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| 1. Lagrange’s method of completing the square

In the previous section, we transform a quadratic
form into a canonical form.

Question: Is there any other method to transform
a quadratic form into canonical form.

In this section, we shall introduce an alternative

Method--the Lagrange’s method of completing
the square.
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Lagrange’s method is as follows.

1. If f contains x’ for some i, then put x, —related
terms together. Afterwards, complete the square.
Continue in this way until all the variables become

squared. After a succession of non-degenerate linear
substitutions, a canonical form is available.




2. If f does not contain any xand there exists
a; #0 (i # j), then make the linear substitution

fxi=yi_yj
X JL Ty, (k=1,2,~-,n and k#i,j).
X0 T Vi

We obtain a quadratic form with some square terms,
follow the above procedure to complete the square.
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k Example 1 Transform the quadratic form
f=x2+2x; +5x; +2x,x, +2x, X, + 6x,X,
into a canonical form, and find out the transformation

matrix.

Solution. -Square term
= f‘zﬁx; +5x; +

—related term

EN K4 B4



(x1 +X, +x3)2 +x, +4x, +4x,x,

2 2
=(% +3,+3,) +(x, + 2,
(V1 =X+ X, + X, (X =y -Vt ),
Let |y,=x,+2x; Then < x,=y, -2y,
Wi X = Vs
X, Ll ey
namely| x, |={0 1 -2]|y,
X, 0 0 1 \y,
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Hence f = x; +2x; + 5x; +2x,x, + 2x, X, + 6X,X,
2 2
= 3 L

The transformation matrix is



.ﬁg ~ Example 2.
*  Transform f =2xx,+2x,x;—-6x,x,intoa
canonical form and find out the transformation

matrix.
Solution. Since fdoes not contain any square term

rxl =Nt X1 L] B [ 7
Let 1% =~V | or | x|=(1 =1 0y,
(X3 = )3 X3 L

Substituting into f =2x,x, +2x,x; — 6x,Xx; yields
f =2y =2y; —45,5; + 81,);.




' Completing the square, we have
I = 2(.)”1 = y3)2 T Z(J’2 = 2)”3)2 * 6y32°

(L=n-)
Let 12,=y,-2y,
Ll
r.V1=z1'|'z3 Y1 1 0 10z
Then y,=27,+2z;, | or [y, (=10 1 2] z,
(V3 =23 Y3 0 0 1)z,

S0 f D 05 ni6r




To make a summation, the transformation matrix is

L fa e (R el ||

c-|1 -1 010 1 2
O 0 1cn O |
1 15

11 -1 -1 (c]-2-0)
0 01




The desired canonical form is
2 2 2
f = e

The linear substitution is

(x1=51_12_539

A\

X2= 21t 22 23

L X3 T <3
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