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1. Dimension and bases of a
linear space

As we know, there are at most » linearly independent
vectorsin R".In a general linear space, there exits a
similar conclusion. In this section, we shall investigate
this topic. Let's begin with the dimension and bases

of alinear space.




 Definition 1. If a,,0,, -, a, €V satisty the following
conditions, then {¢,,2,,---,«,} is called a basis of }

and »n the dimension of V.

1) a,,a,, :-,a, are linearly independen t.
(2) Any other element in V' can be linearly

expressed by ¢,,a,, --,«,.

n

A linear space V' with dimension n is called an
n-dimensional linear space, which is denoted
by V,.




If a linear space has infinite linearly independent
Vectors, then this space is said to be infinite-
dimensional.

Clearly,if o,,a,,--,c, is abasisof V, thenV

can be written in the form

. {a = X, 0+ Xyt XX 5 Xy 5 X, € R}




2. Coordinate

Definition 2. Let {¢,,,, --,a,} beabasisof V ,
so for any a €V, there exist x,,x,,---,x, such
that o = x,a, + x,0, +---+ x, ,. We shall say
that (x,,x,, -, x, )T is the coordinate under the
basis {o,,2,, -, }.

It coordinate of a vector is unique if the basis

is fixed.
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+'28 Examplel. In P[x]let p, =1,p, = x,p, = x*,p, = x°
- p.=x*.Then{p,, p,, p,» P.» p<} is a basis of P[x], since
every polynomial p of degreeless than S can be

expressed as
= 4 3 ]
p=a,x +ta,x +a,x" +a,x+a,

which is

Hence, the coordinate of p under { p,, p,, p;, P> Ps} 1S

T
(ay,a,,a,,a;,a,) .
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- If thebasisq, =1,4, =1+ x,q, =2x",q, = x",q, = x*
is selected, then

1
p= (ao—al)q1+alqz+Zazq3+asq4+a4q5

The coordinate of p becomes

T




Example 2. The set of all real matrix of order 2
is a linear space for the addition of matrices and
Multiplication of matrix by a number. In this space

lE_lO _01
et 11—0 09E12—0 0/

_00 _00
E21_1 O,Ezz—O 1

we have

ki k
kiEnwtk:EntksExntkiExn= s

ks kq




Hence,

0 0
kiEntk:EutkiEntksE»n=0 :(0 0)9

< ki=k,=k;=k;=0,
namely E,,, E12» E215 E 2, are linearly independent.

For an arbitrary real matrix
a dan
A:( jeV,
a d
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we have

A=gnEn+anExtanExntanEn

whence{E,, E1>, E»- E»}isabasisof V.

The coordinate of 4 under this basis is

(@,58,5505,585,)




Example 3. In R[x] ,let
e1=le,=(x—a)es=(x—a), e, =(x—a)""

By Taylor Formula,
f(x)=f(a)+ f'(a)(x—a)+

(n-1)
EE e f (a) (x sl a)n—l
(n—1)!

So the coordinate of f(x)under the basis

f"( )

(x—a)’

{€15€25E35 "3 Eny IS

" (n-1)
a0, L By

Y,
-y




@é 3. Isomorphism between linear spaces

- Let gq,a25 s, D€ a basis of n—dimensional space

V.. Under this basis, each vector of V, has a uniquely

determined coordinate which belongs to R". To each
vector corresponds its coordinate so that we obtain a
mapping fromV, to R".

It is worth noticing that this mapping demonstrates
very good behaviors. First, the mapping is surjective
and injective, or equivalently a one - one mapping.
Next, the mapping is operation - perserving. We

shall discuss such mapping in the name of isomophism.
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~ % Definition. Let U,V be two linear space. If there exists
- aone-one correspondence between them and the
correspondence preserves the linear operations,
then U and V are called isomorphic.

For example. An » —dimensional linear spaceV’,

and R" are isomorphic.

Indeed,let o,,,, --,a, beabasisof V. Then
V,= {a = X0, + X0, + o+ X, @, X 5 Xy X, € R}
Leta-xa, +x,o, £ 4 x o

T
A (xlaxza"'axn) .



Clearly, this correspondence is one-one.
In addition, let

T T
A (X5X,555%,) B (V15Yys5Y,)

i.e. ¢ =x a1t x:a:2t +Xx.An

B=ya1ty,a:t+yan
Then

a"‘ﬂ =(x1+yl)a1+(x2+y2)a2+'“+(x,,+y,,)a,,

ka = kxa, + kx,a, +---+ kx, a,

A v >



That is to say,
A+ (X + Y%+ V555X, + yn)T
= (xlaxza"'axn)T +(J’19.V29'“9yn)T
a+ B < (kx ,kx,y - kx,)
:k(xlaxza"'axn)T

Hence the correspondence preserves the linear
operations, and thus U and V are isomorphic.




h =

o ::“,_%, -

Properties of isomorphism

1. Isomorphism is reflexive, symmetric and transitive.

2. Any two n-dimensional linear spaces are
isomorphic.

For a linear space, there are two essential elements,
a set and two operations. If there is a one-one
correspondence between sets and the two operations
between the linear spaces are preserved. Then these
two linear spaces are identical in essence. Therefore,




)

we shall differentiate two isomorphic linear

space in mathematics.
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