 0|

0O 0 0 @




L0l
i.e. T(aaﬂﬂ/):(aaﬁay) (I |
0 0 O

This example shows that a linear transformation
has different matrix under different bases.

However, there exists some relationship among these
matrices, which is explicitly shown in the following

theorem. =
ALY




. The matrices of a linear transformation
under different bases

Theorem 1. Let {¢,,,, -, ,}and {5, 5,, -, B,} be

two bases in the linear space V. If the transition matrix
from {¢a,,a,, -,a, }to{B, 5, ,B,}is P, and if the
matrices of alinear transformation 7 under {¢,,2,, :-,2,}

and {f,,5,, -, B,} are A and B respectively, then we have

B=P'AP.




Proof. Since(B,,5,, -, 8,)=(a,,a,,-,a,)P

T(avaza' : '9an) = (alaaza' ' '9an)A9
T(ﬂpﬂza' I '9ﬂn)= (ﬂlaﬂza' | ‘9ﬂn)B

Thus (ﬂl?lBZ""aan)B 5 T(ﬂlaﬂza"‘aﬂn)
=T[(0!1,0[2,-“,0[n)P]

=T|(ey, 25,2, )| P
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=(a19a29"'9an)AP

= (ﬂlaﬂzs'”aﬂn)P_lAP

Since f,,p,, -, B, arelinearly independent,

B=P'AP.

It follows from Theorem 1 that the matrices of a linear
transformation under two bases are similar.




w38 Example 4.
Let the matrix of a linear transformation 7 of J/,

under{a,,a,} is

i (an a12j’
a d
Find the matrix of 7 under the basis {¢,,2, }.

| I |
Solution. (az,a1)=(a1,az)( : OJ’

i.e P=0 : d th —1—0 :
-€. L0 an usp—lo.
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‘Consequently, the matrix of 7 under the basis {a,,a,} is
(0 1)(% au)(o 1]

1 0 a a 1 0

an anp)\1 0
(azz 6121)

a2 au




Definition 2. The dimension of the image space7(},,)

of a linear transformation 7 is called the rank of 7.
Conclusion :

(1) Let A be the matrix of 7 under a basis. Then
The rank of A4 equals the rank of 7.

(2) If therank of T is r, then the dimension of the

kernel S, of Tisn—r.




hE.

'Example5. Let the matrix of the linear transformation

o of 3-dimensional space} under the basis {¢,,a,,a,} be

1 2 5
A=14 5 6
7 8 9

Find the matrix of o under the basis {¢,,a3,a1}-

Solution. By the given condition,
1E2 o

o(aisazsas) = (@rsazsaz)|4 S 6
g g




(0(a)= a1tdar+7as
o(az) =2a1+5a,+8as;

o(a3)=3a1t6a:+%a;

\.

i.e.

(0'(052) =Sa,+8a3+ 2
ola)=4a:tTaz+ a;

Therefore, the matrix of o under {«,,a;,,}is
NN 12

B=(6 9 3|
din Tl




