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*# 1. The definition of linear space

Definition 1. A linear spaceV is a set of objects which
can be added and multiplied by numbers, in such a way
that the sum of two elements of V' is again an element
of ', and the product of an element of V' by a number
is an element of V', and the following properties are
satisfied for any given a, #,y €V and any real

numbers 4, u.

(Da+pB=pB+a.




- @(a+p)ry=a+(B+7y).

(3) There is an element of ', denoted by 0, such

that o + 0 = a for all elements o of V.

(4) Given any element « of V', thereis an element

pf,called the negativeelement of «, such that
a+ [ =0.
B)la=a.

(6) A(ua) = (Au)e.




(7 (A + p)a=la + ua.
8) Aa+ B)=Aa+Ap.
Remarks:

1. The addition and multiplication by a number
in a linear space are called linear operations.

2 . A linear space is also called a vector space and
an element is accordingly called a vector.
However, a vector is not a set of ordered
numbers any more.
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The approach to checking whether a set is a linear space

(1)In a set, if the involved addition and multiplication
are just operations of real numbers, then what is
needed is to check the closedness of operations.

Example 1. Denote the set of all m x n matrices

by R™".Show that R™" forms a linear space for
the addition of matrices and multiplica tion of

matrix by a number.




mxn? /’i’Amxn = Dmxn’

L)
7 Proof. A, +B, =C

i.e. R" is closed for the addition of matrices and
multiplica tion of matrix by a number, thus a linear
space.

Example 2. Denote the set of all polynomials of degree
less than n by P[x],, i.e.

Pix], ={p(x)=a,x"+---+a,x+a,,a,, ,a, € R},
Show that P[x], forms a linear space for the addition

of polynomials and multiplication of polynomial by a

number.



Proof.
(anx"++arx+ap)+(b,x"+--+b X+ by)

=(ant+bs)x"+ -+ (a1+b)x+(ao+ bo) € P[x],
Ala,x"+ +a1x+ap)

=(Aa)x"+ - +(Aa)x+(Lay)< Plx],

P[x], is closed for both operations, and thus a

linear space.
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¥ Example 3. Denote the set of all polynomials of degree
nby O|x],, i.e.
Olx], ={p(x)=a,x" +---+a,x+a,|a,,,a,cR,

a, #0}.

In this case, since

O0p=0x"+---+0x+0¢0[x],

O[x], is not closed for the multiplication of polynomial

by a number, and thus not a linear space.
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Example 4. The set

S[x]={s = Asin(x + B)A,B € R}.
forms a linear space for the addition of functions
multiplication of function by a number.

Proof. s, + s, = A sin(x+ B,)+ A, sin(x + B,)
= (a, cosx + b, sin x) + (@, cos x + b, sin x)
= (a, +a,)cosx + (b, + b, )sinx

= Asin(x + B) e S[x].




"ﬂsl = A, sin(x + B,)= (14, )sin(x + B,) € S[x]

Hence, S[x]is a linear space.

Example 5. The set of all real continuous functions
on [a,b] forms a linear space for the addition of
functions and multiplication of function by a number.

The proof is left to the reader.

(2) Generally, the eight properties should be
verified one by one in order to judge whether
a set forms a linear space.



Example 6.

The set R”of positive real numbers is a linear space
for the addition and multiplication by a number
defined below.

a®b=ab, loa=al,(ﬂ,eR,a,beR+).
Proof.
Va,be R ,>a®b=abeR";

VieR,acR ,= Aoa=a" eR".
These two operations are closed.




% The eight properties are verified one by one in the

following:
MNa®b=ab=ba=b® a;

2)(aDb)Dc=(ab)®c=(ab)c=a D (bDc);
(3) The zero element is 1in R*. Indeed,
foralae R, a®l1=a-1=a;

(4) Va € R”,its negative element is 4 R
Indeed,

-1 -1
a®a =a-a =1




(5)1ca=a' =a;

(6) Ao(poa)=Aoa” =(a“)/1 =a™ =(Au)oa;
NDA+pu)ea=a*"*=aa" =a* ®a*
=Adoa® uoca;
(8) Ao(aDb)=Ao(ab)=(ab)' =a*b”
=a’ ®b ' =Aoa®Aob.

Hence, R’is alinear space.
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Example 7. The set of n ordered real numbers
S = {x = (xl,xz,---,xn)T Xkt R}

is not a linear space for the addition of vectors and
multiplication by a number defined below

/Io(xl,---,xn)T = (0,...,0)

dueto 10 x=(0,0,---,0) (Vx e S").




2. Properties of linear spaces

Property 1. The zero element is unique.

Proof. Suppose there exist two zero elements 0,,0,.
Then for any @ € V,wehavea +0, =a,a+0, = c.
Since0,,0,€V,0,+0,=0,,0,+0,=0.,.
Hence,0,=0,+0,=0,+0, =0,.
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% Property 2. The negative element of any element
is unique.

Proof. Suppose that o has two negative elements 5, 7.
Then a+8=0, a+y=0.

Thus g=p4+0=p+(a+y)
=(B+a)+y
=0+y =7.

The negative element of o will be denoted by -c.

v >




- 3.00=0; (-a=-a; A0=0.

Proof. a+0a=1a+0a=(1+0)a=1a=a,

i.e. 0 =0.
Froma+(-1)a=1la+(-1)a=[1+(-1)]ja =0a =0,
it follows that (—1)a = —a.

AW=Aa+(-1a]=1a+(- 1)
=[A+ (- 2)]a =0a
- 0.
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’&1’ 3. Subspaces

Definition 2. Let V' be a linear space and L a
non-empty subset of V. If L itself is a linear space
for the addition and multiplication by a number
in V, then L is called a subspace of V.

Theorem. A subset of linear space V'is a subspace
of Viff L is closed for the linear operations in V.

Example 8.

Whether are the following subsets of R> linear
space? Why?




L (1 b 0]
mw=l,
(2)W2={(“ : OJ

[ i | e

Solution.

b,c,d € R};

a+b+c=0,a,b,ceR}.

(1) is not a subspace since

1 0 0
A=B~= eW,
0 0 0

2 0 0
and A+ B= ¢ W,.
0 0 0
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7 W, is not closed for the addition, and thus not a subspace.
(2) Si e Wy, W,i t
ince eW,, - empty.
i 2» W, is non - empty

Moreover, if

a b 0 )

A e Ul B sy c W,

0 0 ¢ il

then a,+b,+c¢, =0, a,+b,+c,=0,

+ b, +b 0
5 A+B=(a1 a, 0,T0, J

0 ¢ ke




and (a1+az)+(b1+b2)+(cl+cz)=09

Hence A+ B € W,. In addition, for all k € R
L ka, kb, 0
00 ke
and ka, + kb, + kc, =0,

ie. kAeW,.

Therefore, W, is a subspace of R*,
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