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1. The concept of similar matrices and
similar transformations

Definition1. Let A,B be square matices of order ». If
there exists an invertible matrix P such that

P'AP =B,
then A is said to be similar to B.If A is performed the
operation P_' AP, then we say that a similar transformation
is carried out on 4. The invertible matrix P is called

the similarity tranformation matrix.




2. Properties of similar matrices and
similar transformations

1. Similarity relation is an equivalency relation.
(1) Reflexivity : A is similar to A.
(2) Symmetry : If A is similar to B, then B is similar to A4.
(3) Transtivity :
If Aissimilar to B, and B is similar to C, then

A is similar to C.
2. P (4,4,)P=(P'4,P)\P'4,P).

3.If Aand B aresimilar, then 4” and B™ are similar
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(m is an arbitrary positive integer).




¢

B4, P (k,A, +k,A,)P =k, P AP + kP 4,P
‘where k,, k, are arbitrary constants .
Theorem 1. If 4 and B are similar, then 4 and

B have the same chracteristic polynomial, and thus

the same eigenvalues.

Proof. Since 4 and B are similar,

there exists an invertible matrix P such that P~' AP = B.
Hence B— AE|=|P"'AP - P"'(AE)P

= P (4-AE)P

=P '|4- AE|P|

= A-AE \




Corollary. If A is similar to the diagonal matrix

(4
A=

\

22 .

A

n

\
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then A4,,4,,--,4, are the n eigenvalues of A.
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- Use diagonal matrices to compute matrix polynomials.

If A= PBp', then k times
A" @kﬂ p_Hp—lP o pptp!l

The polynomial in A4 is
op(AD=agyA"+a; A" "'+ +a, 1A+ a,E
=a)PB"P'+a,PB"' P+
+a, PBP "'+ q,PE P
= P(ayB"+a,B"' + - +a,.1B+a,E) P
= Pp(B)P".




% Particularly, if p~' AP = A is diagonal, then
A'=PA'PT, p(4)=Po(A)P.

(ﬂ,f )
ﬁk
Clearly, A* = e ,
\ b
i o(1,) \ In this way, the
o(1,) polynomial ¢(A)
o(A) = > can be readily
i o(1)) computed.
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E’%’-Theorem. If f(A)is the characteristic polynomial
of A,then f(A)=0.

Proof.We prove the conclusion under the condition

that A4 is similar to a diagonal matrix.
In this case, there exists an invertible matrix P such that

P_IAP =A= diag(/lla' 5 An)s
where 4, are the eigenvalues of 4, and thus f(4,) =0.

= -1
From A = PA p ', it follows that (1)

f(A)=Pf(A)P" =P P’
f(1)

= PO p'=0.



3. Diagonalization of square matrices

A square matrix A is called diagonalizable if there exists

an invertible matrix P such that P~' AP = A is diagonal.

Theorem 2. An nxnmatrix A is diagonalizable iff

Ahas nlinearly independent eigenvectors.

Proof. If thereis an invertible matrix P such that
P'AP = Aisdiagonal, let P=(p,,p,,--,p,).
From P ' AP = A, it follows that AP = PA.
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namely A(pl,pz,---,p,,)= (PI,PZ,“‘,P,,)

=t (/111719/121729”’9/1;117;1 )

Hence A(plapza'“apn)= (AplﬂApzﬂ'“’Apn)
== (/11P1a/121’29'”9/1npn )

Thus Ap, = A.p, (i=1,2,---,n).




Consequent ly, 4. is eigenvalue of A4, and the
column vectors p.of Pis an eigenvecto r of 4

correspond ing to A,. Since P is invertible ,

Pi> P, "5 D, are linearly independen t.
Coversely, if 4 has neigenvectors, then form the
matrix P whose columns are » eigenvectors.

Clearly, AP = PA, where A is a diagonal matrix

with diagonal entries as eigenvalues.




[

- Corollary.

If an » x n matrix has n distinct eigenvalues, then it

is diagonalizable.

Remark.

If the characteristic polynomial of 4 has repeated
roots, then it is possible that the matrix has less
than » eigenvectors. As a result, the matrix is not
necessarily diagonalizable.




Example. Check whether the following matrices
are diagonalizable or not.

i 20 0 -2 1 -2
MmA=|-2 -2 4 2)A=|{-5 3 -3
2 4 -2 o0 2
Solution. jlid Iy p)
(1) From A-AE= -2 -2-1 4
2 4 -2-1

=—(1-2)(1+7) =0
we have the eigenvalues 4, =1, =2, 1, =-7.
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Substituting 1 =4, = A, = 2into (4 — AE ) = 0 yields

ey - Dx 40y = ()

I\

—2x, —4x,+4x, =0

F2xEdx, 4, =10

A system of fundamental solutions is

2 0
o=(0|, ao=|1|
1 1
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~ Similarly,
For A, = 7,solve the system (4 - 1,E)x =0

to get a system of fundamental solutions a, = (1,2,2)

Since

2i 01
0 1 2
1 1 2

# 0, a,,a,,a, are linearly independent.

A has 3 linearly independent eigenvectors, and

thus A is diagonalizable.




w8 =2 1 -0
T @yd |5 33
1 0
A 2
Poaglel s el Bl e
Ep o iy

Hence the eigenvalues of 4are A, =4, =1, = 1.
Substitute 4 = —1into (4— AE)x = 0.
Solve it to obtain a system of fundamental solutions

£=(1,1,-1)'. Hence A is not diagonalizable.
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?g  Example 2.

4 6 0
LetA=| -3 -5 0] Check whetherA is diagonaliable.
-3 -6 1

If it is diagonalizable, find an invertible matrix P
such that P~' AP is a diagonal matrix.

Solution.

4-1 6 0
A-AE=-3 -5-4 0 =—(1-1)(1+2)
e i L
Thus all the eigenvalues of 4 are A, =4, =1, 4, = -2.
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~ Substituting A, = 4, = 1into (4 — AE )x = 0 leads to

[ 3x,+6x,=0
1—3x,—6x,=0
= 3o, — 1)

whence we obtain a system of fundamental solutions

-2 0
951= 1§ 652=0'
0 1
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¥ Substitute 1, = -2 into (4 — AE )x = 0 to obtain a
~ system of fundamental solutions

& = (-1L,L1).
Since,,£,, &, arelinearlyindependet, A4 is diagonaliable.

o
By letting P=(£,5,5)=| 1 0 1|
B

1 0 0

wehave P'AP=(0 1 0

0 0 -2




" Remark.

—} -2 4
BylettingP=(§3,§1,§2)= b 0
1 01
-2 0 0
wehave P'4AP=| 0 1 0|
0 0 1

In other words, the positions of the columns in the
matrix correspond to those of the eigenvalues.
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