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1.Basis transformation formula

and transition matrix

As we know, any # linearly independent vectors

can serve as a basis of an n-dimensional space V.

So there are a number of bases in V. Clearly a
vector has different coordinates in the distinct bases.

Question: What is the link between coordinates
when a basis is transformed into another basis?

In order to answer this question, let’s begin with
the basis transformation formula.
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Leta,,a,, --,a,and S, B,,--, B, be two bases of V

and

r

By = pua, + pyo, ++ paa,
B, -p.aitp.a -1 p.a

< (1)
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(1)is called the basis transformation formula
between «,,a,, -,a, and B, B,, -, B, .




By = Pnoy + py1&, +++ pa,
Since ﬁ By = P10y + PryCy ++ paa,
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B Pu Pn = Pu| & @,
B, P2 Pxn ° Pn|| & r| &
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or equivalently

(13131829"'91311): (alaaza'“aan)P

|

The basis transformation formula

In this formula, P is called the transition matrix from

alaaza"'aan to ﬂlaﬂza'”aﬂw

It can be checked that the transition matrix P is
invertible




2.Coordinate transformation formula

Theorem1. Let o be an element of V. If the coordinates

of o under the bases ¢,,2,, --,a, and B, 3,,---, 5, are
T T .
(x';,x',,-,x" ) and(x,x',,--,x' ) respectively, and

the two bases satisfy

(1319:329' ' 'an): (alaaza' &, )P
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then we have
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s Proof. o : 1
. X X,'
Since a = (a,,a,,+,,) : = (B, 8,52 8,) :
X, \X,')
(13191529"'91311):(alaaza'”’an)Pa
X X'
X X'
(&5, 52,) : =(01,0," 5, )P P
X ol




namely,
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Examplel. In P[x],, let
a,=x+2x"-x, a,=x"—x*+x+1,
a - x P2x Fx+l g - x x 1
and B, =2x"+x*+1, A= o2
A =0x By L) B0 3k )
Find the coordinte transformation formula.

Solution. First,use o,,a,,a;,0, toexpress 5,,3,,5:,5, -

. 3 2
Since (¢,,2,,0;,a,)=(x",x",x,1) A,

(B1sBys B3 By) = (x39x29x91)B9




where A=
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we have (1319:329:839:64) — (0{1,0{2,0[3,0{4)A_IB.

Hence the coordinate transformation formula is
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What is left is the computation of B A.

(B 4)=
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¥ Example 2. Geometric explanation of coordinate

transformation.
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be two bases of V = R>.

: 1 :
Then the coordinate of o = i a, +a, under a,,a, is

e



By the coordinate transformation formula, the

coordianate of o under S,, 5, is
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