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1. The concept of quadratic form and

canonical form
In the quadratic form
f(xl’xza'”axn)= a11x12 + azzxg = an annxi
h2a,x,x, + 20, . x x4 2a | X X
if a; (ij =1,2,---,n) are all complex numbers,

f is called a complex quadratic form;

if a; (iy =1,2,---,n) are all real numbers,

f is called a real quadratic form.




2. Transform a quadratic form into
canonical form

Our aim is to seek an invertible linear substitution
to transform a quadratic form into a canonical form.

(

Let X =Cp tepy, ++ 6,0,

Xy, =Cy Yy T CpYy,++6, ¥,

ooooooooooooooooooooooooooooooooooooooo

\xn e cnlyl +cn2y2 + .”+cnnyn
Write C = (¢;)-

The above linear substitution is expressed by
x = (y




i Substituting into f = x" Ax,wehave
f =" 4x=(Cy) A(cy) =y"(CTAC)y.
Theorem 1. Let C be invertible and B =C" AC.If
A is symmetric , then B is symmitric and R(B)= R(A).
Proof. Since A= A",
B" =(cTAc)=cT4"c=C"AC =B,

i.e. B is symmetric.
From B = ¢" AC it follows that R(B) < R(AC) < R(A).

Moreover A= (") BC™, so R(4)< R(BC™)< R(B).
Consequently, R(4)= R(B).



7 Remark.
1. After an invertible linear substituti on x = Cy, the rank of

f remains unchanged ,but its matrix becomes B = ¢’ AC.
2. Transformi ng f into canonical form through the linear

substituti on x = Cy amounts to making f become

y CTACy = kyy; + k2ys + - + ko )]

(kl \(yl\

k> Y
=(y19y29"'9yn) . :2 ’
k kn)kyn)

which implies that C' AC is a diagonal matrix .
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b= -3

Since A is a real symmetric matrix , there exists P
such that p' AP = A,namely p” AP = A.Hence

we have the following result.

Theorem 2.For every quadratic form f = i’élaijxix i
(a,.]. =a; ), there exists an orthogonal substituti on x = Py

which makes f become canonocal form
f=/11y12 "'2'2)’22 +'”+ﬂ'nyz9

where A,,4,,---,4_are the eigenvalues of 4 = (aij )




gﬁ@_The steps to transform a quadratic form into
+ canonical form are as follows.

1. Find A so that f can be written in the form
f=x'Ax.
2.Find the eigenvalues A,,4,,---,A4_of A.

3.Find corresponding eigenvectors &,,&,,--,& .

4.Orthonorma lize &, ¢,, --,£, to obtain

MisMys 51, and write C = (77197729'”977;1)'
5. Make the orthogonal substituti on x = Cy to

transform £ into the canonical form

f=yl++A,y..
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w38 Example 2.
" Usean orthogonal substitution to transform

f =17x; +14x; +14x; —4x,x, —4x,x, — 8x,x,
into a canonical form.

Solution. 1. Write down the matrix of fand find its

eigenvalues.
1 2
A=|-2 14 -4
-2 —4 14
17-4 -2 =
‘A—ZE‘= -2 14- 2 —4 =(/*L_18)2(/’L_9)
-2 -4 14-1
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@G-
E@-The eigenvalues are 4, =9, 1, =1, =18.
2. Find eigenvectors.
Replacing A by 9in (4 — AE )x = 0, we obtain a system of
fundamental solutions &, = (1/2,1,1)".
Similarly, replacing A by 18in (4 — AE )x = 0, we have
& =(2,10), & = (-2,0,1)".
3. Orthogonal ize &, ¢,,&,.
[az )63 ]
let a —¢. 0, - ¢, 0, =& a,.
[ 290‘2]

We obtain the orthogonal vectors
ar=12,L)), a,=(-2,10),
as=(=2/5-4/51)".




4. Normalize these orthogonal vectors.

By Letting 7, = ., (i=1,2,3),
a;
1/3 —2/5 —2//45
wehave 7, =|2/3|,7, = 1/\5 s N3 = —4/\/TS :
2/3 0 5//45

1/3 -2/J5 -2/J45
Write P=|2/3 1//5 —4/45|.
2/3 0 5//45




Use P to construct the orthogonal substitution

X, 1/3 -2/V5 -2/J45)( y,
X, | = 2/3 1/\/5 . 4/\/475 Y2 |
. 23 0 5/45 \ y,

Then f =9y’ +18y; +18y;.




=y Example 3. Find an orthogonal substitution x = Py

- to transform
t2xx 12¢x

into a canonical form.

Solution. A R e e
; . -0 -1-1
The matrixof fis A= ;
1 00 1
=1 L i

whose characteristic polynomial is




A— AE| =

—
1
1

-l

1
=
—1

1

1
=1
—

1

=1
1

L

A

Adding the 2nd, 3rd, 4th column to the 1st column yields

A-AE|=(-1+1)

1
1
1
1

1
— 4
ol

1

1
=f
-

1

—11
1
1

0

Subtracting the row 1 from 2,3, 4 respectively leads to
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1 1 1 -1
0 -A-1 -2 2
0 -2 -2-1 2
0 0 0 -A+1
—A-1 -2
= (—A4+1)
-2 =-4-1

= (—A+1)’(12+24-3)= (1 + 3)(1-1)’.
Thus eigenvaluesof 4 are 1, =-3,1,=1:=14=1.

For 2, = -3, solve the system (A +3E)x =0.
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A system of

—1| Whichis =
fundamental & = _1P normalized p1=2 1k
solutions is as

(1 Sl

For 2,= 1= 14=1, solvethesystem (A—- E)x=0

to obtain a system of fundamental solutions
(1) (0) ke

§2= 9§3= 9§2= ’




Normalize them p, =

The desired orthogonal substitution is

(X1\

X2

X3

Kx4)

o
~ 12
w1l

L 12

G
~1/2
1/2

i (=0
1//2 0
o e
cl \1/~2,
e LT el
142 0. 121y,
¢ 12 12 v
0 1/V2 -120\y,)

and f=—3yf+y§+y§+yi.

=il




